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A CLOSURE PROPERTY OF REGRESSIVE ISOLS

MATTHEW J. HASSETT !

0. Introduction. Let €* €, A, Ag and A* denote the collections of
all integers, nonnegative integers, isols, regressive isols, and isolic
integers respectively. Let f(x;, - - -, x,) be a recursive function, and
let fy denote the canonical extension of f to a mapping from A™ into
A*. Let A be any subcollection of A. We say that A is closed under
fif f(A")C A. A. Nerode proved in [12] that A is closed under
fif and only if f is almost recursive combinatorial. In [2], J. Barback
showed that if f is a recursive function of one variable, Ag is closed
under f if and only if f is eventually increasing. The purpose of
this paper is to characterize the class of recursive functions of two
variables mapping Ag? into Ag. The class obtained is surprisingly
limited; it consists primarily of functions of the form min (f(x), g(y))
where min (x,y) is the usual minimum function and f(x) and g(y)
are eventually increasing and recursive. A precise statement of the
main result requires the following two definitions. f(x, y ) will be
called flat if there is a (recursive) function g(x, y) such that y) =0
for all but finitely many pairs (x, y) € €2 and f(x, y) = D.i-o D./-0g(i, )
for all (x,y) E €2 f(x,y) will be called reducible to the case of a
single variable if (i) there exist eventually increasing recursive func-
tions fi(y), i=0, '+, m, such that f(x,y) = f,(y) for x=m and
fx,y) = fu(y) for x > m, or (ii) condition (i) holds with the roles
of x and y interchanged. The main result is the following:

Ag is closed under a recursive function f(x, y) if and only if there
is an n € € such that:

(1) For i=n, f(i,y) is an eventually increasing function of y
and f(x, i) is an eventually increasing function of x,

2) fx+n, y+n)=mx,y) + ci(x, y) — ca(x, y) for x, y Ee,
where ¢; and ¢, are flat recursive functions and m(x,y) is either
(i) reducible to the case of a single variable or (ii) of the form
min (g(x), h(y)), where g(x) and h(y) are eventually increasing recur-
sive functions of one variable.

Functions mapping Ag? into Ag have a natural use as Skolem func-
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tions for first order sentences of the arithmetic of Ag. Thus the results
of this paper show that the class of functions of two variables readily
available for use as Skolem functions in Ag is rather limited. Similar
negative results can be derived for functions of more than two
variables.

1. Preliminaries. We shall assume familiarity with the concepts
and main results of [4], [5], [6], [7], [8] and [10]. The defini-
tions and theorems stated in this section are less widely known and
play an essential part in the proofs of our main results.

NoratioN. For any set aC €, Req (a) will denote the recursive
equivalence type of a. We shall write a |8 if @ and B can be separated
by disjoint r.e. sets.

We will often make use of the recursive pairing function j(x, y)
and the projection functions k(x) and I/(x) defined by

(x + y)(x2+ y+ 1)+ .

Jxy) =

kilx,y) =z, lilxy) = y.
We will use v, or y(n) as a notation for the initial segment
{0, -+ -,n— 1}ofe.
DeriNiTION. Let T € Ag — € and let f(x) be a strictly increasing
function. Then

#¢(T) = Req {range tsm}
where t, is any regressive function ranging over a member of T.

PropositioN PR 1 (SansoNe [15]). Let f(x) be a strictly increasing
recursive function and T € Ag — €. Then ¢, (T)) =

DeFINITION. (a) Let a, and b, be any two one-to-one functions
mapping € into €. We write a, \"7 b, if there is a partial recursive
function p(x) such that for all n, p(a,) = b, or p(b ) = ap.

(b) Let A and B be any two infinite regressive isols. Then A VB
if a, ¥ b, for every pair of regressive functions a, and b, such that
range a,, € A, range b, € B and range a,[range b,.

PropositioN PR 2 (BarBack [3]). For all infinite regressive isols
Aand B,

A+ BEAR=AV B.

