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p-SUBGROUPS OF CORE-FREE QUASINORMAL SUBGROUPS

FLETCHER GROSS !

1. Introduction. The main object of this paper is to obtain bounds
on the nilpotence class and derived length of a core-free quasinormal
subgroup. Here the subgroup H of G is quasinormal in G if HK = KH
for each subgroup K of G; H is core-free if H contains no nonidentity
normal subgroup of G. Since Itd and Szép [3] proved that a core-free
quasinormal subgroup of a finite group is nilpotent, the problem of
determining the class and derived length of the core-free quasinormal
subgroup H of the finite group G is equivalent to the problem of deter-
mining the class and derived length of the p-subgroups of H. The
principal result of the present paper is that if H is a core-free quasi-
normal subgroup of the (possibly infinite) group G and P is a sub-
group of H generated by elements of order dividing p" where p is a
prime, then x*" =1 for all x in P, P is nilpotent of class =
Max {1, p»~! — 1}, and d(P), the derived length of P, is = [(n + 1)/2]
ifp=2,andd(P) = nifp > 2.

Bradway, Gross, and Scott [1] proved that if p is a prime and n is
a positive integer < p, then there is a finite p-group which contains
a core-free quasinormal subgroup of class n and exponent p2. Thus
the upper bound on the class given above is best-possible when
n= 2. In Theorem 5.2 of this paper it is shown that if p is a prime
and n is a positive integer, then there is a finite p-group which con-
tains a core-free quasinormal subgroup of class n and exponent < np3.
This theorem not only shows that for any fixed prime p the class of a
core-free quasinormal p-subgroup can be arbitrarily large (previously,
I do not believe it even was known if a core-free quasinormal 2-sub-
group could be nonabelian), but also implies that for n > 2 there is a
finite p-group which contains a core-free quasinormal subgroup of
exponent p" and class p"~2. Hence if our upper bound on the class is
too big, it is too big by less than a factor of p.

2. Notation and assumed results. If S is a subset of the group G,
then (S) is the subgroup of G generated by the elements of S. If H is a
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subgroup of G, then Ny(S) and Cy(S) are the normalizer and cen-
tralizer, respectively, of S in H. |H| and |G: H| denote the order of
H and the index of H in G, respectively. Hg, the core of H in G,
equals (N H* where H* = x~!Hx and the intersection is taken over all
x € G. H is core-free in G if, and only if, H; = 1. If G is a p-group,
then ,(G) is the subgroup of G generated by all elements of order at
most p" and U'(G) is the subgroup generated by all p'th powers of
elements of G. Z(G) is the center of G.

Commutators are defined inductively by [x, y] = x~!'y~!'xy and
[x1, = %a1] = [[x1, 5 %], %ws1]. If A and B are subgroups
of G, then [A, B] = ([x, y] |[x € A, y € B). The subgroups G™
and L,(G) of G are defined inductively by G= G = L;(G),
G+ = [G™, G™], and L, (G) = [L.(G), G]. If G is solvable,
d(G), the derived length of G, is the smallest integer d such that
G@ = 1. If G is nilpotent, cl(G), the class of G, is the smallest integer
c¢such that L, ,(G) = 1.

The following results are known and so we state them without
proof.

21. LemmMma. If H is a quasinormal subgroup of G and o is a
homomorphism of G, then H° is a quasinormal subgroup of Gv.

22. LEmMa. Let H be a subgroup of G and N a normal
subgroup of G contained in H. Then H is quasinormal in G if, and
only if, HIN is quasinormal in G/N.

2.3. LemmMma. If H is a quasinormal subgroup of G and K is a sub-
group of G, then H N K is a quasinormal subgroup of K.

2.4. LemMA. Letp beaprime,t=p+ 2+ (—1),andp*=1t— L
(Thus e =1 if p is odd and e = 2 if p = 2.) Then for r=0, t*" — 1
= prt¢ (mod pr+etl). If pris the highest power of p dividing the
positive integer a, then the highest power of p dividing (t* — 1) is
pr+e_

2.5. LemMma. Let G be a cyclic group of order p* where p is a
prime and p" > 2. Let t=p+ 2+ (—1) and p*=1t— 1. Then
the automorphism of G defined by x — ' for all x in G has order p"~.

