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RANKS OF CROSS COMMUTATORS
ON BACKWARD SHIFT INVARIANT SUBSPACES
OVER THE BIDISK

KEI JI IZUCHI AND KOU HEI IZUCHI

ABSTRACT. On backward shift invariant subspaces M
over the bidisk, it is proved that if M is Hilbert-Schmidt,
then

rank [R., R;] — 1 <rank[S;, Sy ] <rank R, R;| + L.

1. Introduction. Let I'> be the two-dimensional unit torus. We
write z,w for variables in I'? =T', x [',. Let L? = L?(I'?) be the space
of square integrable functions on I'? with the inner product

o o — is it M
o= [ [ e s

Let H? = H%(I'?) be the Hardy space over I'2, and let H*(T',) and
H?(T'y,) be the Hardy spaces on the unit circle I' with variables z and
w, respectively. We think of H?(I',) and H%(I',,) as closed subspaces
of H2. For a function ¢ in L*(I'?), the Toeplitz operator T}, on H>
is defined by Ty f = P(¢ f), where P is the orthogonal projection from
L? onto H?. It is known that T = TE’ and T;(Z)Tw(w) = Tw(w)T;(z)
for every ¢(z),v(w) € H®(I'). A nonzero closed subspace M of H?
with M # H? is called invariant if 7,M C M and T,M C M. A
function f in H? is called inner if |f| = 1 almost everywhere on I'?. A
well-known theorem due to Beurling [2] says that an invariant subspace
M of H?(T',) has a form M = q(z)H?*(T,) for an inner function q(z).
In the two variables case, the structure of invariant subspaces of H? is
extremely complicated, see [3, 12].
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We write
N=H?’cM:={fcH*: f 1M}

Then T)N C N and T;N C N, and N is called a backward shift
invariant subspace of H?2.

Let ¢ € L*° and R, denote the operator on M defined by Ry f =
Py (¥ f), where Py is the orthogonal projection on L? with range M.
One has Rj, = Ry and R, = T.|u. Let [R;, R}] denote the cross
commutator of R, and R, that is, [R,,R] = R,R — RXR,. On
a backward shift invariant subspace N, one has the operator Sy on
N defined by Syf = Pn(¢f). It is easy to see that Sy = SE and
S:=T;|n-

In [10], Mandrekar proved that [R,,R}] = 0 if and only if M is of
Beurling type, that is, M = ¢H? for some inner function ¢ on I'2.
This is a nice characterization of Beurling type invariant subspaces of
H? and is our starting point of the study. In [9], it is proved that
[Sz, Sk] = 0if and only if M has one of the following forms;

M = qi(2)H?, M = go(w)H?, M = q1(2)H?* + g2 (w)H?

for nonconstant one variable inner functions ¢ (z) and gz (w).

In [13, 14, 15], Yang pointed out that [R,, R%] and [S,,S}] are
Hilbert-Schmidt operators under some mild condition. So, to study
the structure of invariant subspaces, it is important to study the cases
when rank [R,, R} ] < co and rank[S,, S%] < oo. The authors studied
these subjects in [5, 6, 7, 8]. As a consequence, we had the following
conjecture in [7].

Conjecture. rank [R,, R%] — 1 <rank|[S,,S] <rank[R,,R:]+ 1.

This conjecture is deeply connected with Guo and Yang’s works [4,
16, 17]. For an invariant subspace M, in [4] they defined the core
operator C' on H? associated with M, and they showed

(1.1) C =1-R.R' — RyR’, + R.R,R'R",.

An invariant subspace M is said to be Hilbert-Schimdt if its core
operator C' is Hilbert-Schimdt. As pointed out in [16], almost all
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known examples of invariant subspaces are Hilbert-Schimdt. In [17,
Proposition 2.6], Yang showed that if M is Hilbert-Schimdt, then

rank (R}, R,|[R:, R.] = rank [R,, R} ] + 1.

In Section 2, we prove that
rank (R}, R,|[R:, R.] — 2 < rank [S,, S| < rank [R},, R,][R:, R.].
Combining the above results, we get
rank [R,, R}] — 1 <rank[S,,S)] <rank[R., R, ]+ 1.

if M is Hilbert-Schmidt. We also show that if rank [R}, R, |[R:, R,] <
00, then rank [R,, R} ] < co and M is Hilbert-Schmidt.

In Section 3, we give some examples concerned with the above
inequalities.

For closed subspaces M7 and My, when M; C Ms, we write My ©
M, = {f € My: f L M}, and when M; L My, My & M> means
the orthogonal sum. For a subset E of H?, we denote by E the norm
closure of E.