PropositioN PR 3 (Dekker [6]). There exist A, B € Ag such that
A+ B& Ar
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By a number-theoretic function of n variables we shall mean a
function mapping €" into €*. Every number-theoretic function f
can be written as the difference of two combinatorial functions
f* and f-, called the positive and negative parts of f; f is called
recursive if f* and f~ are recursive. For a recursive number-theoretic
function f(x;, * -, x,), we can employ the usual canonical extension
procedure to define f; , i.e., for any n-tuple of isols (x, * * *, x,),

ﬁ\(xla Tt Xp) =f+A(xl, Tt X)) — f~A(xl7 T X)

Let f(x,y) be recursive and number theoretic. For T, U EAg we
define

S*fry) = Y frey)— X f(xy)

(T,U) (T,U) (T,U)
For any recursive function f(x, y) we define
f(x,y)=0, ifx=0ory=0,
=flx—1Ly—1), otherwise,

Aflx,y) = fx + Ly) — flx. y),
Ayflry) = flxy + 1) — flx, y),
Df(x,y) = A, Ayf(x Y),
) =

Df*(x,y) = Df(x,y), Df(x,y)=0,
=0, otherwise,

Df=(x,y) = — Df(x,y), Df(x,y) =0,
= (), otherwise.

The following theorem does not appear in the literature, but it is
the natural generalization for functions of two variables of Theorem
2 of [15] and can be proved readily using the methods of [15].

ProposiTioN PR 4. Let f(x,y) be recursive. Then for T, U € Ag
ATU)= % Dff— 3 Df.

(T+1,U+1) (T+1,U+1)

We shall often make use of recursive functions j(x, y) and j5(x, y, z)
and their associated projection functions, as defined in [5]. We will
also make use of the function x - y defined by

Xoy=x—y, x>0,
=0, =y
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If «aC €, we define the principal function of a to be the (unique)
strictly increasing function whose range is a. The domain of this
function is € only if a is infinite. If a is finite, the principal function
has a proper initial segment of € as its domain.

2. Two mapping theorems.

Noration. Let (x1,y;) and (xg,ys) be members of €2 We write
(x1, y1) = (x2, yo) if x; = x5 and y; = y,. We write (x1, y1) < (x2, y2)
if (x1, y1) = (%2, yo) and (x1, y1) # (%2, yo2).

DerinrtioN 1. Let g(n) and h(n) be total functions. The pair
(g(n), h(n)) is said to be a strictly increasing pair if for every n Ee,
(g(n + 1), h(n + 1)) > (g(n), h(n)).

Tueorem 1. Let f(x,y) be a recursive function such that
Df(x,y)= 0 for (x,y) E€2 Then Ag is closed under f(x,y) if
and only if one of the following conditions holds:

(i) (3n)(Vx)(¥y)[x > n—Df(x, y) = 0],

(i) (In)(V2)(Vy)[y > n=Df(x,y) = 0],

(iil) there exists a strictly increasing pair (g(n), h(n)) of recursive
functions such that (a) Df(g(n), h(n)) > 0 for all n, and (b) for all
but finitely many pairs (x, y) which are not of the form (g(n), h(n))
forany n, Df(x, y) = 0.

Proor. Let f(x,y) be a recursive function such that Df(x,y)= 0.
We begin by showing that if f satisfies one of the conditions (i),
(ii), (iii), then f, maps Ag? into Ag.

Case A. Condition (i) holds. Clearly we can restrict our attention
to proving

(T, U) EA32 - EZ%fA(T, U) EAR

Subcase 1. T= n. Let r(j) = Yio DfG, j)- Then by hypothesis
of Case A and PR 4, f(x + n,y) = Y<y+17(j) for x, y E€. Hence
fu(T, U) = Yy r(j) € Ag.

