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THE GENERA OF PSL(F q)-LUROTH COVERINGS

ARTHUR K. WAYMAN

1. Introduction. In [3] H. Hasse studies the ramification theory of
Kummer and Artin-Schreier cyclic coverings of an algebraic function
field in one variable. These cyclic extensions are special cases of a wider
class of function fields which we will entitle Liiroth coverings. In this paper
we will study in detail the ramification theory of PSL(F,)-Liiroth cover-
ings. We will classify all genus zero and genus one PSL(F,)-Liiroth cover-
ings of a rational function field and construct bases for the spaces of
differentials of the first kind for coverings with genus = 2.

For notation, definitions, and standard theorems used here, the reader
may consult the bibliography.

2. Liiroth coverings. Let k be a field and Y an indeterminate over k.
Denote by PGL(k) the group of k-automorphisms of the rational function
field k(Y). For each element ¢ € PGL(k) there are elements a,, b,, ¢,,
d, ek with a,d, — b,c, # 0 satisfying o(f) = f((a,Y + b,)/(c,Y + d,))
for all f€ k(Y). We recall that two substitutions

aY + b aYy + b

Y= vy+d Y+ d

and Y —
induce the same k-automorphism of k(Y) if and only if (a', ', ¢’, d') =
(Aa, Ab, Ac, Ad) for some A€ k* = k — {0}.

Let ¢ be a finite non-trivial subgroup of PGL(k). If k(Y)? is the sub-
field of k(Y) left invariant by the action of ¢, then k(Y)¥ contains k and
from galois theory we have [k(Y): k(Y)¥] =|%|, where |#| denotes
the cardinality of @. By Liiroth’s theorem (see van der Waerden [5])
there is an element Zg, in k(Y) such that k&(Y)¥ = k(Z,). We can write
Zy = Uy Vy, for some U, Vg € k[Y] with (U, V) = 1. Moreover,

degyZ, = max{deg, U,, degyV,} = |%|.
We remark that any other generator of k(Y)¥ is of the form (aZ, + b)/

(cZ4 + d)wherea,b,c,de kand ad — bc # 0.
Let K be an algebraic function field in one variable over the algebraically
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closed field k. For the group ¢ set Z = Z, and let z be a nonconstant ele-
ment of K. The polynomial

L%, 2)(Y) = Uy(Y) — zVy(Y)

is called a Liiroth polynomial. If L (%, z) is irreducible over K, then the
extension L = K{(y) where Lz (¥, z)(y) = 0 is called a Liiroth covering of
K. Observe that if L|K is a Liiroth covering defined by L,(%, z), then
[L: K] = degyL,(%, z) = |9|.

PROPOSITION 1. Let L be a Liiroth covering of K defined by the irreducible
polynomial L (%, z). Then the extension L|K is galois and Gal(L|K) = .

ProoF. The field L = K(y) where L,(¥¢, z)(y) = 0. Since U,/Vy is
invariant under substitutions of the form Y — (a,Y + b,)/(c,Y + d,),
o €%, we conclude that each conjugate of y is of the form (a,y + b,)/
(¢,y + ¢,), 0 €%. Since a,, b,, ¢,, d, €k, each conjugate of y is in L.
Furthermore, since y is transcendental over k, if g, ¢ € ¥ and g # ¢, then
(@ys + b)(coys + dy) # (ayyy + by)/(cyyy + dy). We conclude that
L|K is galois and Gal(L|K) = @.

PROPOSITION 2. Let L(%, z) be a (possibly reducible) Liiroth polynomial.
If L,(%, z) has no root in K, then its splitting field is a Liiroth covering of K
defined by a Liiroth polynomial of the form Lz (#, z") where S is a sub-
group of ¢ and z' is a non-constant in K.