2. Rank of cross commutators.
Lemma 2.1. [S,, S} = PNTy PyuT:|N-

Proof. Since T,T;; =T, T,, we have

[S:,S0] = PNT.Ty|n — PNT PnT.|N
— Pn(T.T = T(I — Pa)T) |w
= PNTJ;PMTz|N ]

Lemma 2.2. Py T.N = (M © zM) 6 (M N H2(T,)).

Proof. Let f € N and g € zM. Then T}g € M and (PyT.f,g9) =
(f,T*g) = 0. This shows that PyyT.N C M & zM. Since T,N L
M N H2(T,),

PyT,N C (Mo zM)o (MnH*T,)).
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Let f € M © 2M. We have T*f € N. If f L Py;T.N, then T*f L N.
Hence 77 f = 0. This shows that f € M N H%(T,). Thus we get the
assertion. O

Lemma 2.3.

rank [S,, Sp] = dim T Pyownm (M © 2M) © (M N H*(Ty,))).

Proof. By Lemmas 2.1 and 2.2,

[S., S5]N = PNTi (M ©2M)© (M N H2(Ty))).
Hence,
rank [S., S;] = dim PNT5 (M © zM) © (M N H?(Tw))).

Let F € (M ©zM) o (M n H?*(T,)). By the Wold decomposition

theorem,
oo

Z &M o wM)w™.

n=0

M

Then we can write
F= Z@an", F, e M owM,
n=0

SO
T:F =T!Fy + Z ®F,w" "
n=1

Since T (M © wM) C N, we have

TpFy €N and Y @Fuw" '€ M.

n=1

Thus,
PNTyF =Ty Fy =T, ProwmF,

and we get the assertion. ]
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One easily sees the following.

Lemma 2.4.

[Ryy, Rol[RZ, R:] = (I — RyR,)(I — R.R}) = PuowmPre:m-

Theorem 2.5.

rank [R), R,][R:, R,] — 2 <rank[S,, S} ] <rank [R), R,][R:, R.].

Proof. We write M N H2(T',,) = q1(w)H?(Ty,), where q;(w) is either
0 or an inner function. We have

MozM=((MozM)o(MnH*T)) ®(MnH*Ty)).
Hence,

Prowm(M € 2M) = Pygwm (M 6 zM) © (M N H?*(Ty)))
+ C: Pugwm (g1 (w))

and

T Prowm(M © 2M) = T Pyowm (M © 2M) & (M N H?*(T,)))
+ C - Iy Pyowm (@1 (w)).

Therefore, by Lemma 2.3,

dim T Pyrowm (M © zM) — 1 < rank[S,, S]]

If there are no f € Pyowm (M © zM) with f # 0 satisfying To5 f = 0,
then we have

dim Pyrgwm (M © zM) — 1 <rank[S,, S;)] < dim Pyrowm (M © zM).

Suppose that there is an f € Pyowar (M ©2zM) with f # 0 satisfying
T:f = 0. Then f = f(z) € M N H?(T,). By the Beurling theorem,
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M N H?(T,) = q2(2)H*(I,) for an inner function g»(z). There exists a
G € M © zM such that f(z) = PyewmG. We have G = f(z) + wG,
for some G € M, and

f(z)=G—wGy € (M6 zM)+ wM.

Note that M © 2M 1 2q2(2)H?(T,) and wM 1 zgs(z)H?(T',). Hence,
f(2) L 2q2(2)H*(I',). Therefore, f(z) = cqz2(z) for some ¢ € C, and

dim T} Pyrowm (M © zM) = dim Pyrgwm (M © 2M) — 1.
Thus, we get

dim Pyowm (M © 2M) — 2 <rank[S,, S.]
S dimPMewM(M ) ZM)

Combining this with Lemma 2.4, we get the assertion. o

As mentioned in the introduction, in [17] Yang showed that if M is
Hilbert-Schimdt, then

rank [R}, R,]|[R}, R;]| =rank [R,, R;,] + 1,

so that we get the following.

Corollary 2.6. If an invariant subspace M of H? is Hilbert-Schmidt,
then

rank [R,, R;] — 1 <rank[S,,S)]| <rank[R,, R ]+ 1.

Here we have a question whether it holds that rank [R}, R, ][R, R.] <
oo if and only if rank [R., R},] < co. We have the following.

Theorem 2.7. If rank[R}, R,]|[R}, R,] < oo, then rank [R,, R}] <
oo and M is Hilbert-Schmidt.

