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HARMONIC MAPS AND KALUZA-KLEIN METRICS
ON SPHERES

M. BENYOUNES, E. LOUBEAU AND L. TODJIHOUNDE

ABSTRACT. This article studies the harmonicity of vector
fields on Riemannian manifolds, viewed as maps in the tan-
gent bundle equipped with a family of Riemannian metrics.
Geometric and topological rigidity conditions are obtained,
especially for surfaces and vector fields of constant norm, and
existence is proved on two-tori. Classifications are given for
conformal, quadratic and Killing vector fields on spheres. Fi-
nally, the class of metric considered on the tangent bundle is
enlarged, permitting new vector fields to become harmonic.

1. Introduction. Though very interesting in many settings, the
theory of harmonic maps fails to produce any worthwhile result when
applied to vector fields, seen as maps from a Riemannian manifold
(M, g) into its tangent bundle TM equipped with its simplest metric,
the Sasaki metric. This situation has led researchers to consider
constrained problems on the same functional, e.g., harmonic sections
and harmonic unit sections. However, recently, new classes of metrics
on TM have been shown to allow a richer existence theory and, with
respect to adequate metrics, standard vector fields can produce new
harmonic maps, for example, a two-parameter family including the
Sasaki metric [4], g-natural metrics [1] or an ad-hoc Riemannian metric
based on a deformation of the horizontal distribution [17].

The main difficulty here is to strike a balance between the harmonicity
of vector fields and the geometric relevance of the metric on TM . In
this paper, given a Riemannian manifold (M, g), we consider on TM
Riemannian metrics in the intersection of the largest known class of
metrics on tangent bundles, i.e., g-natural metrics and Kaluza-Klein
metrics, as commonly defined on principal bundles (cf. [19]).
Recall that, at a point (p, e) ∈ TM , the tangent space T(p,e)TM splits

into its horizontal and vertical spaces [8]:
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(1) T(p,e)TM = H(p,e) ⊕V(p,e),

where V(p,e) is the kernel of the differential of the canonical projection
π : TM → M and H(p,e) is the kernel of the connecting map

K(p,e) = K : T(p,e)TM −→ TpM, K(V ) = d(expp ◦R−e ◦ τ)(V ),

where τ : U ⊂ TM → TpM sends a vector v ∈ TqM , with (q, v) ∈ U ,
U being an open neighborhood of (p, e) in TM , by parallel transport
along the unique geodesic from q to p, to a vector in TpM and the
map R−e is simply the translation by −e in TpM . One can check that
H(p,e) ∩ V(p,e) = {0} and H(p,e) ⊕ V(p,e) = T(p,e)TM . Any vector in
T(p,e)TM can be decomposed into its horizontal and vertical parts and

any vector X ∈ TpM admits a horizontal lift Xh ∈ H(p,e) and a vertical
lift Xv ∈ V(p,e) defined by

K(p,e)(X
v) = X, dπ(p,e)(X

h) = X.

Metrics on TM can therefore be characterized by their values on
horizontal and vertical lifts.

Definition 1.1 [3]. Let (M, g) be a Riemannian manifold. A metric
G on TM will be called g-natural if, at the point (p, e) ∈ TM , it has
the form

G(Xh, Y h) = A(|e|2)g(X,Y ) +D(|e|2)g(X, e)g(e, Y );

G(Xh, Y v) = E(|e|2)g(X,Y ) + F (|e|2)g(X, e)g(e, Y );

G(Xv, Y v) = B(|e|2)g(X,Y ) + C(|e|2)g(X, e)g(e, Y ),

where A,B,C,D,E and F are real C2-functions of |e|2. Conditions are
needed on A,B,C and D to ensure that G is positive definite.

Remark 1.1. To have π : TM → M conformal submersion, we
need D = 0, and to have the horizontal and the vertical distributions
orthogonal one to the other, we need E = F = 0.

The class of metrics we study in this article sits inside g-natural
metrics but retains the geometric properties of the tangent bundle.



HARMONIC MAPS AND KALUZA-KLEIN METRICS 793

Definition 1.2. Let (M, g) be a Riemannian manifold, a metric G
on TM will be called Kaluza-Klein if, at the point (p, e) ∈ TM , it takes
the form

G(Xh, Y h) = A(|e|2)g(X,Y );

G(Xh, Y v) = 0;

G(Xv, Y v) = B(|e|2)g(X,Y ) + C(|e|2)g(X, e)g(e, Y ),

where A, B and C are real functions of |e|2. The functions A will be
assumed strictly positive and B and C such that G is positive definite,
i.e., B(t) > 0 and B(t) + tC(t) > 0 for all t ≥ 0.

Standard computations with the Koszul formula or general results
for g-natural metrics from [3] give the expression of the Levi-Civita
connection.

Proposition 1.1. Let G be a Kaluza-Klein metric on TM . Then
the corresponding Levi-Civita connection ∇ is characterized, at (p, e) ∈
TM , by

∇XhY h = (∇XY )h − A′

B + |e|2C g(X,Y )ev − 1

2
(R(X,Y )e)v;

∇XhY v =

(−B

2A
R(Y, e)X +

A′

A
g(Y, e)X

)h

+ (∇XY )v;

∇XvY h =

(
B

2A
R(e,X)Y +

A′

A
g(X, e)Y

)h

;

∇XvY v =
B′

B
(g(X, e)Y v + g(Y, e)Xv)

+

(
C′ − 2B′C

B

)
1

B + |e|2C g(X, e)g(Y, e)ev

+
C −B′

B + |e|2C g(X,Y )ev,

all functions being evaluated at |e|2, prime denotes derivation and
R(X,Y ) = ∇X∇Y −∇Y ∇X −∇[X,Y ] is the curvature tensor of (M, g).

Remark 1.2. Note that, since ∇XvY v is vertical, the fibers of TM
are totally geodesic.
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The geometry of a sub-class of Kaluza-Klein metrics, called general-
ized Cheeger-Gromoll metrics, is studied in [6].

2. Harmonic maps. The energy of a smooth map φ : (M, g) →
(N, h) between Riemannian manifolds is

E(φ) =
1

2

∫
M

|dφ|2 vg,

where |dφ| is the Hilbert-Schmidt norm of dφ. If M is not compact,
E(φ) is defined over compact subsets. Critical points of this functional
are called harmonic maps and are characterized by the vanishing of the
tension field [12]:

τ(φ) = trace∇ dφ = 0.

Harmonic maps generalize not only harmonic functions but also geodesics
and holomorphic maps between Kähler manifolds. The starting point
of the theory is the Eells-Sampson existence result.

Theorem 2.1 [12]. Let (M, g) and (N, h) be compact manifolds with
RiemN negative. Then in each homotopy class there exists a harmonic
map from (M, g) to (N, h).

Although it has developed into a rich subject (cf. [9 11]), this theory
does not lend itself to the study of vector fields. Since the tangent
bundle of an n-dimensional manifold M is itself a 2n-dimensional
manifold, one can see vector fields as maps from M to TM , and
once a Riemannian metric has been chosen on M , equip TM with a
Riemannian metric of its own. Given the canonical decomposition (1)
of the bitangent space and the isomorphisms between the horizontal
and vertical spaces, and the tangent space of M , the simplest possible
construction of a Riemannian metric on TM is the Sasaki metric:

gSasaki (X
h, Y h) = g(X,Y );

gSasaki (X
h, Y v) = 0;

gSasaki (X
v, Y v) = g(X,Y ),

for all vectors X,Y ∈ TpM , (p, e) ∈ TM and p ∈ M . Unfortunately,
elementary computations based on Proposition 1.1 show that, for a
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vector field σ : M → TM , the vertical part of τ(σ) is

∇∗∇σ = 0,

and a mere integration by parts implies that σ must be parallel, with
all the topological obstructions that this implies (cf. [13, 16]).