ProOF. The proof of Proposition 1 shows that if L is an extension
of K containing one root of L,(%, z), then L contains all roots of L,(#, z).
Proposition 2 follows if L,(#, z) is irreducible; so assume that L,(%, z)
factors over K and write L,(¥, z) = GH for some G, H e K[Y] with
degyG and degyH = 1. We may and do assume that G is irreducible
and monic. Let y be a root of G and set L = K(y). Then L contains all of
the roots of L;(#, z) and is therefore the splitting field of L;(#, z) over K.
The argument in Proposition 1 also shows that the roots of G are distinct
and hence L|K is galois. Each conjugate of y has the form (a,y, + b,)/
(c,y, + d,) for some ¢ € # (with a,, b,, ¢,, d, € k). Let

- a4y + b, _
# = freoio(go )=o)
Observe that |2#| = degyG. An element 7 € Gal(L|K)is determined by its
value at y; in particular, for each 7 € Gal(L|K), there exists a 7 € #°
satisfying 7(y) = (a,y, + b,)/(c,ys + d,). Let ¢, denote the element of
Gal(L|K) corresponding to ¢ € . It is easy to see that the correspondence
7, — ¢ of Gal(L|K) into ¢ is a group homomorphism. Hence s is a
subgroup of ¥ canonically isomorphic to Gal(L|K). Let Z,, = U, [V
be a generator of k(Y)* where Uy, V, € k[Y]and (Uy, V) = 1. Write
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- _ Y. + b.,>

® o = I (¥ - 354 )

Let & = |5#| and expand the right side of equation (A) to obtain
ho4. :

(®) G(Y) =y + ) 2L Y+
=1 7

where A,, B;e k[y] with (4;, B;) = 1. An easy calculation shows that
deg,4; < h and deg,B; < h. The action of # on k(y) is induced by the
action of s on k(Y) and hence all of the coefficients of G lie in k(y)¥.
The degree constraint on 4; and B; shows that 4;/B; = (a;Z4(y) + b;)/
(¢;Z(y) + d;) for some a;, b;, c;, d; € k. Since y is transcendental over k
and G(y) = 0, at least one coefficient of G must satisfy a;d; — b,c; # 0.
Write this coefficients as (eZ, + b)/(cZ, + d). Since all coefficients of
G lie in k we conclude that

© e bl —nek-k

Inverting equation (C), we obtain

dZo—-b
—czp+a’

Hence L|K is a Liiroth covering defined by L, (o, z') = Uy — 2'Vy
where z' = (dzg — b)/(—czy + a).

Zy =

COROLLARY 1. Any Liiroth polynomial L,(%, z) either splits completely
over K or decomposes into the product of irreducible Liiroth polynomials
associated with isomorphic subgroups of 4.

COROLLARY 2. If M|K is a Liiroth extension and L is an intermediate
field, then M|L is a Liiroth extension.

PROPOSITION 3. Let Z = U[V be a generator of k(Y)¥ and suppose that
Ly(%,2) = U — zVisirreducible. Let Z* = U*|V* be another generator of
k(Y)? and write Z* = (aZ + b)/(cZ + d) with a, b, ¢, de k, ad — bc #
0. Then L,(%, (az + b)/(cz + d))is irreducible.

Proor. The proof is immediate from the observation that L. =
(ad — bc)/(cz + d)L,.

3. The group PSL(F,). Let p be an odd prime number and let F, be the
finite field containing ¢ = pV elements for some N € Z+. The projective
special linear group, PSL(F,), is the subgroup of all ¢ € PGL(F,) satisfying
a,d, — b,c, € (F2)2 = {a?la € F%}. Let k be an algebraically closed field
with char k = p. Then k contains F, and PSL(F,) is a group of k-auto-
morphisms of the rational function field k(Y) if Y is an indeterminate over
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k. The field of PSL(F,)-invariants in k(Y) is the rational function field
k(Z) where

7 - (Y Day YD D4 YD ... 4 Yolq])eDe
- (Y1 — V)@

4. PSL(F,)-Liiroth coverings. Let £ be an algebraically closed field
with char k = p > 2,let ¥ = PSL(F,), and let K be an algebraic function
field in one variable over k. Assume that the Liiroth polynomial

L%, 2) (Y) = (G(Y))D2 — z(J(Y))d92

is irreducible over K where z € K — k and
GY)=Ye Dot ... + Yl 1= [ (Y-a),
asF—F,
JY)=Yi—y = - B).
9 y=I-p

Assume further that p f ordX z for any pole p of z in K. Let L = K()
where Lz(¥, z) (y) = 0. Then the extension L|Kis a PSL(F,)-Liiroth
covering and we have Gal(L|K) = #.