26. Lemma ([1]). If H is a quasinormal subgroup of G, x € G,
and |(x): H N (x)| is infinite, then x € Ng(H).

2.7. TueoreM ([3]). Assume H is a core-free quasinormal subgroup
of the finite group G. Then H is nilpotent and a Sylow p-subgroup of
H is a core-free quasinormal subgroup of a Sylow p-subgroup of G.
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3. Upper bounds on the class and derived length.

3.1. Lemma. Assume G = (x)H is a finite p-group where H is a
core-free quasinormal subgroup of G. Then

(a) ©(G) is elementary abelian.

(b) Q(G) = Q(HKY((x)), U"((G)) = 1, and HY(G)AL(G) is core-
free in GIL(G) for any positive integer .

(c) ()= p — 1.

(d) If x has order p* and n= 2, then log, (U (G)|) = p"2(p — 1).

Proor. If x» = 1, then H must be normal in G. Since Hg = 1, this
implies that G = (x) and so the lemma is trivial. We now assume
that the order of x is at least p2. Since Hg = 1, Cy(x) = 1. It follows
from this that Cg(x) = (x). Since Z(G) # 1, we must have Q,({(x))
C Z(G).

If y is an element of order p in G, then, since G = H(x) and since
|H(y): H| = p, it follows that H{y) C HQ,((x)). Thus ,(G) is con-
tained in HQ({(x)) = H X @({x)). Using the fact that Q;({4(G))
= (0,(G), we obtain ;(G) = Q;({x)) X Q(H). Since ,(G) is normal
in G and Q,(H) is core-free in G, {,(G) is the subdirect product of the
groups {,(G)((H))E | g € G}. This implies that {,(G) is elemen-
tary abelian.

Now let M/Q,(G) be the core of HQ,(G)(G) in G/Q,(G). Then
M=Q,(G)(HNM)=Q,({x)) X (HN M). Since M is normal in G,
H M M is normal in M, and H N M is core-free in G, the same argu-
ment as above yields that M is elementary abelian. Thus M is con-
tained in {,(G) and so HQ,(G)2(G) is core-free in G/ (G).

We now have proved (b) for r = 1. Assume now that r > 1 and use
induction on r. Let o be the natural homomorphism of G
onto GHYL(G). Then ((G)y = (@), QH)y =Q_\(IF),
and (},((x))y = Q_,({x")). By induction, U~ '(Q,_,(&¥)) = L,_(&)
=0, (H)X),_({x¢)), and HQ, (&)Q,_ (&) 1is corefree in
GMQ,_ (). This immediately implies U '(Q(G) =1 QG)
= Q.(H)Q({(x)(G) = Q(H)({(x)), and HQ(G)/Q,(G) is core-free in
G/%(G). Thus (b) is proved.

To prove (c), let N be the core of (H) in (G). Now Q(G) is
the subdirect product of the groups {{(G)/N¢ |g € G}. It follows
from this that cl((G)) = cl(€%(G)/N). Suppose this class is = p.
Then we must have [L(G)/N|= pr*!. But N is the kernel of the
representation of {,(G) as a permutation group on the cosets of
Q,(H). Since Kl(G): Qy(H)| = p?, we find that Q(G)/N is isomorphic
to a Sylow p-subgroup of the symmetric group on p2 letters. This
implies that {l,(G)/N is generated by its elements of order p. This is
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impossible, however, since by (a) applied to {(G)/N we have that
0, ((G)IN) is elementary abelian. This contradiction proves that
AR(G) = p — L.

If x has order p", n = 2, and y € ,(G), then (c) implies

[y, ] = 1

where x”"~* occurs p — 1 times. If Q,(G) is written additively and
X is the automorphism of €1,(G) induced by x, then the commutator
relation above becomes (X?"™* — 1)r=1 = 0. Thus(X — 1)»"*®-1 = 0,
But since |Cq,,(x)| = p, the Jordan normal form of X has only one
block. This implies that the minimal polynomial of X is (X — 1)
where p™ = [(};(G)|. Then m = p"~2(p — 1) which proves (d).

3.2. LEmMa. Suppose G = (x YH is a finite p-group where H is a
core-free quasinormal subgroup of G. Assume G has exponent p".
Then '

(a) cl(G) = Max {1,p"~! — 1}.

(b) d(G)= [(n+ 1)2] ifp=2and d(G) = nifp > 2.