An alternative metric on TM was proposed by Cheeger and Gromoll
[7] and explicated by Tricerri and Musso [15]

gCG (Xh, Y h) = g(X,Y );

gCG (Xh, Y v) = 0;

gCG (Xv, Y v) = ω(e)(g(X,Y ) + g(X, e)g(Y, e)),

where ω(e) = 1/(1 + |e|2).
While this metric proved useful for other problems, it carries the same

rigidity as the Sasaki metric and, when M is compact, no non-parallel
harmonic section or map can exist for this metric [4, 17].

In a first attempt to relax existence conditions, this metric was
generalized in [4] by introducing a two-parameter family of metrics,
which includes gSasaki and gCG

gm,r(X
h, Y h) = g(X,Y );

gm,r(X
h, Y v) = 0;

gm,r(X
v, Y v) = ωm(e)(g(X,Y ) + rg(X, e)g(Y, e)).

Depending on the choice of (m, r), r positive to ensure positive defi-
niteness, one can obtain new harmonic maps from vector fields, e.g.,
the Hopf vector field from (S3, gcan) into (TS3, g2,0). However, in some
cases, for example S2, rigidity persists and wider classes of metrics on
TM are now investigated [1].

Vector fields allow a richer situation than the general case of maps,
since the energy functional can define several variational problems.
First, harmonic maps, that is, critical points of E with respect to all
possible variations of the map; second, harmonic sections, i.e., critical
points of E only with respect to variations through vector fields; and,
finally, topology permitting, unit harmonic sections, when variations
are restricted to unit vector fields. These problems clearly sit one
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inside the other, and when the canonical projection π : TM → M is a
Riemannian submersion, their associated Euler-Lagrange equations can
be deduced from the tension field. Indeed, the characterizing equation
of harmonic sections is precisely the vertical part of the tension field
(hence the same rigidity for harmonic maps and sections for the Sasaki
and Cheeger-Gromoll metrics), and, for unit harmonic sections, it is the
proportionality of the vertical part of the tension field and the section
itself.

Note that C.M. Wood extended in [19] Eells-Sampson’s flow tech-
nique to deduce a similar existence result for sections into a fiber bun-
dle equipped with a Kaluza-Klein type metric (which will be our case),
but the homotopy of the space of vector fields is trivial.

Proposition 2.1. Let (M, g) be an m-dimensional Riemannian
manifold and G a Kaluza-Klein metric on TM . The tension field of a
vector field σ : (M, g) → (TM,G) is given by τ(σ) = [τh(σ)]h+[τv(σ)]v ,
where

τh(σ) =
−B

A
R(∇eiσ, σ)ei +

2A′

A
g(∇eiσ, σ)ei;

τv(σ) = −∇∗∇σ +
2B′

B
∇X(σ)σ +

1

B + |σ|2C
×
(
−mA′ +

(
C′ − 2B′C

B

)
|X(σ)|2 + (C −B′)|∇σ|2

)
σ,

where {ei}i=1,... ,m is a local orthonormal frame of (M, g), R is its
Riemann curvature tensor and X(σ) = grad |σ|2/2.

Proof. Let σ : M → TM be a vector field. Then dσ : TM → TTM
and, from the definition of the horizontal and vertical lifts,

dσ(X) = Xh + (∇Xσ)v.

Combined with Proposition 1.1, this yields that, in a local orthonormal
frame {ei}i=1,... ,m,
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τ(σ) =

m∑
i=1

∇dσ(ei) dσ(ei)− dσ(∇eiei)

=
m∑
i=1

(∇eiei)
h − A′

B + |σ|2Cσv + (∇ei∇eiσ)
v

+

(−B

2A
R(∇eiσ, σ)ei +

A′

A
g(∇eiσ, σ)ei

)h

+

(
A′

A
g(∇eiσ, σ)ei +

B

2A
R(σ,∇eiσ)ei

)h

+
2B′

B
g(∇eiσ, σ)(∇eiσ)

v +

(
C′ − 2B′C

B

)
g2(∇eiσ, σ)

B + |σ|2C σv

+
C −B′

B + |σ|2C g(∇eiσ,∇eiσ)σ
v − (∇eiei)

h − (∇∇ei
eiσ)

v;

hence, the expression for τ(σ).

Remark 2.1. i) Parallel vector fields are harmonic maps if and only if
A′ = 0. Therefore, with the exception of the last section, we will assume
A to be a constant function and harmonicity will then be independent
of the value of A, so we can choose it to be equal to 1.

ii) With this choice, A = 1, the horizontal part satisfies τh(fσ) =
fτh(σ), for any function f . Moreover, harmonic sections are charac-
terized by τv(σ) = 0 and τh(σ) is independent of B and C.

iii) The canonical projection π : (TM,G) → (M, g) becomes a
harmonic morphism, i.e., pulls back harmonic maps onto harmonic
maps.

3. Rigidity conditions. As, when A ≡ 1, the horizontal part of
τ(σ) depends only upon the geometry of (M, g) and not upon the choice
of the functions B and C, we can find obstructions to the existence of
non-trivial harmonic maps (i.e., τ(σ) = 0).

Proposition 3.1. If A ≡ 1 and (M, g) is a Riemannian manifold of
constant sectional curvature κ, then

τh(σ) = −κB(∇σσ − (divσ)σ).
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If M is compact with κ �= 0 and σ is a harmonic map of constant length
k, then divσ = ∇σσ = 0. Moreover,

(1) if |∇σ|2 ≤ κk2, then σ is a Killing vector field;

(2) if −2κk2 ≥ |Lσg|2, then σ is parallel.

Proof. When (M, g) has constant sectional curvature, the expression
of τh(σ) is a direct consequence of Proposition 2.1. If σ is a harmonic
map of constant norm k, taking the inner product of the equality
(divσ)σ = ∇σσ, gives σ(k2/2) = (div σ)k2, so that divσ = 0, hence
∇σσ = 0.

If M is compact, we can use the Yano formula

∫
M

〈∇∗∇σ, σ〉 − Ricci (σ, σ) − 1

2
|Lσg|2 + (div σ)2 vg = 0,

to deduce that

∫
M

|∇σ|2 − κk2 − 1

2
|Lσg|2 vg = 0,

and obtain the second part of the proposition.

On surfaces, a topological obstruction appears.

Proposition 3.2. Let (M2, g) be a Riemannian surface with Gaus-
sian curvature Kg. If a vector field is a harmonic map from M2 to
TM2 equipped with a Kaluza-Klein metric with A ≡ 1, then it must
vanish on the set Ω = {x ∈ M2 : Kg(x) �= 0}.
In particular, no non-zero vector field of S2 can be a harmonic map,

whatever the metric chosen on S2.