5. The different 2;x. We will calculate the different 9, of the
PSL(F,)-Liiroth covering L of K. We shall employ the following notation:

div}(z) = divisor of zeros of z,

divg(z) = divisor of poles of z,

div¥(z)

divy(z) *

Let p be a place of K with places £ and 2’ in L lying over p. Then,
since L|K is galois, the ramification indices e, and ey satisfy e, = eyr;
we denote this common index by e,. Let 9,k denote the different of the

extension L|K. Then deg; 2, x denotes its degree as a divisor. Recall that
if divgz = (- 2)/(of" -+ 1), then

divg(z) =

r

S
Zim; = Zln,- = [K: k(2)].
— 7=

PROPOSITION 4. Assume that 2 is a place of L which is neither a zero nor
pole of y — a for any a € F . Then P is unramified in L|K.

Proor. It suffices to show that 2is not a fixed point for any ¢ € #\{id}.
Assume that ¢(#) = 2. We will show that ¢ = id. By acsumption, &
is neither a zero nor a pole of y, so y(&#) € k* (where y = y(#)mod 2).
Since g(#) = # we have (a,y, + b)/(c,y, + d,) = y(P)mod 2. If
c, =0, then a,)(P) + b, = d,)(P), i.e., 2 is a zero of the function
y + b,/(a, — d,)ifa, — d, # 0. We conclude that a, — d, = b, = 0 and
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hence ¢ = id. If ¢, # 0, 2 is neither a zero nor a pole of ¢, y(#) + d,,.
Therefore a,y(#) + b, = c,y%(P) + d,y(#), and we conclude that
() e Fpz. But this contradicts the assumption that & is not a zero of
y — afor any a € F .. We conclude that ¢ = id.

If 2 is a place of L and p the place of K lying below £, then the equa-
tion L,(%, z)(y) = 0implies

(D) %_l__ordLG(y) =eordfz + L7 4 L ordbi(y).

Let p be a zero of z in K. Since y is integral over k[z], we have ord%(y) = 0,
and hence ordLJ(y) = 0. Therefore equation (D) implies the inequality
®) 4+ LorasG() > €517 oragigy) 2 0.

Hence 2 is a zero of G(y), and therefore y(2) € F. — F,. Conversely,
if 2 is a zero of G(y) in L, then ordJ(y) = 0 since (G(Y), J(Y)) = 1.
Equation (D) therefore implies

1
(F) q “2“ ord3G(y) = e,ordKz.

THEOREM 1. Let 2 be a zero of z in L, p the place of K lying below 2
and d, = ((q9 + 1)/2, ord¥z). Then e, = (g + 1)/(24,).

ProOF. By equation (F) we have ((¢ + 1)/(2d))le,, To show that
= (g + 1)/(24,), it suffices to show that

©) s = LEL,
P

where #(#) = {0 € %|0(P) = 2} is the decomposition group of £ over
K. For if inequality (G) holds, then for orby(#) = {¢(2)|c € ¢} we have

-9
5 =19l = lorbg(2) 19(2)]

< |orby(2?)| "‘“

Z |orby(2)| e,

-4

2 b
and hence equality must hold at every stage. We now prove inequality (G).
If o€ @, then either ¢ = 0y, or ¢ = 0y,.0,, where g, (Y) = bY + ¢
and o, = (@Y + 1)/(— Y) with a, b, ceF, and b € (F5)2. The latter factor-
ization of ¢ follows from the fact that the set {¢)e PSL(F))|¢ = id or
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¢ = o(a€ F,} represents the right cosets of the group {o;,|c€F,,
be (F%)?}in 9. Let g € (2) and set a = p(2). Then equation (F) shows
that « € F; — F,. Since y = a mod 2 and ¢(2) = 2, we conclude that
o(y) = a« mod 2. If ¢ = ¢,,, we assert that ¢ = id, for y = g, () =
a mod &£ implies that ba + ¢ = a. Thus(b — 1)a + ¢ = 0. But, since
b, ceF, and a€F; — F,, we conclude that b = 1 and ¢ = 0. Now
suppose that ¢ = ¢;,,0,. Theny = 7,,.0,(y) = a mod £ and

ay+l>= aby + ac + 1

05,.04) = 0b.c< -y —@y + 0

We conclude

(H) a2+ (blc + a)a + b Yac + 1) = 0.