Proor. We use induction on n. (a) follows from Lemma 3.1 if
n=2. Thus we assume n>2. Let t=p"2 N=Q(G), and
IN| = pm. Now GIN satisfies the hypothesis of the lemma with n
replaced by n — 1. Hence by induction cl(G/N) =t — 1. Therefore
L(G)C N. But certainly [N, G, ---, G] =1 where G occurs m
times. From this follows L, n(G)=1 and so c(G)=¢t+ m — 1.
Since m = p"~2(p — 1) from the previous lemma, (a) follows at once.

(b) is proved in [1] when p is odd. Thus assume p = 2. Then (b)
follows from (a) if n = 2. Hence we also assume n > 2. GiL(G)
satisfies the hypothesis of the lemma with n replaced by n — 2. By
induction, therefore, d(GKL(G))= [(n — 1)/2]. Since H(G) is
abelian from Lemma 3.1, we obtain d(G)= [(n—1)2] + 1
= [(n + 1)2].

3.3. TueoreM. Assume H is a core-free quasinormal subgroup of
G. If x and y are elements of H such that x™ = y™ = 1 where m is a
positive integer, then (xy)™ = 1.

Proor. Suppose (xy)" # 1. Since Hg = 1, there is an element
z in G such that (xy) & H* It follows from Lemma 2.6 that
[(z)H : H| is finite. If K is the core of H in H(z), then H(z)/K is a finite
group satisfying the hypothesis but not the conclusion of the theorem.
Thus it suffices to prove the theorem in the special case G = (z)H and
|G| finite. From Theorem 2.7, H is nilpotent. Therefore it is sufficient
to prove the theorem when m = p" and p is a prime.
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Now let P be a Sylow p-subgroup of H and S a Sylow p-subgroup of
G. By Theorem 2.7, P is a core-free quasinormal subgroup of S. x and
y belong to P since x”" = y”" = 1. From G = (z)H we conclude that
S = P(w) for some element w. Thus the hypothesis of Lemma 3.1 is
satisfied and so U™(€2,(S)) = 1. This implies that (xy)?" = 1.

3.4. THEOREM. Assume H is a core-free quasinormal subgroup of
G. Suppose A is a nonempty subset of H such that x*" =1 for all
x € A where p is a prime and n a positive integer. Then with
P = (A) we have

(a) Pisap-group of exponent = p".

(b) Pis nilpotent of class = Max {1,p"~! — 1}.

(c) d(P)= [(n+ 1)2] ifp=2and d(P) = nifp > 2.

Proor. (a) follows directly from the preceding theorem. If x € G,
let N, be the core of H in H{(x). Then P is the subdirect product of the
groups {P/(N, N P) |x € G}. Thus in proving (b) and (c) it suffices
to assume that G= H(x). If |G: H| is infinite, then H= Hg =1
from Lemma 2.6. Thus we may assume that |G: H| is finite. This
immediately implies that |G| = |G : Hg| is finite.

Then H is nilpotent and a Sylow p-subgroup of H is a core-free
quasinormal subgroup of a Sylow p-subgroup of G. Thus in proving
(b) and (c) there is no loss of generality in assuming that G is a finite
p-group and G = H(x).

Now let K be the core of ,(H) in {,(G). Then by Lemma 3.1(b)
,(G)IK satisfies the hypothesis of Lemma 3.2. Since ,(G) is the
subdirect product of the groups {,(G)/Ké|g € G}, cl((G))
= cl(,(G)/IK) and d(},(G)) = d({},(G)/K). From Lemma 3.2 and the
fact that P C ,(G), the theorem now follows.

It is shown in [1] that there is a finite p-group G which contains a
core-free quasinormal subgroup H such that H has exponent p? and
cl(H) = p — 1. Thus the upper bound in Theorem 3.4 (b) is attainable
when n= 2. Also the inequality d(P)= [(n + 1)/2] is false for
n=2and p > 2. For n> 2 I do not know whether the upper bound
in Theorem 3.4(b) is best-possible or not. It will be shown in §5,
however, that if n > 2, then there is a finite p-group which contains a
core-free quasinormal subgroup of exponent p* and class p*~2.