Proof. Note that rank [R,, R} ] = rank [R}, R,,]. It is not difficult to
see that [R%, R,] =0on zM. Let F € M & zM. Then T F € N and

[R:, Ry|F = R:R,F = Py (zwF) = 2P, (wF).



RANKS OF CROSS COMMUTATORS

Hence,
(2.1) [R, Ry|M =ZP,p(w(M & zM)).
Suppose that n = rank [RY, R,,][R%, R.] < co. We write

[R:, Ry)[R5,RJM =C-A, & C-Ay@---&C- Ay,

where A; € M © wM and ||4;|| = 1 for every 1 < j < n.

R (Mo zM) C M6 zM, we can write

F=fi(w)A; & fo(w)A2 @ & fn(w)An,
where f;(w) € H?([y,) for 1 < j < n. Write
(2.2) wF=F®F,c(MozM)d:zM.
Also we can write

F; = g1(w)A; ® g2(w) A2 @ - - - @ gn(w) Ap,

where g;(w) € H*(T,) for 1 < j < n. Hence,

By = (wfi(w) = g1(w)) A1 @ - @ (wfn(w) — gn(w))An.

Therefore,

935

Since

(2.3) Pom(w(M 6 2zM)) CzMN (H*(Tw)A & ® H*(Ty)Ar).

We write

K=zMnN(H*Ty)A1 & @ H*(Ty)A,).

Note that K is a Tj-invariant closed subspace of H?([',)A; @ --- @
H2(Dw)An. By (2.2), F = R%F, + R%Fy. Since F,RLF, € M & 2M,

we have R} Fp € M © zM. This, (2.2), and (2.3) show that

P.y(w(M e :zM)) C K swK.

It is known that dim K © wK < n, see [1, 11]. Therefore, by (2.1),

rank [R%, R, < n < oo.
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In the proof of Theorem 2.7 of [17], Yang showed that for the core
operator C' defined by (1.1), we have

rank C =rank [R} , R, ][R}, R.] + rank [R},, R.].

Hence C' is of finite rank, so M is Hilbert-Schmidt. u]

Corollary 2.8. Ifrank[R}, R,|[R:, R.] < 0o, then

rank [R,, R;] — 1 <rank[S,,S)] <rank[R,, R} ]+ 1.

Suppose that M N H*(T',,) = q1(w)H?(T,) for an inner function
¢1(w). By the proof of Theorem 2.5, to give a more exact relation be-
tween rank [S,, Sy | and rank [R}), R, ][R}, R.] we need to know whether

T Prowm(q1(w)) € Ty Pyowm (M 6 2M) & (M N H*(Ty,)))

holds or not. Here we give some properties concerning with Ty Pyrewnr X

(q1(w)).

Proposition 2.9. Suppose that M N H?(T,,) = q1(w)H?*(T,) for an
inner function q;(w). Then we have the following.

(i) T Prcwn(q1(w)) # 0, that is, Pyowm (q1(w)) ¢ H*(T'2).

(ii) If there is an f(2) in H*(T.) N Pyownm (M © zM) but which is
not contained in Pyrowy (M © zM) S (M N H?(Ty,))), then

Ty Puswm (@1(w)) € Ty Puswm (M © 2M) © (M N H?(Ty,)))

and

z w

rank [S,, Si ] = rank [R} , R,][R:, R.] — 1.

(iii) If
Prowm(q1(w)) ¢ Pucwm (M 6 2M) 6 (M N H*(I'y)))

and
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Ty Puewm (@1(w)) € Ty Puewm (M © 2M) © (M N H*(Ty))),

then H?(T',) N Pprowrr (M © 2M) # {0}.

Proof. (i) Suppose that Puyown(g1(w)) € H*(,). Then we can
write g1(w) = f(z) + wF, where f(z) € H*(I',) and F € M. We
have T} q1(w) = F € M. Since M # H?, q;(w) is nonconstant, and

T g1 (w ) ¢ q1(w)H?*(T,) = M N H?(T,,). This is a contradiction.

(i) We can write
f(2) = cPuswm (@1 (w)) + f1,
where
fi € Pucwm((M ©zM)e (MNH*(Ty,))) and c#0.

Since T; f(z) = 0, we get the assertion.

(iii) There exists an F € Pyowm((M © zM) © (M N H*(Ty)))
satisfying T, Pyrownm (q1(w)) = Tk F. Then

Prowm(qi(w)) — F € H*(T,) N Pyowm (M © 2M)

and Ppyowm(qi(w)) — F # 0. u]

3. Examples. In [4], it is proved that if M has finite codimension
in H?, then M is Hilbert-Schmidt. Also if M is Hilbert-Schmidt, then
©M is Hilbert-Schmidt for every inner function ¢.