Subcase 2. T=n—1Put r(j)= Dicr+1 Df(i,j). Then, as
before f, (T, U) = EUH (j) € Ag.

Case B. Condition (ii) holds. This is similar to Case A.

Case C. Condition (iii) holds. If T or U is finite, the techniques
of Cases A and B may be applied to obtain f, (T, U) € Ag. We assume,
then, that T and U are infinite. Let ¢, and u, be regressive functions
such that range t € T + 1 and range u € U + 1. Let k be the sum
of all nonzero values of Df which are not of the form Df(g(n), h(n)).
Put s(n) = Df(g(n), h(n)). Then

A0 =k + { Req U s ltgm, trn val}
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We need only describe an effective procedure for regressing the set
o = U, 2o ja(tgn) Uhm)» Vsmy)). We arrange the elements of o in
the following order:

Ja(ta0) Un), 0), * * *, ja(tg0)» Uno), $(0) — 1)

Ja(tam» Unm), 0), * * 5 ja(tgimys Unmy,  8(n) — 1).

Since t, and u, are regressive and g(n), h(n) and s(n) are recursive,
it is clear that we can regress through this array by proceeding from
right to left in each row and from the left most element of any row
to the right most element of the row above.

This completes the proof of the sufficiency of conditions (i), (ii),
(iii). We shall now prove their necessity. Assume that f satisfies
none of (i), (ii), (iii). Our ultimate aim is to show that f does not
map Ar? into Ag. We distinguish two cases.

Case A. Df is eventually zero, i.e., there exists a number n such
that :

(Vx)(Vy)[Df(x + n,y + n)] = 0.

Since (i) does not hold, there exist infinitely many values of x, such
that (3y < n)[Df(x,y) > 0]. Similarly there exist infinitely many
values of y such that (3x < n)[Df(x, y) > 0]. Define

a(x)= Y Df(x,y), bly)= Y Df(x,y).

y<n x<n

Then both {x |a(x) >0} and {y|b(y) > 0} are infinite sets. Let
x,y €E €. Then

fatnyt+tn= 3 3 Dfij)

i<x+n+l j<y+n+1

=2 X Dflj)+ 3 ali+n)+ 3 b(j+n).

i<n j<n i<x+1 i<y+1

Let ¢ = 21- <n 2,‘<,. Df(i,j). Then the preceding identity can be
extended to Ag, to obtain for T, U € Ag,

(%x) AT+nU+n)=c+ > ali+n)+ X b+ n).

T+1 U+1

We now define two strictly increasing recursive functions v(x)

and w(x) by:
0(0) = (ny)[a(y + n) > 0],
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o(x + 1) = (uy)[y > v(x) &a(y + n) > 0],
w(0) = () [bly + n) > 0],
wx+ 1) = (uy)[y > w(x) & b(y + n) > 0].
Clearly, for x E ¢, a(v(x) + n) > 0 and b( (x) + n) > 0. Further-

more, for T € Ag, Y ra(i + n) = D¢, a[v(i) + n] and D7 b(i + n)
= 24: ) b[w(i) + n].

By PR 3, there exist two infinite regressive isols A and B such that
A+ B €& Ag. Since v and w are strictly increasing recursive functions
vy (A) and wy (B) € Ag. By our previous observations,

fawa(A)+n—1,w(B)+n—1)

=c+ Y a(i+n)+ X b+ n)

w4 (B)
=c+ Y a[v(i)+n]l+ D blwi)+ n]
¢, [va(A)] b [w,(B)]
+E +n]+2b[w(;+n

= A+ B

Thus f,(v,(A)+n—1, wa(B)+ n—1) ¢AR, and f does not
map Ag? into Ag.

Case B. Dfis not eventually zero.

We begin by defining four increasing recursive functions c(x),
d(x), p(x) and g(x) with the following properties:

(1) The pairs (p(x), q(x)) and (c(x), d(x)) are strictly increasing
pairs.