Proof. Let g be a Riemannian metric on M2, and let Kg be its
Gaussian curvature. First recall that, if {X,Y } is a local orthonormal
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frame on M2, then

div [div (X)X −∇XX ]

= 〈∇X(〈∇Y X,Y 〉X −∇XX), X〉
+ 〈∇Y (〈∇Y X,Y 〉X −∇XX), Y 〉

= 〈∇X∇Y X,Y 〉+ 〈∇Y X,∇XY 〉 − 〈∇X∇XX,X〉
+ 〈∇Y X,Y 〉2 − 〈∇Y ∇XX,Y 〉

= −[〈∇Y ∇XX,Y 〉 − 〈∇X∇Y X,Y 〉 − 〈∇∇Y XX,Y 〉]
− 〈∇X∇XX,X〉,

but
−〈∇X∇XX,X〉 = |∇XX |2

= 〈∇XX,Y 〉2
= −〈∇XY,X〉〈∇XX,Y 〉
= −〈∇∇XY X,Y 〉.

Therefore,

(2)

div [div (X)X −∇XX ] = −[〈∇Y ∇XX,Y 〉 − 〈∇X∇Y X,Y 〉
− 〈∇∇Y XX,Y 〉 − 〈∇∇XY X,Y 〉]

= −Kg.

Thus, if a vector field σ : (M2, g) → (TM2, G) is a harmonic map, then
necessarily the horizontal part of its tension field must vanish:

Kg(div (σ)σ −∇σσ) = 0.

Assume σ is non-zero, and let U be an open subset of Ω ⊂ M2 where
σ does not vanish. First, observe that, on U , we have

div

(
σ

|σ|
)

σ

|σ| − ∇σ/|σ|
σ

|σ| =
((

1

|σ|
)
div σ + σ

(
1

|σ|
))

σ

|σ|
− 1

|σ|2∇σσ − 1

|σ|σ
(

1

|σ|
)
σ

=
1

|σ|2
(
div (σ)σ −∇σσ

)
.

Thus, formula (2) applied to σ/|σ| contradicts the hypothesis.
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When M is compact, the Divergence theorem and the Kato inequality
put constraints on the vanishing of the vertical portion of the tension
field.

Proposition 3.3. Let (M, g) be a compact Riemannian manifold
and σ : (M, g) → (TM,G), where G is a Kaluza-Klein metric with
A ≡ 1, a harmonic section, i.e., τv(σ) = 0. If 2B′ + |σ|2C′ ≥ 0 and
−B+ |σ|2B′+ |σ|4C′ ≤ 0, then the norm of σ is constant. If, moreover,
B + |σ|2B′ does not vanish, then σ must be parallel.

Proof. If σ : (M, g) → (TM,G) is a harmonic section, then

∇∗∇σ − 2B′

B
∇X(σ)σ

=
1

B + |σ|2C
(
−mA′ + (C′ − 2B′C

B
)|X(σ)|2 + (C −B′)|∇σ|2

)
σ,

and taking the inner-product with σ implies
(3)

Δ
|σ|2
2

=
1

B + |σ|2C
(−(B + |σ|2B′)|∇σ|2 + (2B′ + |σ|2C′)|X(σ)|2) .

If 2B′ + |σ|2C′ is positive, then we can use the inequality |X(σ)|2 ≤
|∇σ|2|σ|2 to obtain

Δ
|σ|2
2

≤ 1

B + |σ|2C
(−B + |σ|2B′ + |σ|4C′) |∇σ|2,

and the second condition of the proposition implies that

Δ|σ|2 ≤ 0;

therefore, |σ| is constant and the left-hand side of equation (3) van-
ishes.

Proposition 3.4. Let (M, g) be a complete Riemannian manifold
with positive Ricci curvature. If σ : (M, g) → (TM,G), where G is a
Kaluza-Klein metric with A ≡ 1, is a harmonic map and B + |σ|2B′ =
2B′ + |σ|2C′ = 0, then σ has constant norm.
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Proof. Clearly, from the previous proof, Δ|σ|2 = 0 and, by [21], we
conclude that |σ| is constant.

Example 3.1. (1) The functions B(t) = C(t) = K > 0 or
B(t) = (2t+ 1)/(t+ 1) and C(t) = K > 0 are examples of functions
satisfying the conditions of Proposition 3.3.

(2) If the norm of the section σ is bounded away from zero, the
functions B(t) = K/t and C(t) = −(K/t2)+L, with K > 0 and L > 0,
satisfy the conditions of Proposition 3.4 and can be extended over the
whole of R.

4. Constant norm. Vector fields of constant norm usually do not
exist, but, when they do, they provide particularly interesting examples
and are often linked to other geometric structures. Building on the
formulas of Proposition 2.1, we can rule out their harmonicity for some
combinations of the functions B and C.

Proposition 4.1. If a vector field σ : (M, g) → (TM,G) of constant
norm k is harmonic (either as a section or a map), from a Riemannian
manifold into its tangent bundle equipped with a Kaluza-Klein metric
(with A ≡ 1) then either σ is parallel or

B(k2) + k2B′(k2) = 0.

Proof. If σ has constant norm k, then the vertical part of its tension
field becomes

(4) ∇∗∇σ =
C −B′

B + |σ|2C |∇σ|2σ,

and taking the inner-product with σ yields

|∇σ|2 =
C −B′

B + |σ|2C k2|∇σ|2.

If σ is not parallel, then

B(k2) + k2B′(k2) = 0.
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This proposition, which can also be derived from [1, formula (4.23)],
leads to a rewriting of the condition of harmonic section.

Proposition 4.2. If σ : M → TM is a vector field of constant
norm k, then σ : (M, g) → (TM,G) is a harmonic section (i.e.,
τv(σ) = 0), where G is a Kaluza-Klein metric for the functions A ≡ 1

and B(t) = Ke−t/k2

(K > 0) and any choice for C, if and only if the
unit section σ/k is a unit harmonic section for the Sasaki metric on
TM .

Proof. If σ is harmonic but not parallel, by the previous proposition,
function B must satisfy

B(k2) + k2B′(k2) = 0,

which is satisfied for B(t) = Ke−t/k2

(though this is far from the only
possibility), and equation (4) becomes

∇∗∇σ = 1
k2 |∇σ|2σ,

that is, α = σ/k is a unit harmonic section with respect to the Sasaki
metric.

Proposition 4.3. The characteristic vector field of a Sasakian
manifold (M, g) is a harmonic section into (TM,G), where G is a
Kaluza-Klein metric with A ≡ 1 and B(t) = Ke−t.

Remark 4.1. (1) As we have already remarked, when A ≡ 1, the
vanishing of the horizontal part of the tension field is independent of
the choice of the Kaluza-Klein metric on TM . For example, the Hopf

vector fields on S2n+1 or some unit Killing vector fields on ˜SL2(R) or
the Heisenberg three-space, turn out to also be harmonic maps (cf. [5]).

(2) The last two propositions can also be obtained as consequences
of [1, Theorem 10 and Theorem 13].

5. The two-torus. Having established in Proposition 4.2 a link
between unit harmonic sections for the Sasaki metric and harmonic
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sections for some Kaluza-Klein metrics, we can exploit results from
Wiegmink [18] to obtain a first existence result.