Since, « is quadratic over F,, there is exactly one monic irreducible
quadratic equation of which « is a root. Thus if we fix a € F, and let
) X2+ AX + B = Irr(a, F)) (X),

then we have b71c + a = A and b (ac + 1) = B. So we consider the
pair of equations

(A—ab—-c=0,
Bb — ac = 1.

Taking b and ¢ as unknowns, the determinant of the coefficients is a2 —
Aa + B = Irr(a, F,))(—a) # 0. Thus, given a € F,, there is at most one
0y, . satisfying o, .0 (P) = . Wenotethat — 4 = Treand b~1c = —a —
Tr a (where Tr = Trg 5 ). Easy computations establish that 5, (G(Y)) =
G(Y) and 0,(G(Y)) = G(Y)/Y¥™. Lett,€ K be a local parameter at
p and set n = ord¥z. Let

G( 7)) 4D/ @dy)
H(y) = (CONCED (y,)inw, :

Then from the equation L,(%, z) (y) = 0, we have

H)* = tz—" ()o@,

Since ((2)/t7) # O0mod £ and the zeros of G(y) and J(y) are disjoint, we
have J(y) # O mod £, and hence H(y) # 0 mod(¢), i.e., § = H(a) # 0.
Thus g, ,0,(?) = 2 implies 0;, .0, H(y) = fmod 2. Now we obtain

H
) aH(y) = Vqs—g%

and applying o, to equation (J), we obtain
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H(y)
(by + C) (g3—q)/2d},)

Since (&) = a and b1 = 1, equation (K) implies

(a + b—lc)(q3—q)/(2d.) — 1,

(K) = fmod 2.

and hence

(@ — Tra — a)@9/C) = 1,
Therefore a is a root of the equation

(@ — Tra — X)@-o/@d = |,

LemMA 1. Fix y€ Fp — F, and de Z with d|(q + 1). Then there are
exactly ((g + 1)/d) — 1 roots of the polynomial U@V/4 — 1 in the coset
r+ F,

PROOF. Let & be a generator of F%. Then the set {0} U {&7]0 <i <
g — 2} represents F, mod F, If y 4+ a is a root of U@/ — 1 in
r + F,, then &y + &ais a root in & + F,. This correspondence is bijec-
tive, so the number of roots in each coset & + F, (where 0 < i <
g — 2) is the same. Now F% contains all roots of U@ 14 — 1 and
each element of F; is a root, so Fp — F, contains (q2 — 1)/d —
(g —1) = (g — 1)(g— 1)/d) — 1 roots. Thus each coset not equal to F,
contains ((g + 1)/d) — 1 roots.

It follows immediately from the lemma that there are at most ((g + 1)/
2d,) — 1 elements a € F, such that g,, ,0,(2) = 2 for some g,,.. Including
o = id, we see that

<9qtl

and Theorem 1 is established.

COROLLARY 3. Any zero p of z in K is tamely ramified in L with de-
com position number h, = (q2 — q)d, and differential exponent m, =

(¢ + D/2d) — 1.

We now consider the ramification propelties of the poles of z. Let
2 be a pole of z in L and p the place of K lying below . From equation
(D) we conclude that & is either a zero of J(y) or a pole of y. If 2 is a
zero of J(»), then ord5G(y) = 0 and we have

L) 929 ordhI(y) = — e, ordfz;

if 2 is a pole of y, then
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M) -‘]—2'2_—‘] ord5y = e, ordfz.

THEOREM 2. Let P be a pole of z in L, p the place of K lying below 2
and d, = ((q— 1)/2, ord¥z). Then e, = (¢2 — q)/2d, and h, = (g + 1)d,

PROOF. Since char k = p } ord¥z, equation (M) shows that ((g2 — q)/
2d))le,. Let orby,2? = {0(P)|oc € #}. To show that e, = (¢2 — q)/(24,),
it suffices to show that