(2) (V2)[Df(p(x), g(x)) > 0 and Dfi(c(x), d(x)) > 0] .

(3) (¥x) [c(x) > p(x) & g(x) > d(x)] .

(4) The functions ¢(x) and q(x) are strictly increasing. There are
three subcases in our defining procedure.

Subcase a. For some number m there are infinitely many numbers
y such that Df(m,y) > 0. Since Df is not eventually zero by
assumption, there exist pairs of numbers (%, 7) such that
Df(%,y) > 0and X > m. Let

ao = (ny)[ Df(k(y), Uy)) > 0 & k(y) > m].
Define ¢(0) = k(ao), d(0) = l(ao). Let p(0) = m and define
4(0) = (uy)[y > d(0) & Df(m, y) > 0] .

Clearly, ¢(0), d(0), p(0), q(0) satisfy (1)-(4). Suppose that for n = i,
¢(n), d(n), p(n) and g(n) are defined and satisfy (1)-(4). Since Df is
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not eventually zero, there exist pairs (%, 7) such that %> c(i)
& > q(i) and Df(%, ) > 0. Let

a1 = (py)[Df(k(y), lly)) > 0 & k(y) > (i) & U(y) > q(i)].

Define ¢(i + 1) = k(a;+;) and d(i+ 1) = l(a;+;). Note that
ci+1)>c(i) and d(i+ 1) > q(i) > d(i). Define p(i+ 1)=m
and q(i+ 1)= (uy)[y > d(i + 1) & Df(m,y) > 0]. Note that
qi+1)>di+1)>q@) and p@i+1)=m<c0)<c@i+1).
This completes our inductive definition of ¢, d, p and q. Each func-
tion was effectively defined and is total. Hence each function is
recursive. Each function was constructed as to satisfy (1)-(3). This
completes Subcase a.

Subcase B. For some number m there are infinitely many x such that
Df(x, m) > 0. This is similar to Subcase a.

Subcase y. For each number m there are only finitely many x
such that Df(x, m) > 0 and only finitely many y such that Df(m, y)
> 0. We shall need the following lemma, whose proof is left to the
reader.

LemMa 1. Let f(x,y) be a recursive function such that Df= 0,
Dfis not eventually zero, and

by ,)(Vxl)(vxz)(vyl)( Vyo)[ [ Df(x1, y1) > 0 & Df(xs, ys) > 0]
=[(xy, yl) = (xo, yz) \ (%2, yz) = (a0, yl)] ].

Then there exists a strictly increasing pair (g(n), h(n)) of recursive
functions such that for x, y E e,

Df(x,y) > 0<=>(In)[x = h(n) &y = g(n)].

As before, we will define ¢, d, p and ¢ by induction in such a
manner that at each stage the conditions (1), (2), (3) and (4) are
satisfied.

Since condition (iii) of the theorem cannot hold, (y') cannot hold
by Lemma 1. Thus there must be numbers x;, y;, %2, yo such that

Df(xy,y;) >0 and Df(xs,y,) >0 while x;>x, and yp > y.
Define

a0 = (uy)[kk(y) > kl(y) & ll(y) > lk(y)
& Df(kk(y). Ik(y)) > 0 & Df(Kl(y), ily) > 0],
¢(0) = kk(ao), d(0) = lk(ao),
p(0) = kl(ay), q(0) = l(ay).
Suppose that ¢(n), d(n), p(n) and q(n) are defined for n= i and
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satisfy (1)-(4). Let G= {(x,y) |x> c(i) &y > q(i)}. By the
assumption of Subcase y, Df(x,y) =0 for all but finitely many
pairs (x,y) in €2— G. Thus there cannot be a strictly increasing
pair (g(n), h(n)) of recursive functions such that for (x, y) € G,

Df(x,y) > 0<=(3n)[x = g(n) & y = h(n)].