Theorem 5.1. For any metric g on the two-torus T2, there exist
a unitary vector field σ and a Kaluza-Klein metric G, with A ≡ 1,
such that σ : (T2, g) → (TT2, G) is a harmonic section. Moreover,
σ is a harmonic map if and only if the Gaussian curvature of (T2, g)
vanishes.

Proof. Let σ be a unit vector field on T2 and u a function on T2, put
g̃ = e−ug and σ̃ = e−uσ. Then |σ̃|2g̃ = 1 and the energies of these two
vector fields are (up to a constant)

E(σ) =
1

2

∫
M

B(|σ|2g)|∇σ|2g vg, E(σ̃) =
1

2

∫
M

B(|σ|2g̃)|∇̃σ̃|2g̃ vg̃,

since g(∇eiσ, σ) = g̃(∇̃ẽi σ̃, σ̃) = 0, where {ei} and {ẽi} are orthonormal
frames with respect to g and g̃. Note that vg̃ = e2uvg and

|∇̃σ|2g̃ = e−2u
(|∇σ|2g + |gradgu|2g + 2((divσ)σ −∇σσ)(u)

)
.

Therefore,

(5) E(σ̃)− E(σ)

=
1

2

∫
M

B(1)
(|gradgu|2g + 2((divσ)σ −∇σσ)(u)

)
vg,

but

div (u((divσ)σ −∇σσ))

= udiv ((div σ)σ −∇σσ) + ((div σ)σ −∇σσ)(u)

= −uKg + ((divσ)σ −∇σσ)(u),

since
div ((divσ)σ −∇σσ) = −Kg,

as we saw in the proof of Proposition 3.2. Besides, by the Divergence
theorem, the second integral of (5) vanishes and we conclude that the
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quantity E(σ̃)−E(σ) depends only upon the function u, not upon the
section σ.

Now, given a Riemannian metric g on T2, choose a flat metric g̃
conformal to g. This is always possible by [14], and, for this flat metric,
take a parallel vector field σ̃. Then σ̃ is not only a harmonic section
but also an absolute minimizer of the energy functional. From our
relation on the energies of σ̃ and σ, we deduce that σ must be a unit
harmonic section (since equation (5) holds only for unit sections), and
we know that this implies that σ is a harmonic section from (T2, g) into
(TT2, G), with the function B(t) = Ke−t and any function C.

Proposition 5.1. Let ξ be a Killing vector field on (T2, g). Then
σ = ξ/|ξ| is a harmonic section from (T2, g) into (TT2, G) (or from
an open subset of T2 if ξ vanishes at some points), where G is Kaluza-
Klein metric with the functions A ≡ 1 and B(t) = Ke−t and any
function C.

Proof. Recall that the condition on σ is ∇∗∇σ = |∇σ|2σ. Since

∇ 1

|ξ| = −∇|ξ|
|ξ|2 ; Δ

1

|ξ| = −Δ|ξ|
|ξ|2 − 2

|∇|ξ||2
|ξ|3 ;

∇∗∇σ = Kg
ξ

|ξ| +Δ

(
1

|ξ|
)
ξ − 2∇∇(1/|ξ|)ξ

= Kg
ξ

|ξ| +
(
− Δ|ξ|

|ξ|2 − 2
|∇|ξ||2
|ξ|3

)
ξ +

2

|ξ|2∇∇|ξ|ξ;

and

|∇σ|2 =
|∇ξ|2
|ξ|2 +

|∇|ξ||2
|ξ|2 − 2

|ξ|3 〈ξ,∇∇|ξ|ξ〉,

we have

∇∗∇σ − |∇σ|2σ = Kg
ξ

|ξ| −
Δ|ξ|
|ξ|2 ξ − 2

|∇|ξ||2
|ξ|3 ξ +

2

|ξ|2∇∇|ξ|ξ

− |∇ξ|2
|ξ|2

ξ

|ξ| −
|∇|ξ||2
|ξ|2

ξ

|ξ| +
2

|ξ|3 〈ξ,∇∇|ξ|ξ〉 ξ

|ξ|
= −2

|∇|ξ||2
|ξ|3 ξ +

2

|ξ|2∇∇|ξ|ξ
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− 2
|∇|ξ||2
|ξ|2

ξ

|ξ| +
2

|ξ|3 〈ξ,∇∇|ξ|ξ〉 ξ

|ξ|
=

2

|ξ|3
(∇∇(|ξ|2/2)ξ − |∇|ξ||2ξ) ,

since

Kg|ξ|2 = 〈∇∗∇ξ, ξ〉 = |∇ξ|2 +Δ
|ξ|2
2

,

and

2

|ξ|3 〈ξ,∇∇|ξ|ξ〉 ξ

|ξ| =
2

|ξ|3 (∇|ξ|)
( |ξ|2

2

)
ξ

|ξ| =
2

|ξ|3 |∇|ξ||2ξ.

Finally, since ξ is Killing, 〈∇ξξ, ξ〉 = 0 and ∇(|ξ|2/2) = −∇ξξ, so
∇∇ξξξ is collinear with ξ, that is, −∇∇ξξξ = fξ, but

〈−∇∇ξξξ, ξ〉 = |∇ξξ|2 =

∣∣∣∣∇|ξ|2
2

∣∣∣∣
2

= |ξ|2|∇|ξ||2;

hence, if ξ is Killing, then σ is harmonic.

Remark 5.1. This proposition remains true on any surface.

6. Spherical vector fields. The easiest scheme to construct
vector fields on a Riemannian manifold is to take the gradient of a
non-constant function. In the case of spheres, the simplest choice
is a linear map given by the ambient inner-product. Unfortunately,
these conformal vector fields cannot be harmonic sections (or a fortiori
harmonic maps) for a Kaluza-Klein metric on TSn.

Proposition 6.1. Let a ∈ Rn+1\{0}, n ≥ 2, and define the function

λ : Sn −→ R, x �−→ λ(x) = 〈a, x〉.
Then the vector field σ = gradS

n

λ is never a harmonic section (or
harmonic map) for any Kaluza-Klein metric on TSn with A ≡ 1.

Proof. If σ = gradS
n

λ with λ(x) = 〈a, x〉, then standard computa-
tions show that ([20])

∇∗∇σ = σ; X(σ) = −λσ; ∇X(σ)σ = λ2σ;

|σ|2 = |a|2 − λ2; |X(σ)|2 = λ2(|a|2 − λ2); |∇σ|2 = nλ2.
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From these terms, one can easily check that τv(σ) = 0 if and only if

B − λ2(2− n)B′ = λ2(|a|2 − λ2)C′ + [nλ2 − (|a|2 − λ2)]C.

But since there always exists a point p ∈ Sn such that λ(p) = 0, at this
point the equation becomes

B(|a|2) = −|a|2C(|a|2),

which is impossible since this would contradict the positive definiteness
of metric G.

While linear maps never yield harmonic maps on Sn, quadratic func-
tions restrained to the sphere can have harmonic gradient, depending
upon the parity of the dimension.

Theorem 6.1. Let λ be a quadratic form restricted to the n-sphere
(n ≥ 2) and σ = gradS

n

λ/2 its associated vector field.

(i) If n is even, then σ can never be a harmonic section from
(Sn, gcan) into TSn with a Kaluza-Klein metric (with A ≡ 1).

(ii) If n is odd, σ is harmonic if and only if λ has exactly two distinct
eigenvalues a1 > a2 of multiplicity (n+ 1)/2 and n > 3.