(N) lorby 2| = dyg + 1).
For if equation (N) holds, then

3 _ 2 _ 3 _

q > 9 - qupq(q+ 1d, < e, |orby?| = q 5 q
and hence equality holds throughout. Before proceeding we define 7, =
01,— and g, = g,,0. Observe that g, ., = y7_.. Easy computations show
that ¢,J(Y) = J(Y) for all beF, 0, J(Y) = bJ(Y) for all g, . €%,
o J(Y) = (J(Y))/Yet1 for all a € F, and hence if ¢ = 7},.0,, then ¢J(Y) =
BJ(Y))/(BY + c)7tl. Now let 2 be a pole of z in L. If it is a pole of J(p),
then it is a pole of y. Thus gy(2) is a zero of y and hence £ is conjugate
to a zero of y. Therefore we can assume without loss of generality that
() = 0. This implies G(y) # 0 mod 2, since G(y) = 1 mod 2 for any
zero 2 of J(y). Let p be the pole of z in K lying below & and let t,€ K
be alocal parameter at p. Set n = ord¥zand d, = ((g — 1)/2, n). Let

F( y) =t /d,( J( y)) (¢*—q)/2d,
Then

©) FO» = 5 Gpee.

The right side of equation (O) is finite and # 0 mod £, i.e., y = F(0) #
0. We will need the following concept. If (4, v) € L x L we write (u, v),
whenever ¥ = Omod 2 and v = Omod 2. We shall say that (¥, v), is
an admissible pair with respect to #. If ¢ is a k-automorphism of L,
then it is clear that (u, v), implies (o(v), ¢(v)),(» ; We shall write this
implication as

(u, v)p = (6(), 0(¥))s()-

In general, if for a place 2, the pair (w, x), can be deduced from the pair
(u, v)5, then we write (4, v), — (W, x),. Now consider the admissible
pair (y, F(y) — 7). From this pair we obtain d, distinct pairs via the
automorphism y, (where a € (F¥)2); namely,
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3 F) = Do = (9, a9 025F()) — 1))
Since
card{a@9%| g € (F2)2} = d,

we see by comparing second coordinates in these pairs that card{u,(2)|
a € (F%)2} = d,. Now to each of the pairs

(3, a9 OHE(y) — 7)o
we apply t;, where b € F,. Then we get
(, aOPLE(Y) = 1)) = (¥ = b, AT OPHE(Y) = 7)oy

We also obtain
(q2—q)/2d _ 1 g, FO)
(y’ ae ’F(y) T)#"(y) - (y et y(qa_q)/zd“ T aoﬂa(?).

By comparing first coordinates we see that each place y,(&) yields ¢ + 1
distinct new places. We conclude that there are at least d(g + 1) pairs,
no two of which can belong to the same place. Therefore we have |orb,2|
2 dy(gq + 1), and Theorem 2 is established.

Since the poles of z are wildly ramified, the calculation of their different-
ial exponents requires further consideration.

THEOREM 3. Let 2 be a pole of z in L and p the place of K lying below 2.
Then the differential exponent of P over p is

m,,=q(q_l) - q—lordg‘z—l.

2d, d,

ProOF. Since all conjugates of & have the same differential exponent,
we can assume without loss of generality that £ is chosen so that the
pair (y, F(y) — 7)s is admissible. Let L;(£) be the decomposition field of
2. Then [L: Ly(2)] = |9(P)| = e, Let p = Ly(P) | 2. Then £ is
totally ramified over Lz(#), while p is unamified over K. We will
determine the elements of () and apply Hilbert’s formula for the
computation of m, We saw in Theorem 2 that a necessary condition for
0 € Z to be in ¥(2) is that

(P) », F(y) = Do = (0(), 0F(Y) = 7).

We know that no 7,(b € F,) can satisfy the implication in (P). And in
Theorem 2 we saw that if y,(a € (F%)?) satisfies (P), then @ 0/@ = |,
If 0 = p,7400, then a(y) = —1/(ay — b). Since y = Omod # we have
ord50(y) £ 0. Hence o(2) # 2. Since the set {id} U {o,/acF,} re-
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presents the right cosets of the group {o,,.|c € F,, b € (F%)?} in @, so does
the set {go} U {0,00|a € F,}. Now consider the elements of the form

O = UT40 .00

We have ¢(y) = (ay — b)/(acy — bc + 1). If g(#) = 2, then
Q ord} g(y) = ordsy > 0.

If bc = 1, then b # 0 and we obtain

ord5 a(y) = ordi(ay — b) — ordi(acy — bc + 1)

= —ordjacy < 0, a contradiction.