Example 3.1. (i) Let M; = zH?>+wH? and Ny = H26M; = C-1.
Then M; is Hilbert-Schmidt, [S,, S}|N1 = {0} and P, ewnr, (M1 ©
zM;) =C -z + C-w. Hence,

rank [R,, R, ] — 1 =rank[S,, S]] =

(ii) Let My = wM; and No = H26 M. Then M, is Hilbert-Schmidt,
[S.,S%]N2 = C-z, and Par,cuwnr, (M2©2Ms) = C-zw+ C-w?. Hence,

rank [R,, R;] =rank[S,,S;] =

zZ w
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(iii) Let M3 = zM, and N3 = H2© M3. Then M3 is Hilbert-Schmidt,
[S., SNy = C-22+C-zw, and Py, cuwn, (M362Ms3) = C-22w+C-2w?.
Hence,

rank [R., R},] + 1 =rank[S,, S} ] = 2. o

We give examples M for which M N H*(T',,) = q1(w)H?*(T,,) and
T Pyrown (g1 (w)) is (not) contained in

T Pruocwm (M 6 2zM) & (M N H*(Ty))).

Example 3.2. (i) For each positive integer n with n > 2, let M
be the invariant subspace of H? generated by w™ and 2?21 2V I,
that is,

m—c(

n n—1
z”jwj1> eC- (Zz”jwj> @
j=1 j=1

2
®C- (Zznjwj+n3> ®C- anl,wnfl ® wnHZ
j=1
®2"H*(T,) ® 2"wH*(T,) @ --- @ 2"w" *H*(T,).

Since M has finite codimension in H?, M is Hilbert-Schmidt. Let
¢1(w) be an inner function given in the proof of Theorem 2.5 for M,
then ¢ (w) = w". We have

M&zM=C- <iz"jwj1> ®C- <(nzlz”jwf> —(n— 1)z”>

Jj=1 Jj=1

oC- <(§z"jwj+1> - (n2)znw> -

j=1
D C- (zn—lwn—l _ ann—2) @ wnHZ(Fw)
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and
MowM =C- ( z"jwjl)
j=1
n—1 o
®eC- <<Zz"]w1> —(n— l)w”)
j=1
n—2 )
eC- <<Zz”]w3+1> —(n— 2)zw”> @
j=1
D C (Zn—lwn—l Zn—2wn) o ZnH2(FZ)
Hence,
n—1 o
Pyewm(q1) = — ((n — D' =) zn_]wj>
j=1
and
1 n—1
T*P w _ = -1 n—1 _ n—j, j—1 )
S Pusunr (@) = 1 (0= D IR )
We have

(iz"jwj> —(n—1)2"e(MezM)o (MNH*T,)),

j=1

(£ ) )

j=1
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Therefore,

Prown (1) € Pruown (M © 2M)© (M N H?(Ty))),
T3 Prowm (1) € Ty Prewn (M 6 2M) © (M N H?(Ty))),

and
H*(T'.) N Pyowm (M © 2M) # {0}

In this case, we have rank [S,, S¥] = n and

rank [R,, R} ]| + 1 = rank [R},, Ryw][R:, R.] = n + 1.
(i) Let M' = wM @ 2" H?(T',). In this case, g1 (w) = w™*! and
1 n—1
P "owM! = — _ 1 n+1 _ n—j, j+1 .
Mrewm (q1) n((n Jw ;z w
We also have

(”z: z"_jwj+1> —(n-1)"we (M ozM)o (M NnH*T,))

and

n—1

Prrowmr <( z"_’wﬁ'l) —(n— l)z"w>
j=1
1/ n—1
- E(Zzn]uﬁl) T w"™ = —Prrgwn (01)-
j=1

Hence,

Purownm(q1) € Purgwm (M' € 2M') © (M' N H?(Ty,))).
Note that rank [S,, S;] = n. Since M’ is Hilbert-Schmidt, we have

rank [R,, R;]+ 1 =rank [R} , R,|[R.,R.] =n + 1.
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(iii) Let M" = zM @® w"H?*(['y,). In this case, ¢;(w) = w™ and
Pyrrowmr(q1) = ¢1. We have
Thgr =w" ' ¢ T Pyrcwnr (M" 6 2M") 6 (M" N H*(Ty))).

Note that H2(Fz) N PMIIewMH(M” S) ZM”) = {0}, rank [SZ,SZ)] =n,
and

rank [R,, R ]+ 1 =rank [R},, R,|[R},R.] =n+ 1. o
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