In this case, possible choices for the Kaluza-Klein metric (with A ≡ 1)
on TSn are, setting μ = a1 − a2:

• For n = 5, C = 0 and B(t) = Ke(−8t)/μ2

, K > 0;

• For n > 5, C = 0 and (a prolongation of)

B(t) = K

[
n− 3

2
μ2 − (n− 5)t

](n+3)/(n−5)

, K > 0,

for t ∈ [0, (μ2/4)].

Proof. Let λ be the restriction to Sn of a quadratic form on Rn+1.
Since it is symmetric, the matrix of λ can be diagonalized into a
matrix M and the vector field σ = ∇Sn

λ/2 can be written

σ(x) = M(x)− λ(x)x,

for all x ∈ Sn.
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Straightforward computations show that (cf. [5])

∇∗∇σ = (n+ 3)σ; ∇X(σ)σ = (σ3 − 3λσ2) + (4λ2 − λ2)σ;

|σ|2 = λ2 − λ2; X(σ) = σ2 − 2λσ;

|∇σ|2 = |M |2 − 2λ2 − 2λ traceM + (n+ 3)λ2

where, for any k ∈ N∗,

λk(x) = Mk(x) · x, and σk(x) =
1

2
∇λk = Mk(x)− λk(x)x,

where · denotes the Euclidean scalar product in Rn+1, and thus λ1 = λ,
σ1 = σ. Inspection of τv(σ) quickly reveals that a necessary condition
for σ to be a harmonic section is ∇X(σ)σ parallel to σ, which implies
that M has exactly two distinct eigenvalues (cf. [5, Lemma 4.1]). Since
a quadratic form with a single eigenvalue restricts to a constant function
on Sn, we can assume the first eigenvalue of M , say μ, to be strictly
positive (of multiplicity p), and the other one to be zero. In this case,
if x = xμ + x0 is the decomposition into eigenvectors, then ([5])

σ2 = μσ; λ(x) = μ|xμ|2; λ2 = μ2|xμ|2,

and

σ3 − 3λσ2 = (μ2 − 3λμ)σ = μ2(1− 3|xμ|2)σ.
Hence,

∇X(σ)σ = (μ2 − 4μ2|xμ|2(1− |xμ|2))σ; |σ|2 = μ2|xμ|2(1 − |xμ|2);
|X(σ)|2 = μ2(1− 4|xμ|2(1− |xμ|2))|σ|2;
|∇σ|2 = pμ2 − 2μ2(p+ 1)|xμ|2 + (n+ 3)μ2|xμ|4.

Therefore, τv(σ) = 0 if and only if

(6) (n+ 3)B − [2(μ2 − 4|σ|2)
− (p− 2(p+ 1)|xμ|2 + (n+ 3)|xμ|4)μ2]B′

= |σ|2(μ2 − 4|σ|2)C′ + [(p− 2(p+ 1)|xμ|2 + (n+ 3)|xμ|4)μ2

− (n+ 3)|σ|2]C.
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To a point x = xμ + x0 ∈ Sn, we associate the circle made up of
points x̃ = x̃μ + x̃0 ∈ Sn such that |x̃0|2 = |xμ|2, or equivalently
|x̃μ|2 = 1− |xμ|2. Note that |σx̃|2 = |σx|2. We evaluate equation (6) at
x and x̃, and subtract to obtain

(n+ 1− 2p)(2|xμ|2 − 1)(B′ − C) = 0, for all x ∈ Sn.

If 2p �= n + 1, by continuity, this implies that B′ = C. But then,
equation (6) would become

(n+ 3)B + [−2μ2 + (n+ 11)|σ|2]C = |σ|2(μ2 − 4|σ|2)B′′,

and at points where |σ|2 = μ2/4, this is

B(μ2/4) + (μ2/4)C(μ2/4) = 0,

which contradicts the positive definiteness of G.

Therefore, necessarily p = (n+ 1)/2, which forces n to be odd and
equation (6) becomes

(7) (n+ 3)B +

[
n− 3

2
μ2 − (n− 5)|σ|2

]
B′

= |σ|2(μ2 − 4|σ|2)C′ +
[
n+ 1

2
|μ|2 − 2(n+ 3)|σ|2

]
C.

Three cases appear: n = 3, n = 5 and n > 5.

For n = 3, equation (7) becomes

6B + 2|σ|2B′ = |σ|2(μ2 − 4|σ|2)C′ + 2(μ2 − 6|σ|2)C,
which can be written as an ordinary differential equation in the variable
t = |σ|2 ∈ [0, μ2/4]:

3B(t) + tB′(t) =
t

2
(μ2 − 4t)C′(t) + (μ2 − 6t)C(t),

with t ∈ [0, μ2/4]. The homogeneous equation 3B(t) + tB′(t) = 0 has
B(t) = K/t3 (K ∈ R) as a solution, but it is not defined at t = 0. If
B(t) = K(t)/t3 is a solution, then function K must satisfy

K ′(t) = t

[
t2

2
(μ2 − 4t)C(t)

]′
,
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with K(0) = 0. Therefore,

t2

2
(μ2 − 4t)C(t) =

∫ t

0

K ′(s)
s

ds

=
K(t)

t
+

∫ t

0

K(s)

s2
ds

≥ K(t)

t
= t2B(t);

hence (μ2 − 4t)C(t) ≥ 2B(t), which, for t = μ2/4, contradicts B non-
negative.

If n = 5, equation (7) can also be written as an ordinary differential
equation in t = |σ|2
(8) 8B + μ2B′ = t(μ2 − 4t)C′ + (3μ2 − 16t)C,

which is satisfied for C = 0 and B(t) = Ke(−8t)/μ2

(K > 0). For more

solutions, start with B(t) = K(t)e(−8t)/μ2

and then K must satisfy

K ′(t) =
1

μ2
(t(μ2 − 4t)C′ + (3μ2 − 16t)C)e(8t)/μ

2

,

for t ∈ [0, (μ2/4)], and, for any C positive (to ensure that the metric is
Riemannian), we can construct a positive solution to (8).

For n > 5, if we take C = 0, the ODE becomes

(n+ 3)B =

[
(n− 5)t− n− 3

2
μ2

]
B′,

so we have the solution

B(t) = K

[
n− 3

2
μ2 − (n− 5)t

](n+3)/(n−5)

, K > 0,

for t ∈ [0, (μ2/4)] and we prolong B to the whole of R by continuity
(keeping B strictly positive). To obtain more solutions, put B(t) =
K(t)f(t), where f(t) = [(n− 3/2)μ2 − (n − 5)t](n+3)/(n−5). Then
equation (7) gives the condition

K ′(t) =
[
t(μ2 − 4t)C′ +

(
n+ 1

2
μ2 − 2(n+ 3)t

)
C

]

×
[
n− 3

2
μ2 − (n− 5)t

](−2(n−1))/(n−5)

,
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for t ∈ [0, (μ2/4)], and we can find a primitive to construct a positive
solution on [0, (μ2/4)] and extend it to R+.

Killing vector fields are one of the most geometrically meaningful
types of sections of the tangent bundle. While we can again observe
different behavior according to the parity of the dimension, harmonic
Killing vector fields will exist in all cases, except dimension two.