4. A sufficient condition for quasinormality. The biggest problem
in constructing an example of a core-free quasinormal subgroup is
proving that the subgroup in question is quasinormal. In this section
we prove a theorem which will imply that we indeed do have quasi-
normal subgroups in the examples constructed in §5. We begin with a
lemma.
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4.1. LemMma. Let G be a finite p-group generated by two elements
x and y. Assume that (x) N (y) =1 and x~'yx = y' where t = p + 2
+ (—1)7. Then the following are true:

(a) If A is a subgroup of (x), and B is a subgroup of {y), then
O,(AB) = Q,(AXY(B) and U'(AB) = U'(A)U"(B) for all nonnegative
integers r.

(b) (x)is quasinormal in G.

Proor. Since (y) is normal in G and B is characteristic in (y ), ABis a
subgroup of G. Now if i and j are any positive integers, then a straight-
forward calculation yields (xiy)r = x'Py" where n = (#r — 1)/(t! — 1).
From Lemma 2.4, n is divisible by p but not by p2. By induction on r,
it follows that (x'y/)” = x#'yy™ where m is divisible by p" but not by
p'*L Since {(x) N (y) =1, x'y/ = 1 if, and only if, ' = yy = 1. From
this we obtain that the order of (x'yf) is the maximum of the orders of
x' and /. This implies that ((AB) = (L(AXY(B) for all r. That
U'(AB) = U"(A)U"(B) follows from the fact that (xiy/)””
€ U({x")) U"({y)). Thus (a) is proved.

To prove (b) let N be the core of (x) in G. Then G/N satisfies the
hypothesis of the lemma. Hence, if N 74 1, (x)/N is quasinormal in
GIN by induction on G. By Lemma 2.2 this would imply that (x) is
quasinormal in G. Thus we may assume that N = 1.

Now suppose y has order p" Since (x) is core-free in G, n= 2.
Thus n= e where p¢ =t — 1. Lemma 2.5 implies that x has order
pr¢. Suppose K is a subgroup of G such that K(x) # (x)K. Since
(x, yr) satisfies the hypothesis of the lemma, we may assume by induc-
tion that (x) is quasinormal in (x, y?). Hence K & (x, y”). Butby (a),
(x, y»)=Q_1(G). This implies that KN U Y(G)# 1. Since
U Y(G) = U" '({y)) = Y ({y)), we obtain ,({y)) C K.

Now GHY,({y)) satisfies the hypothesis of the lemma. By induction,
therefore, (x)(,({y)) is quasinormal in G. Hence (x)Q,({y))K = (x)K
is a subgroup of G. This contradicts K(x) # (x)K and so the lemma
is proved.

4.2. THEOREM. Assume that G is a finite p-group containing sub-
groups H and V and elements x and y such that

(a) G= (y)H,

(b) Visanormal elementary abelian subgroup of G,

(©) V=(VN @)X (VN H),

(d) H= (VN H){x),

(e) x~'yx = y' wheret=p+ 2+ (—1),

) (@I =p- 1.

Then H is quasinormal in G.
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Proor. To prove this theorem, which generalizes Theorem 3.2 of
[1], we assume that G is a minimal counterexample. Then G has a
subgroup K such that HK # KH.

Let U= VN H. If U= 1, then H is quasinormal in G because of
Lemma 4.1. Hence U # 1. Lemma 4.1 also implies that HV/V is
quasinormal in G/V. Therefore HV is quasinormal in G which implies
that VQ H. This immediately implies that VN (y) = Q,({y)) # 1.
Since H is not normal in G, y must have order p" where r = 2.

Now suppose H contains a nontrivial normal subgroup N of G.
Then G/N satisfies the hypothesis of the theorem. Due to the minimal-
ity of G, we must have that H/N is quasinormal in G/N. But this is
impossible since H is not quasinormal in G. Thus Hg = 1. From
G = {(y)H, we obtain H¢ = ;HY. This implies Cu(y) = 1. We con-
clude from this and from Lemma 2.5 that x has order p’~¢ where
pr=t—1 Ifp#2 thenr=2>1=e If p=2 and r= 2, then
H=U and (y)= Qy((y)) which, because of (f), implies that G is
abelian, an impossibility. Thus in all cases, r > e.

