
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 2, Number 2, Spring 1972 

SOME GENERALIZATIONS OF MEHLERS FORMULA1 

H. M . SRIVASTAVA AND J. P. SINGH AL 

ABSTRACT. A number of earlier results of the authors, in
volving the classical Hermite polynomials, are applied to prove 
two generalizations of some interesting extensions of the well-
known Mehler formula, given recently by Carlitz. 

1. Introduction. Let Hn(z) denote the Hermite polynomial defined 
by 

(1-1) S H B ( z ) - ^ = e x p ( 2 z t - * 2 ) . 

In an attempt to unify several extensions of the well-known Mehler 
formula [4, p. 198] 

2 Hn(x)Hn(y)-^ 
n=0 n ! 

(I 2) 
A , x ,. f4xyt- 4(x2 + u2)t2 Ì 

= (1 - 4t*)-*exp { y ! - 4̂ 2 }> 

given recently by Carlitz [2], we proved the following general 
formulas [5] : 

m,n,p=o ml nl p ! n\ n\ 

- S, 2 o 22fcfc! ( £ ) ( * ) ( V { ( 1 ™Au2)™_ 4v.2)} ) 

(!-3) / (x - 2txs)(l - 4M2) - 2(y - 2uz)(w - 2m;) \ 
r ~ H v { A ( i - 4 u 2 ) } ; 

/ (y - 2«z)(l - 4u2) - 2(x - 2vz)(w - luv) \ 
S "H V{A(l-4t;2)} / ' 
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where, for convenience, 

(1.4) A = 1 — Au2 — 4v2 — 4w2 + lßuvw, 

S1 = A-(r+s+l)l2(l _ 4M2)r/2(l _ 4 ^ / 2 

(1-5) ç i 1 

• exp «j ^ x 2 T(^X2 ~ 4^w 2 x 2 — 4^wxy + S^uvxy) >, 

and ]£x2, ^u2x2, ^wxy, ^uvxy are symmetric functions in the 
indicated variables. 

um v?1 Vkk 

S Hm+ni+...+nk+r(x)Hm+s(y)Hni(zl)' • 'Hnk(zk)-

-s* 2 «"« (I) (Î) ( vF^S?)) 

/ y ( l - 4 S o i 2 ) - 2 « ( x - 2 S c < z < ) \ 
" ' " * V V{(1 - 4u2 - 42»«2) (1 - 4 2 > 2 ) } ; ' 

where 

(1.7) 
S2 = (1 - 4u2 - 4 ^ > i 2 ) - ( r + s + 1 , / 2 ( 1 - 4 ^ U J 2 ) s / 2 

• e x P { - 2 1 - 4 « » - 4 2 « , » ) ' 

and the range of each i summation is from t = 1 to i = k, k = 1, 2, 
3, • • • . 

The object of the present note is to show how our results (1.3) and 
(1.6) may be applied to prove a number of extensions of the following 
elegant formula of Carlitz [1, p. 43]. 

2 * 2" ** ([) (l)(j^)k"^)^-k(y) 

(1.8) = (1 - 4 * V r + . + .V2 exp { ^ " / ^ t ^ 2 } 

H( X~2^ )H( y~lxt ) 
V ( l - 4 * 2 ) / s \ V ( l - 4 * 2 ) , 

which, when r = s, would yield an earlier result of Chatterjea [3]. 
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2. The general formulas. We first prove the formula 

i iw«) ^ - « r * r T 22**< (I) (l) (âaxJ£)* 
m,^=o m ! " ! P! fc=o \k/ \k/ \ A / 

Hn + p + r-k\X)Hp+m+s-k\\l) 

_ / (x - 2vz)(l - 4u2) - 2(y - 2uz)(w - 2uv) \ 
(2-1} _ S i / H v{A(i-4W2)} y 

/ (y - 2uz)(l - 4t;2) - 2(x - 2vz)(w - 2m;) \ 
s\ V { A ( l - 4 t ; 2 ) } / 

where A and Sx are given by (1.4) and (1.5) respectively. 
Denoting the left member of (2.1) by H, if we make use of the 

formula (1.3), we get 

min(r,s) 

"•I^ÜÖW 
* Zé Hn+p+r-k(x)Hp+m+s-k(y)Hm+n(z) : : -

m,n,p=0 m ! nl P' 

= Si g o
 22fcfc! ([) (fc) ( v{(i-4^ ) (r-4U2)} / 

. """"y"-" m (r -k)(s-k\( w-2uv V 
j % J' \ j A j A V{(1 - 4u2)(l - 4u2)} / 

/ (a: - 2vz)(l - Au2) - 2(y - 2MZ)(W - 2tw) \ 

""'-*-> V V { A ( l - 4 u 2 ) } / 

/ (y - 2uz)(l - Av2) - 2(x - 2vz)(w - 2uv) \ 
Hs-k~A V{A(l-4u2)} ) 