Definition 6.1. Let ξ be a Killing vector field on Sn. Since the set
of Killing vector fields is a Lie algebra isomorphic to so(n + 1), there
exists an antisymmetric matrix A such that ξ(x) = Ax. We define its
invariant sub-space to be

Fξ = kerA.

Recall that, from the diagonalization process of matrix A over the
complex numbers, there exists a Q ∈ O(n+ 1) such that

tQAQ = diag (θ2J, θ4J, . . . , θ2sJ, 0, . . . , 0),

where θ2, θ4, . . . , θ2s are non-zero real numbers, J =
(

0 −1

1 0

)
and

2s = (n+ 1)− dimFξ. Therefore, for any Killing vector field on Sn, a
choice of orthonormal coordinates (x1, . . . , xn+1) exists on Rn+1 such
that

ξ =
s∑

i=1

θ2iσ2i,

where σ2i is the Killing vector field given by rotation in the (x2i−1, x2i)-
plane, i.e.,

σ2i(x1, . . . , xn+1) = (0, . . . , 0,−x2i, x2i−1, 0, . . . , 0).

Theorem 6.2. Let ξ be a Killing vector field on S2p. Then
the dimension of its invariant sub-space is dimFξ = 2k + 1, with
0 ≤ k ≤ p− 1, and ξ is a harmonic section into TS2p equipped with a
Kaluza-Klein metric G (with A ≡ 1) if and only if

(1) k �= p− 1, i.e., dimFξ is not maximal;
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(2) ξ = λ(−x2, x1, . . . ,−x2p−2k, x2p−2k−1, 0, . . . , 0), λ a non-zero
constant.

One possible choice for the functions defining the metric G is C = 0
and B(t) = Ke−(2p−1)t/(2λ2(p−1−k)), K > 0.

Proof. Let ξ be a Killing vector field on the even-dimensional
sphere S2p; then its invariant sub-space Fξ has dimension 2k + 1 with
0 ≤ k ≤ p− 1. In suitable coordinates, the Killing vector field ξ can be
written

∑p−k
i=1 θ2iσ2i, where the θ2i’s are non-zero constants and σ2i is

the Killing vector field given by rotation in the (x2i−1, x2i)-plane. For
Killing vector fields on S2p, the equation of harmonic sections is

(9) (2p− 1)ξ +
2B′

B
∇∇ξξξ

=
1

B + |ξ|2C
[
(C −B′)|∇ξ|2 + (C′ − 2B′C

B

)
|∇ξξ|2

]
ξ,

since ∇ξξ = −∇|ξ|2/2 and ∇∗∇ξ = (2p− 1)ξ.

First assume that θ2i = λ for all i = 1, . . . , p− k. Then ξ = λσ, with
σ =

∑p−k
i=1 σ2i, and direct computations show that |σ|2 =

∑2p−2k
i=1 x2

i

and

∇σσ = ((|σ|2−1)x1, . . . , (|σ|2−1)x2p−2k, |σ|2x2p−2k+1, . . . , |σ|2x2p+1),

so

|∇σσ|2 = |σ|2(1 − |σ|2) and ∇∇σσσ = (|σ|2 − 1)σ.

Moreover, since

|∇σ|2 = (2p− 1)|σ|2 − (1/2)Δ|σ|2

and

Δ|σ|2 = ΔR2n+2 |σ|2 + 2(1 + 2p)|σ|2
= −4(p− k) + 2(1 + 2p)|σ|2,
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we deduce that |∇σ|2 = 2(p− k − |σ|2). Hence
∇∇ξξξ = λ3(|σ|2 − 1)σ; |∇ξξ|2 = λ4|σ|2(1− |σ|2);
|∇ξ|2 = 2λ2(p− k − |σ|2),

so equation (9) becomes

(10) 2λ2(p− k − 1)B′ + (2p− 1)B

= λ2[2(p− k)− (2p+ 1)|σ|2]C + λ4|σ|2(1− |σ|2)C′.

If k �= p−1, then we can choose C=0 andB(t)=Ke−(2p−1)t/(2λ2(p−1−k)),
K > 0. For any positive function C, one can find a positive solution of
(10) over the interval [0, λ2] and extend over to R+, to obtain a suitable
function B.

If k = p− 1, equation (10) becomes

(2p− 1)B = λ4|σ|2(1− |σ|2)C′ + λ2(2− (2p+ 1)|σ|2)C,
and ξ = λ(−x2, x1, 0, . . . , 0). Evaluated at the point p1 = (1, 0, . . . , 0),
this equation becomes

(2p− 1)[B(|ξ(p1)|2) + |ξ(p1)|2C(|ξ(p1)|2)] = 0,

which contradicts the fact that G is Riemannian.

Suppose now that there exist i and j such that θ2i �= θ2j . Then

ξ = (−θ2x2, θ2x1, . . . ,−θ2p−2kx2p−2k, θ2p−2kx2p−2k−1, 0, . . . , 0),

and straightforward computations show that ∇σ2iσ2j = 0 when i �= j
and

∇σ2iσ2i = (|σ2i|2x1, . . . , |σ2i|2x2i−2,

(|σ2i|2 − 1)x2i−1, (|σ2i|2 − 1)x2i, |σ2i|2x2i+1, . . . , |σ2i|2x2p+1),

so

∇ξξ =

p−k∑
i=1

θ22i∇σ2iσ2i

= ((|ξ|2 − θ22)x1, . . . , (|ξ|2 − θ22p−2k)x2p−2k,

|ξ|2x2p+1−2k, . . . , |ξ|2x2p+1),
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and

|∇ξξ|2 = −|ξ|4 +
p−k∑
i=1

θ42i|σ2i|2.

From the expression of ∇ξξ, one can also deduce that

∇∇ξξξ = θ2(|ξ|2 − θ22)σ2 + θ4(|ξ|2 − θ24)σ4 + · · ·
+ θ2p−2k(|ξ|2 − θ22p−2k)σ2p−2k

=

p−k∑
i=1

θ2i(|ξ|2 − θ22i)σ2i.

For a Killing vector field, |∇ξ|2 = (2p−1)|ξ|2− (1/2)Δ|ξ|2 and Δ|ξ|2 =∑p−k
i=1 θ22iΔ|σ2i|2, but, since |σ2i|2 is a homogeneous polynomial,

Δ|σ2i|2 = ΔR2p+1 |σ2i|2 + 2(1 + 2p)|σ2i|2
= −4 + 2(1 + 2p)|σ2i|2;

hence,

Δ|ξ|2 = −4

p−k∑
i=1

θ22i + 2(2p+ 1)|ξ|2,

and

|∇ξ|2 = 2

( p−k∑
i=1

θ22i − |ξ|2
)
.

Therefore, equation (9) becomes

(2p− 1)

p−k∑
i=1

θ2iσ2i − 2B′

B

p−k∑
i=1

θ2i(θ
2
2i − |ξ|2)σ2i

=

∑p−k
i=1 θ2iσ2i

B + |ξ|2C
[
(C −B′)2

( p−k∑
l=1

θ22l − |ξ|2
)

+

(
C′ − 2B′C

B

)( p−k∑
l=1

θ42l|σ2l|2 − |ξ|4
)]

.
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From the independence of the vectors σ2i, we deduce that

(2p− 1)− 2B′

B
(θ22i − |ξ|2) = 1

B + |ξ|2C
[
(C −B′)2

( p−k∑
l=1

θ22l − |ξ|2
)

+

(
C′ − 2B′C

B

)( p−k∑
l=1

θ42l|σ2l|2 − |ξ|4
)]

,

for all i = 1, . . . , p− k,

and the right-hand side of the equation is independent of i, so neces-
sarily

2B′

B
θ22i =

2B′

B
θ22j , for all i, j = 1, . . . , p− k.