I now assert that ,((x))C U. For suppose z= x?"""'. Then
(z) = Qy((x))and [y,2] = y* ' wheres — 1= """ = pr~! (modp)
by Lemma 2.4. Thus (y*~!) = Q,({y)) = (y) N V. On the other hand,
(y) is properly contained in (y)V = (y)U. Thus U has a nonidentity
element u which normalizes (y). Then1 # [y,u] C (y) N V. Clearly
(y, u) has class 2 and so [y, u*] = [y, u]* for all k. Since (y) NV is
cyclic of order p, [y, uk] = [y, z] for some k. Then zu~* € Cy(y) = 1.
Hence z = uk € U.

(y?)VIV is a normal subgroup of G/V. Then it follows that
(yr )V{x) is a subgroup of G. It is easily seen that {(y”)V{(x) = (y”)H.
(yr )H satisfies the hypothesis of the theorem with y replaced by y».
Therefore H is quasinormal in {y”)H. This implies that K § (y» )H.
From Lemma 4.1, (y?)H/V = ,_5(G/V). Thus KV/V N U"-4G/V)
# 1. Lemma 41 also yields that U2(G/V) = (y" * VIV
= (,({y))VIV which has order p. Hence {y({y)) C KV.

This implies that K has an element of the form y""2 v where v E V.
Since cl(Qe({y))V) = p — 1, Q((y))V is a regular p-group in the sense
of P. Hall [2]. Clearly the derived group of {({y))V is contained in V.
It now follows that (y” “v) = y»~'. Thus we have shown that
0,({y)) C K. Then HVK = HUQ,({y))K = HK. HVKis a subgroup of
G because HV is quasinormal in G. Hence HK is a subgroup of G
which contradicts HK # KH.

5. Examples. The method used to construct our examples is
similar to that employed in [1] and, earlier, by Thompson in [4] and
depends upon the following lemma.
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5.1. LEMMA. Assumepisaprimeandt=p + 2+ (—1)".

(a) Let V be a vector space of finite dimension m over GF(p) with
basis vy, - -, vm, let U be the subspace spanned by vy, * * -, Oy, and
let Y be the linear transformation of V determined by v,Y = v, and
oY = vx + vk for 2= k= m. Then there is a unique p-element X
in GL(V) such that X~ 'YX = Y, v, X = vy, and UX = U.

(b) If n is a positive integer, then it is possible in (a) to choose m
such that the minimal polynomial of X is (X — 1)

Proor. Set V, = 0 and for 1 = k = m let Vi be the subspace of V
spanned by vy, - -+, vx. The minimal polynomial of Y is (Y — 1)™ and
so Yis a p-element of G = GL(V). Then (Y) = (Y*). Since [Cv(Y)| = p,
we must have |Cy(Y')| = p. Thus the Jordan normal form of Y* has
only one block. Hence Y and Y* have the same Jordan normal form.
Since GF(p) contains the eigenvalues of ¥, Y and Y* must be con-
jugate in G.

A straightforward calculation yields that the transformation T deter-
mined by v;T = Y% a;0; commutes with Y if, and only if, a; = 0
for 1=i<j=m and a; = aiy, j+1 for 1=j=i=m— 1. This
implies that only the identity of Cg(Y) leaves U invariant. Thus (a)
is proved if Y = Y.

Now assume Y'# Y. If p¢=t — 1 and p is the order of Y, then
r>e IfXE Gand X-'YX = Y, then X € N¢((Y)) and, from Lemma
2.5, X" € Cg(Y). It follows from this that Y and Y* are conjugate
in some Sylow p-subgroup of N¢({Y)).

Since Vi/Vi_; = Cyv,_, ({Y)) for 1 =k =m, an induction argu-
ment yields that Vi for 1 = k = m is invariant under Ng((Y)). Let H
be the subgroup of G consisting of those linear transformations which
leave Vi invariant for all k, 1 = k = m. Clearly Ng({Y))C H. Hhasa
normal Sylow p-subgroup P which consists of those elements of H
which induce the identity transformation on Vi/Vi_; for 1 = k= m.
Thus Y and Y* must be conjugate in P.

Next let Q = Np(U) and C = Cp(Y). From our earlier determina-
tion of Cg(Y), we readily conclude that CN Q =1 and |C|= pm~1
But it is easily verified that |P: Q| = pm~!. Thus Q is a complement
of C in P. Therefore there is one and only one X in Q such that
X-'YX = Y. This proves (a).