By Lemma 1 there must be number pairs (x;,y;) and (xp,y,) in G
such  that [x1 > 2 &y, < yo] and  Df(x;,y;) >0 and
Df(xs, y2) > 0. Clearly, x; > c(i), x > p(i), y; > d(i) and y, > q(i),
since (x1, y;) and (xz, y2) are members of G. Define

Givr = (uy) [DFKRK(y), IK(y) > 0 & DfKLy), l(y)) > 0
& kk(y) > Kiy) & lk(y) < U(y)
& kk(y) > c(i) & lk(y) > d(i)
& kl(y) > c(i) & ll(y) > d(i)].
Define
c(i + 1) = kk(a;+1), d(i + 1) = lk(a;v),
p(i+ 1) = kllais),  q(i+ 1) = lUlaisy).

This completes the definition of ¢, d, p, q. As before, it is immediate
from the definition that ¢, d, p, and q are recursive and that (1)-(4)
are satisfied. We have now shown that in any case we can define the
four functions ¢(x), d(x), p(x) and g(x) with the stated properties.

Let t, and ux be two retraceable functions with immune ranges.
Let range t, € T + 1 and range u, €U + 1 and represent f, (T, U)
as the RET of

= U U jsltw o (Df(n, k)]

k=0

(=]

n=

Let
ot, u) = {ja(tewn) Udm), 0) | n E €},
B(t, u) = {ja(ton) Uam 0) | n E €}

It is clear that
(i) a(t, u) | Bt u),
(ii) a(t,u) UB(t,u) Co,
(iii) a(t,u) UB(t, u) |o — (a(t, u) U B(¢, u)).
Hence, Req [a(tu) N B(t,u)] = Req [a(t,u)] + Req [B(t,u)] =
f(T, U). In order to show that f,(T, U) need not be regressive, we
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need only produce retraceable sets ¢, and uy such that

(%) Req [a(t, u) U B(t, u)] & Ar.
We note that both a(t,u) and B(¢t, u) are regressive if ¢, and u; are
regressive. Hence we may appeal to PR 2 and prove the existence
of t, and u; satisfying (%) by producing retraceable functions t, and
i such that a(t, u) ¥ B(t, u) fails. We do this as follows.

Let pi(x) be a function of two variables such that a function of one
variable is partial recursive if and only if it appears in the sequence

Po(x), pi(x), - - -. Let 6, be an infinite sequence of sets such that a set
is infinite and recursive if and only if it occurs in the infinite sequence
6o, 6,, + * -. For every number n, let the principal function of 6, be

denoted by e,(x). We will simultaneously define the functions ¢ and
u by induction in the stages indicated below. (The reader will note
that we make use of the fact that ¢ and q are strictly increasing in this

display.)

(0) (1)
(a) (b) (a) (b)
to, * * s teo)—1 te(0) tay+1> * " te)—1 te(1)
[“0, T Ugeo)-1 Uq(0) Uq)+1, * * 75 Ua(1)-1 Ua(n)

We first observe that ¢(0) > p(0) = 0 and ¢(0) > d(0) = 0. Hence
Part (a) of Stage (0) cannot be empty, and ug) and t,, are defined
during Part (a) of Stage (0).

Stage (0). Part (a). Let to = uo = 1. Define

tiv1 = j(4:, 0), 0=i<c0) -1,
Uk+1 = j(u, 0), 0=k<gq(0)— 1
Part (b). Let
a =€ — {leg(c(0))},
B =e— {leo(q(0)}.
We define
te) = j(te0)-1> S0),
Uq(0) = j(Uq)-1, vo),
where sg € a and vy € B are chosen so that
Pajalteo) ta), 0) 7# ja(tpo)s Uar), 0)

and
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Paja(to0)s Ua0, 0) 7 jalteoy Uqqo), 0)-

We can show that such an sy and v, can be chosen as follows:
NoraioN. For s Ea, j(tei0)-1,8) = fo0); for v € B, j(ug)-1,v) =
Uq(0)-
Case 1. Suppose there is a v € B8 such that for all but finitely many
s € awe have

Pojis(teoys Uao) 0)= ja(tn(0) Ua(0), 0).