Since there exist i and j such that θ2i �= θ2j , then B′(|ξ|2) = 0 and the
equation becomes

(2p− 1)B =

[ p−k∑
l=1

θ42l|σ2l|2 − |ξ|4
]
C′ +

[
2

p−k∑
l=1

θ22l − (2p+ 1)|ξ|2
]
C.

Let p1 = (1, 0 . . . , 0). Then ξ(p1) = θ2σ2(p1), |σ2(p1)|2 = 1 and
|ξ(p1)|2 = θ22, and the condition becomes

(2p− 1)B(θ22) =

(
2

p−k∑
l=1

θ22l − (2p+ 1)θ22

)
C(θ22),

which is equivalent to

(2p− 1)
(
B(θ22) + θ22C(θ22)

)
=

(
2

p−k∑
l=2

θ22l

)
C(θ22).

Since G is positive definite, B(θ22) + θ22C(θ22) is strictly positive; hence,

C(θ22) is also strictly positive. Therefore, 2
∑p−k

l=1 θ22l − (2p+ 1)θ22 > 0
(recall that B is a non-negative function). Similarly, testing the equa-
tion at the point pj = (0, . . . , 0, 1, 0, . . . , 0) (1 at the 2j-th position)
yields

2

p−k∑
l=1

θ22l − (2p+ 1)θ22j > 0, for all j = 1, . . . , p− k,
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and, summing up these inequalities, we obtain

−(2k + 1)

p−k∑
l=1

θ22l > 0,

which is clearly impossible. Hence, if ξ is a harmonic section, then
θ2i = θ2j for all i, j = 1, . . . , p− k.

Remark 6.1. Since, when p = 1, k can only take the value 0, there
exists no harmonic Killing vector field on S2, whatever the Kaluza-
Klein metric (with A ≡ 1) on TS2.

The harmonic sections obtained in Proposition 6.2 cannot be har-
monic maps because, although they are certainly divergence free, their
norms cannot be constant, unless null, as Killing vector fields on even-
spheres must vanish at some points.

On the subject of odd-dimensional spheres, the situation is slightly
different.

Theorem 6.3. Let ξ be a Killing vector field on S2p+1. Then the
dimension of its invariant sub-space is dimFξ = 2k, with 0 ≤ k ≤ p,
and ξ is a harmonic section into TS2p+1 equipped with a Kaluza-Klein
metric G, with A ≡ 1, if and only if

(1) k �= p, i.e., dimFξ is not maximal;

(2) ξ = λ(−x2, x1, . . . ,−x2p−2k+2, x2p−2k+1, 0, . . . , 0).

If k = 0, there is no condition on function C (except that the metric G
must be Riemannian) while B must satisfy

λ2B′(λ2) +B(λ2) = 0.

For example, B(t) = Ke−t/λ2

or B(t) = K(1 + t)−(1+(1/λ2)), K > 0,
are solutions. Moreover ξ will be a harmonic map.

If k �= 0, one solution is given by C = 0 and B(t) = Ke−pt/(λ2(p−k)),
K > 0. However, as in the even-dimensional case, ξ will not be a
harmonic map because it does not have constant norm.
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Proof. Let ξ be a Killing vector field on the sphere S2p+1. Then its
invariant sub-space Fξ has dimension 2k with 0 ≤ k ≤ p. For Killing
vector fields on S2p+1, the equation of harmonic sections is

(11) (2p)ξ +
2B′

B
∇∇ξξξ

=
1

B + |ξ|2C
[
(C −B′)|∇ξ|2 + (C′ − 2B′C

B
)|∇ξξ|2

]
ξ.

First, assume that all the coefficients θ2i are equal to λ. Then ξ = λσ,
where σ =

∑p−k
i=1 σ2i, and

∇∇ξξξ = λ3(|σ|2 − 1)σ; |∇ξξ|2 = λ4|σ|2(1− |σ|2);
|∇ξ|2 = 2λ2(p+ 1− k − |σ|2),

and equation (11) becomes

(12)

λ2(p− k)B′ + pB = λ2[(p+ 1− k)− (p+ 1)|σ|2]C

+
λ4

2
|σ|2(1 − |σ|2)C′.

In the special case when dimFξ = 0, then ξ = λσ, where σ(x) =
(−x2, x1, . . . ,−x2p+2, x2p+1), and ξ has constant norm |λ|. Equa-
tion (12) then simplifies to

λ2B′(λ2) +B(λ2) = 0,

so we can chooseB(t) = Ke−t/λ2

, K > 0, orB(t) = K(1+t)−(1+(1/λ2)),
and C to be any function (as long as the resulting metric G is positive
definite). Since ξ has constant norm, it turns out to also be a harmonic
map.

If dimFξ = 2k with k = 1, . . . , p−1, then we have the solution C = 0

and B(t) = Ke−pt/(λ2(p−k)), K > 0. As in the even-dimensional case,
to any positive function C, one can find a positive function B solving
(12).

If dimFξ = 2p, then the equation becomes

pB = λ2[1− (p+ 1)|σ|2]C +
λ4

2
|σ|2(1 − |σ|2)C′,
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and ξ = λ(−x2, x1, 0, . . . , 0). We evaluate this equation at the point
p1 = (1, 0, . . . , 0) to obtain the condition

pB(λ2) = −pλ2C(λ2),

which contradicts the positive definiteness of the metric G.

In case there exist coefficients i and j such that θ2i �= θ2j , dimFξ

must be different from 2p and the decomposition

ξ =

p+1−k∑
i=1

θ2iσ2i,

leads to

|∇ξξ|2 = −|ξ|4 +
p+1−k∑
i=1

θ42i|σ2i|2;

∇∇ξξξ =

p+1−k∑
i=1

θ2i(|ξ|2 − θ22i)σ2i;

|∇ξ|2 = 2

( p+1−k∑
i=1

θ22i − |ξ|2
)
.

Replacing in equation (11) and using the independence of the Killing
vector fields σ2i, yields

2pθ2i +
2B′

B
θ2i(|ξ|2 − θ22i) =

1

B + |ξ|2C
[
(C −B′)|∇ξ|2

+

(
C′ − 2

B′C
B

)
|∇ξξ|2

]
θ2i;

therefore,

2B′

B
θ22i =

2B′

B
θ22j , for all i, j = 1, . . . , p+ 1− k;

hence, the necessary condition B′(|ξ|2) = 0. Under this condition,
equation (11) becomes

2pB =

[
− |ξ|4 +

p+1−k∑
l=1

θ42l|σ2l|2
]
C′ +

[
2

p+1−k∑
l=1

θ22l − 2(p+ 1)|ξ|2
]
C;
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evaluated at the point p1 = (1, 0, . . . , 0), this gives

2pB(θ22) =
[
2

p+1−k∑
l=1

θ22l − 2(p+ 1)θ22

]
C(θ22),

which is equivalent to

2p
(
B(θ22) + θ22C(θ22)

)
=

[
2

p+1−k∑
l=2

θ22l

]
C(θ22),

and this implies that C(θ22) is strictly positive and therefore, since B is
a strictly positive function,

p+1−k∑
l=1

θ22l − (p+ 1)θ22 > 0.