If in (b), n=1, then m = 1 is a suitable choice. Thus we will
assume that n > 1. We first show that m can be chosen so that
(X — 1)*~1# 0. For this let m = p**!(n — 1). Then (Y — 1)”" # 0.
Thus Y'# Y. Using the same notation as in the proof of (a), we
have that X must have order p'=¢. This follows from Lemma 2.5 and
the fact that CN Q= 1. Thus (X —1)» " # 0. Since (Y — 1)
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=0 and (Y — 1) is the minimal polynomial of Y, p=¢~! = mp—<!
=n — 1. Therefore (X — 1)*~! # 0.

Now let m be the smallest integer such that (X — 1)*~!# 0.
Since (X — 1)*~! # 0 implies that X is not the identity, we must
have m > 1. Now V,,_, is invariant under both X and Y. Due to the
minimality of m, V,_ (X — 1)»~! = 0. But X induces the identity
transformation on V/V,_;. Thus V(X — 1)C V,,_;. It now follows
that (X — 1)" is the miniimal polynomial of X.

5.2. THEOREM. Let p be a prime and n a positive integer. Then
there is a finite p-group G such that G contains a core-free quasi-
normal subgroup of class n and exponent < npS.

Proor. If n = 1, then the theorem follows from Lemma 4.1. Thus
we assume n> 1. Let t=p+ 2+ (—1)» and p*=1t— 1. By the
previous lemma, there is a vector space W of dimension m over GF(p)
with basis vy, * -, vm such that GL(W) contains two p- elements X
and Y which satisfy:

(i) vyY=viand o Y = vx + vk for2 =k =m,

(ii) v, X = v; and WX = W, where W, is the subspace spanned by
Vg, * * *, Um,

(iii) X-1'YX = Yt, and

(iv) the minimal polynomial of X is (X — 1)".

Let Y have order p’. Since X # 1, r > e. Then, as is shown in the
proof of Lemma 5.1, X has order p'=¢. Let A be the group generated
by two elements a and b subject only to the relations b?"** = a7 """
= land a'ba = b!. Then a— X, b— Y determines a homomorphism
of A into GL(W). Let B be the semidirect product AW relative to the
above homomorphism.

Since b?""' and v, both belong to Z(B), (b?"*'v,~!) is a normal sub-
group of order p in B. [b,a? ""'] = b*~! where s = t” "', Lemma
2.4 now implies that [b, a?” "' = b?"". If N= (br"*'v,~!), then
[b, v571] =v, = [b, a”""'] (mod N). Thus, if M= (a?" "' vy),
[b, M] =1 (mod N). Since X?" "' = 1, it now follows that MN is a
normal elementary abelian subgroup of order p? in B.

Finally let G= BIMN, V= WMN/MN, U= W;MN/MN,
x = MNa, y= MNb, and H= U(x). Since Y =1, [y, V] = L
Thus [(L({y)), V] = 1. Hence the hypothesis of Theorem 4.2 is satisfied.
Therefore H is quasinormal in G. From the fact that the minimal
polynomial of X is (X — 1), it follows that cl(H) = n. H/U is cyclic
of order pr=¢*1, U is elementary abelian, and H contains (x) which is
cyclic of order pr=¢*2, Thus H has exponent p'~¢*2. Since
X=1""" #£0=(X—1p p-2< np3. It only remains to
show that Hg = 1.
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If Hc # 1, then there is an element z of order p in H N Z(G).
Since Cw,(Y) =1, z cannot belong to U. Since H/U is cyclic, it
follows that (z)U = (x?"")U. This implies that [y, x*" "] € V. But

[y, x?""]=y9=! where g —1=¢t""—1=p" (mod p*!). Thus
y? 1 & (") = (y) N V. This contradiction shows that Hg = 1.

5.3. CoroLLARY. If p is a prime and n is an integer > 2, then there
is a finite p-group G which contains a core-free quasinormal subgroup
of class p"~—2 and exponent p".

Proor. The theorem with n replaced by p"~2 implies that there is a
p-group G which contains a core-free quasinormal subgroup H of
class p»~2 and exponent < p"*!. Thus H has exponent = p". If H
has exponent = p"~1, then cl(H) = p"~2 — 1 by Theorem 3.4. There-
fore the exponent of H is precisely p".
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