We conclude that bc # 1, and hence ordk(acy — bc + 1) = 0. So by
equation (Q) we have ordi(ay — b) > 0, and therefore » = 0. Thus
1aT0.00(P) = 2 implies that b = 0. Now suppose that p,0,0¢(P) = 2.
Given c € F, we want to determine the set {a € (F%)2 | y,0.00€ ¥(P)}. If
0 = p.0.00, then we obtain

o — (g2, F(y) _
(R) UF(y) T = a' 9)/2d (acy + l)(qz“l)/Zda T

But y(#) = 0, so acy + 1 = Ilmod#. Therefore, if 6(#) = 2, then (P)
and (R) imply that a@~2/@4) = 1. We conclude that

Y(P)c S={0€%|o = p,o.00 cEF, ae 2 ale /) = 1},

The cardinality of S'is (g2 — ¢)/(2d,) = |9(2)|. Hence ¥(#) = S.

Let 7, € K be a local parameter at p. Since p is unramified over K,
t, is also a local parameter at p in Lz(£). Since (&) = 0, equation
(L) and Theorem 2 yield ordjy = — (ordfz)/d, Therefore there are
integers r and s satisfying re, + s ord€y = 1; we may assume s > 0.
Then the element ¢ = £]y* is a local parameter at 2. Furthermore the set
{1, ¢, ..., t571} is an integral basis at 2 over L,(#). Let %, denote the
yth ramification group at #. We have ¥; = ¢(#). Now we compute
@, for v > 1. If 0 = p, where a € (F)?2, @@ /%) = | and a # I, then

o(t) — t = ti(@y* — )
= (& — It
But (s, (¢ — 1)/(2d,)) = 1, so a® — 1 # 0. Therefore ords(c(t) — t) =1

and hence g, ¢%, for v > 1. If ¢ = y,0.00, where c € F;, ae (F})?,
ale™D/@y) = | anda # 1, then
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o0 1= (5 ) )

=y + alog=hey — (y + aloypy)
= (y + alo=tlces(1 — as)ys + terms in y of degree > s].

Again we have a — 1 # 0 and ¢¢ # 0. So ¢(¢) — ¢t = ut where u is a
unit mod 2. Thus ord(c(t) — t) = 1, so u0.00¢ %, forv > 1.
If 6 = g.00(c € F}), then

o0 1={(5%) )
=+ o=gey — (y + o)
-(y + c)—s[y’ + c<“f)y“1 + o+ c5‘1<s s 1>y]t,,’ d

-+ T+ ey + - 4+ Ty,

Now p /s since p | e, and (e, 5) = 1. Also ¢ # 0, so the coefficient of
ty is a unit mod 2. We conclude that

ord¥z
dP

It follows from the above computationt that if y > 1 — (ord¥z)/d,, then
g, ={id}; fv=1 9 =%(2); and if 2 < v £ | — (ord¥z)/d,, then -
¢ = {0.00lc€F,} and |%,| = ¢q. The differential exponent m, of 2 over
p can now be calculated via Hilbert’s formula as shown here.

ordi(c(t) —t) =1 + ordyy = 1—

m, = g (%, - 1)

2 —1
=Ldeq -1 - qdp ord¥z.

The following corollary is immediate from Theorems 1, 2 and 3.

COROLLARY 4. Let

pi”l e ;"r

q{‘l “ e ;’s
where m,, n;€ Z+ and (n;, char k) = 1. Set d,, = ((g + 1/2, m;) and
dy; = (@ — /2, n,). Then

divg z =

’

deg, 9, ,x = P-4 _2_nVd
egL Duix = (r + 8) *— @2 — q) Loy,

—~@+1) z d,, + (g% — DIK: k(2)].
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6. Genus zero and genus one coverings of k(x). Let x be an indeterminate
over k and set K = k(x). We will determine all genus zero and genus one
PSL(F,)-Liiroth coverings L of K. Assume that L is given by the irreduci-
ble Liiroth polynomial L,(#, z)(Y) where z € K — k satisfies

. _ pi"l “ee ;”r
divgz = T
1 s

my, n; € Z*t and p f n;.

THEOREM 4. The genus %, = 0 if and only if divgz = p/g, i.e., z =
(ax + b)/(cx + d) for some a, b, c,d€ k,ad — bc # 0.