Similarly, evaluating the equation at the point pj = (0, . . . , 0, 1, 0, . . . , 0)
(1 at the 2j-th position) yields

p+1−k∑
l=1

θ22l − (p+ 1)θ22j > 0, for all j = 1, . . . , p+ 1− k,

and, summing up these inequalities, we obtain

−k

p+1−k∑
l=1

θ22l > 0,

which is clearly impossible. Hence, ξ cannot be a harmonic section.

7. A larger class of metrics. We can render harmonic some
of the vector fields considered previously, if we enlarge our class of
metrics on the tangent bundle by dropping the condition A ≡ 1. Then
the conditions for harmonic sections and harmonic maps are given by
Proposition 2.1.

Proposition 7.1. Let a ∈ Rn+1\{0} and λ : Sn → R, λ(x) = 〈a, x〉.
Then the conformal gradient field σ = gradS

n

λ is a harmonic section
for
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(1) n = 2, C = 0, A(t) = B+A0 (A0 ∈ R+\{0}) and B(t) = Ke−t/2,
K > 0, and σ is also a harmonic map.

(2) n > 2, C = 0, A(t) = B(t) + A0 (A0 ∈ R+ \ {0}) and
B(t) = K[n + (n − 2)|a|2 − (n − 2)t]1/(n−2), K > 0; but σ is not a
harmonic map.

Proof. With the notations of the proof of Proposition 6.1, we see that
a conformal gradient field σ will be a harmonic section if

B − λ2(2− n)B′ + nA′ = λ2(|a|2 − λ2)C′ + [nλ2 − (|a|2 − λ2)]C,

and if we choose C = 0 and A = B+A0 (A0 ∈ R+ \{0}), the condition
becomes

B(t) + [(n− 2)|a|2 + n− (n− 2)t]B′(t) = 0,

with t = |σ|2 = |a|2 − λ2.

If n = 2, B(t) = Ke−t/2, K > 0, is a solution; and if n > 2,
B(t) = K[n + (n − 2)|a|2 − (n − 2)t]1/(n−2), K > 0, is a solution,
for t ∈ [0, |a|2], which can be extended to R+.

For these solutions the horizontal part of the tension field for a
conformal vector field is

−(n− 1)λBσ = 2λB′σ,

and this is only satisfied in the case n = 2.

Remark 7.1. A similar result can be found in [2].

Proposition 7.1. For any Killing vector field ξ on Sn, n ≥ 2, there
exists a Kaluza-Klein metric on TSn making ξ into a harmonic section.
If n = 2, then ξ is also a harmonic map but not if n = 2p, p > 1. If
n = 2p+ 1, ξ will not be a harmonic map unless it has constant norm
(cf. Proposition 6.3).

Proof. Let ξ : S2p → TS2p be a Killing vector field. As in
Proposition 6.2, we call Fξ its invariant sub-space and 2k + 1 its

dimension. Up to a change of coordinates, σ =
∑p−k

i=1 θ2iσ2i, where
the θ2i’s are non-zero constants and σ2i is the Killing vector field given
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by rotation in the (x2i−1, x2i)-plane. For Killing vector fields on S2p,
the equation of harmonic sections, with respect to the new metric G, is

(13) (2p− 1)ξ +
2B′

B
∇∇ξξξ

=
1

B + |ξ|2C
[
(C −B′)|∇ξ|2 +

(
C′ − 2B′C

B

)
|∇ξξ|2 − 2pA′

]
ξ.

First assume that the coefficients θ2i are all equal to λ. If k �= p−1, we
know, from Proposition 6.2, a Kaluza-Klein metric makes ξ a harmonic
section. If k = p − 1 (this is the general case on S2), equation (13)
becomes

(2p− 1)B + 2pA′ = λ4|σ|2(1− |σ|2)C′ + λ2(2− (2p+ 1)|σ|2)C,

where ξ = λσ (as in Proposition 6.2). Choosing C = 0 and A = B+A0

(A0 ∈ R+ \ {0}), we obtain the solution B(t) = Ke((1/2p)−1)t, K > 0.

In the more general case where there exist coefficients i and j such
that θ2i �= θ2j , by the same arguments as in Proposition 6.2, we show
that B(t) = B0 (B0 ∈ R+ \ {0}) and equation (13) becomes

(2p− 1)B0 + 2pA′ = |∇ξξ|2C′ − 1

2
Δ|ξ|2C,

which admits the positive solution A(t) = (−1 + 1/2p)B0t + A0 for
t ∈ [0, sup |ξ|2] and continuously prolonged over R+.

Similar arguments apply to the odd-dimensional case.

REFERENCES

1. M. Abbassi, G. Calvaruso and D. Perrone, Harmonic sections of tangent
bundles equipped with Riemannian g-natural metrics, Quart. J. Math. 6 (2011),
259 288.

2. , Some examples of harmonic maps for g-natural metrics, Ann. Math.
Blaise Pascal 16 (2009), 305 320.

3. M. Abbassi and M. Sarih, On natural metrics on tangent bundles of Rieman-
nian manifolds, Arch. Math. (Brno) 41 (2005), 71 92.

4. M. Benyounes, E. Loubeau and C.M. Wood, Harmonic sections of Riemannian
vector bundles and metrics of Cheeger-Gromoll type, Diff. Geom. Appl. 25 (2007),
322 334.

5. , Harmonic maps and sections on spheres, arXiv:math/0703060v1
[math.DG].



HARMONIC MAPS AND KALUZA-KLEIN METRICS 821

6. M. Benyounes, E. Loubeau and C.M. Wood, The geometry of generalized
Cheeger-Gromoll metrics, Tokyo J. Math. 32 (2009), 287 312.

7. J. Cheeger and D. Gromoll, On the structure of complete manifolds of
nonnegative curvature, Ann. Math. 96 (1972), 413 433.

8. P. Dombrowski, On the geometry of the tangent bundle, J. reine und angew.
Math. 210 (1962), 73 88.

9. J. Eells and L. Lemaire, A report on harmonic maps, Bull. London Math. Soc.
10 (1978), 1 68.

10. , Another report on harmonic maps, Bull. London Math. Soc. 20
(1988), 385 524.

11. , Selected topics on harmonic maps, Amer. Math. Soc., Providence,
RI, 1983.

12. J. Eells and J.H. Sampson, Harmonic mappings of Riemannian manifolds,
Amer. J. Math. 86 (1964), 109 160.

13. T. Ishihara, Harmonic sections of tangent bundles, J. Math. Tokushima Univ.
13 (1979), 23 27.

14. J. Kazdan and F.W. Warner, Existence and conformal deformation of metrics
with prescribed Gaussian and scalar curvatures, Ann. Math. 101 (1975), 317 331.

15. E. Musso and F. Tricerri, Riemannian metrics on tangent bundles, Ann. Mat.
Pura Appl. 150 (1988), 1 19.

16. O. Nouhaud, Applications harmoniques dune variété Riemannienne dans son
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Novo, République du Bénin
Email address: leonardt@imsp-uac.org



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