= Sl h 2H- \i) \i) \ VUl - 4u*)(l - 4v*)\ ) ,_0 x./ xw x V{(1 - 4«2)(1 _ 4V-2)} 

Au2) - 2(y - 2 

V { A ( 1 - 4 M 2 ) } 

• 4u2) - 2(x - 2 
V { A ( 1 - 4U 2 )} 

.5 <-"'(!)• 

/ (x - 2t;z)(l - 4M2) - 2(y - 2uz)(w - 2uv) \ 
r~l \ V { A ( l - 4 u 2 ) } / 

/ (y - 2uz)(l - 4t;2) - 2(x - 2vz)(w - 2uv) \ 
- ' \ V { A ( l - 4 t ; 2 ) } / 

j=o 
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whence (2.1) follows immediately. 
Next we give the formula 

V u / x u ( \ um viHl Vk" 
m,nly-.,nk=0 ™ ! "V n * ! 

(2.2) • Hm+ni + ... +nk+r-j(x)Hm+s-j(y) 

_ c i/ / x - 2 t i y - 2 S ^ \ 
" ^ 2 j W r \ V(l - 4u2 - 4]>>2)/ 

. H / i f ( l - 4 S ^ ) - 2 B ( » - 2 ^ ) \ 
5V V { ( 1 - 4u2 - 4 ^ > i 2 ) ( l - 4 5 > , 2 ) } / ' 

where S2 is given by (1.7) and, as before, each i summation runs from 
i = l t o t = k,k= 1,2,3, • • •. 

The derivation of (2.2) would make use of our formula (1.6) in a 
manner already illustrated in the proof of (2.1). The details are, 
therefore, omitted. 

3. Particular cases. Some particular cases of (2.1) and (2.2) are 
worthy of note. 

If in (2.1) we set u or v = 0 and make a slight change of variables, 
we get 

m+n + s — k 

= (1 - 4M2 - 4t?2)-(r+*+1>'2(l - 4u2)r /2 

(3-1) ^ r -4y2(u2 + t;2) + ±y(vx + uz) - 4(vx + uz)' 
• exp {—4j/2(u2 + t;2) + 4y(vx + uz) — 4(vx + uzy -i 

I _ 4 u 2 _ 4t)2 J 

/ x(l - 4u2) - 2v(y - 2uz) \ / y - 2uz - 2vx \ 
r\ V{(1 - 4 u 2 ) ( l - 4 u 2 - 4 t ; 2 ) } / * \ V ( 1 - 4 u 2 - 4 t ; 2 ) / 

which, in turn, would reduce to Carlitz's formula (1.8) when u = 0. 
Another interesting special case of (2.1) would occur when w = 0. 

Indeed we get 
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• Hn+r-k(x)Hm+s-k(y) 

(3.2) 
= (1 - 4u2 - 4t;2)- ( r+5+1) /2(l - 4w2)r/2(l - 4v2)sl2 

• — 4z2(u2 + v2) 4- 4z(uy + vx) — 4(uy + vx)'2 

exp {— 4zz(uz + vz) -h 4z(uy + t?jc) — 4(uy + m:;z -i 
1 - 4u2 - 4u2 J 

/ (x - 2vz)(l - 4u2) + 4tit;(y - 2uz) \ 
r\ V{(1 - 4u2)(l - 4u2 - 4v2)} / 

/ (y - 2tiz)(l - 4t;2) -f 4t/t;(x - 2t?z) \ 
*\ V{(1 - 4t;2)(l - 4u2 - 4t;2)} / ' 

Formula (3.2) provides an extension of Carlitz's formula (1.2), p. 117 
in [2] to which it would reduce when r = s = 0. 

On the other hand, the most interesting special cases of our formula 
(2.2) seem to occur when Vi = • • • = vk = 0 or when k = 1. In the 
former case we are led at once to Carlitz's formula (1.8), while the 
latter yields our formula (3.1) which, as we noted above, provides a 
generalization of Carlitz's result (1.8). 

Finally, we remark that in the special case when w = 2uv, 
formulas (1.3) and (2.1) can be shown fairly easily to reduce to the 
elegant result 

min(m,n; / \ / \ 

(3.3) Hm(z)Hn(z)= 2 2'r! ( m ) ( n ) Hm+n.2r(z), 

r=o \r/ \r/ 

which is attributed to Nielsen. 
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