ProoF. It is obvious that if z = (ax + b)/(cx + d), then ¢, = 0. In
order to establish the converse, we show that if [k(x): k(z)] = 2, then
@ 2 1; so assume [k(X): k(z)] = 2. By Corollary 4 and the Riemann-
Hurwitz formula we obtain

29,-2= (r+s5-2T 79+ (g - DK: k)]

- @-D5d -G+ Ny,

We haved,, < (g + 1)/2,d,, < (¢ — 1)/2 and [k(x): k(z)] = s. Therefore

i =

from equation (S) we obtain

®

—_ 3 2__
29L—2z(r+s—2)‘13—2‘1+(q2—1)[k(x): 10 BYL Ml B i 1
(M
-1
)

[(s = 2)qg + 2[k(x): k(2)] — s].

From inequality (T) we see that if s = 2 or if s = 1 and [k(x): k(2)] = g,
then 2%, — 2 > 0, i.e,, ¢, > 1. We consider the case s = 1 and [k(x):
k(z)] < q. From equation (S) we obtain

29, - 2= (= DCF D + (q2= D) K@)~ (g2— ) o~ (a+ D
2 (=)D + (g2 - DIk(): k()

— (2= Qk(x): k(2)]— (¢ + DIk(x): k(2)]

- 3 _
—(r— 1)513-2_‘1_ — Ak K@) > ¢~ DT~ 2,
If r = 2, then (r — 1)((¢® — ¢q)/2) — 2q > 0 since ¢ > 2. Hence in this
case ¢, > 1. To finish the proof of the theorem we consider the case
r=s =1 and [k(x): k(z)] < ¢, i.e., divgz = pr/q» where p = [k(x):
k(z)] and 1 < g < g. From equation (S) we obtain

(U)
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W 29-2= - D-@-0)(TF 1) -@+ (%5 ).
From equation (V) we see that ¢, = 0 only if

W) _1=#(q2—1_qz—q<q+1,#)_q+1(q—l,ﬂ),

2 2 2 2 2

From equation (W) we conclude that ((¢ + 1)/2, x) = 1. But then equa-
tion (V) implies

29, — 2 = (g2 — l)p—(qz—q)‘(qJ’l)(%—l’”)

2@-Du—-—(@ -9 —(@+ Du
@2—qp—1-2p

Hence 2%, = (¢2 — q — 2)(¢ — 1) > 2sinceq > 2 and ¢ > 1, a contra-
diction. Therefore ¢, = 1.

A closer examination of the inequalities in the proof of Theorem 4
reveals that there is a unique family of PSL(F,)-Liiroth coverings L of
k(x) with ¢, = 1; namely,

THEOREM 5. The genus ¢, = 1 if and only if q = 3 and divgz = p?/q?,
i.e.,, z = ((ax + b)/(cx + d))? where a, b, c, d k and ad — bc # 0.

7. Differentials of the first kind. In this section we will describe a k-
basis for the space Q(L) of differentials of the first kind of a particular
type of PSL(F,)-Liiroth covering L of K(x). Let L|K be a PSL(F,)-Liiroth
covering of K = k(x) and assume that divgz = (p; - - - p,,)/p% (p; # by
if i # j)with (m, (g2 — q)/2) = 1 and m > (¢2 — q)/2. We have

Drk = (PP -+ P ]:[1(9{.1 coe Pt
where m,_ = ((¢%2 = 9)/2) — 1 + m(q — 1), the &, are the places of L
lying over p_, and the 2; ; are the places of L lying over p;. Define in-
tegers s,and r,for 1 < p < (m — 1) by

X) ,u(m— qz;q>=sﬂm+r#

where 1 £ r, £ m(note that r, > 0). If y€ Z satisfies 0 < v < (g + g
—(q+ s, — 2, then foreach 4, 1 < p < (m — 1), set

My v) =@+ Du—(q+ s, —v—2

Then we have ¢y, v) Z 0. The following theorem is easily established by
calculating the orders of the differentials.
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THEOREM 6. For each pair of integers (y, v) define the differential

o J(y))
Wy, = X"ETL S ) (((; (;J))))———Z_llz dx

where t, = (1/2)(q%> — 3q + 4 — 25, — 2u). Then the set
is a k-basis of Q(L).

Note that using Theorem 6 we can show that m is a gap for infinitely
many places of L, but that m is a non-gap for each #,,0 < r < ¢. Hence
each #, is a Weierstrass point.
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