Then for all but finitely many s € a, if © 75 v, T € B, we have
(%) Poja(teoy Yaw), 0) 7 jia(to), oy, 0).

Let vy be the smallest such ©. If poja(tso) Uql) 0) is undefined,
any one of the infinitely many s in o which satisfy (*) will serve as
so-  If pojs(tpo) u;((’g), 0) is defined, there are still infinitely many
numbers s belonging to a and satisfying (x) from which we can choose
So so that

Ja(teio), ta 0) # Pajs(too), taloy, 0).

Case 2. Suppose Case 1 does not hold. Let vy be the least element
of B. Then for infinitely many s € « we have

(%) Pjs(t0), a), 0) 7 fis(tro)» talo), 0)-
Then we have infinitely many s € a, s satisfying (**), from which to
choose sg so that

js(tz?op Ud(0), 0) 7£ —p_OjS(tMObug?O)a 0)-

We note that ¢ and u are strictly increasing. Consequently since
so € aand vy € B, eoc(0) # te0) and €oq(0) # uq(0).

Stage (i + 1). Suppose that to, - - -, ;i) and ug, - - -, Uq) have all
been defined so that

t()<t1< “'<tc(i)7

(Aq)
uy < up < - < Ugpp;
tem # enc(n), n=i,
(B:) -
Ugm) 7 €nq(n), n=i;
) Prjs(temy tdmy> 0) 7 jaltpiny tgn, 0),  n=1,

Prjs(tpm)s Ugn), 0) 75 Ja(temys, Udiny, 0), n=i

Part (a). Define
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the1 = j(tn, 0), ci)=En<c(i+1)—1,
Uk = J(ux, 0), gi)=k<q(i+1) -1

Part (b). Since c¢(i+ 1)>p(i+ 1) and d(i+ 1)< q(i + 1), we
see that ,;+) and ug,+1) have already been defined. Let

. =€ — {lejc(i + 1}
Biy1 =€ — {lei+lq(i + 1)}
We then define
teivn) = Jteirn)—1> Siv1)s
Ugi+1) = J(Ugir1—1> Vis1)s
where s;.; € a4 and v;,, € B are chosen so that
Pis1ja(tei+ 1) Yai+1) 0) # ja(toi+), Uqi+n), 0),

ﬁ” LjS(tn(Hl)a Uq(i+1) 0) 7‘j3(tc(,~+1), Ud(i+1)> 0)-

The existence of s;;; can be proved in a manner similar to that
used for s and vo. This completes the definition of ¢, and wu. It
follows directly from the definition that the properties (A;), (B;),
(C;) hold for all i.

Clearly the functions ¢, and wuy are retraceable by the function
k(x). Since t.m) # enc(n) for any n Ee, t, cannot range over any
recursive set 6,. Hence the range of ¢, is immune. Similarly the range
of u, is immune.

Finally we assert that it is not true that o(t,u) ¥/ 8(t,u). For
suppose this were true. Since the two sets in question can be re-
gressed in the respective orders

(a) ja(te) Ua(), 0), jalteqr)> Uaqr), 0), * -+,

(b) ja(to(0), ta(0), 0), faltpi1y, g1y, 0), = -+,
there must be some partial recursive function p,(x) such that for
each number:

Prjs(tey» Uagy» 0) = ja(tpiiys Ugeir, 0),

or

Puja(todiys Uaa) 0) = ja(tei» Uag), 0)-

The above identities must hold for i = n; this contradicts property
(Ci) of t and u. Hence oft,u) ¥ B(t,u) is false and fi(T, U) € Ar
for T+ 1= Req(t,) and U+ 1= Req(u,). This completes the
proof of Case B, and of Theorem 1.

NoratioN. By p(x) € @ we mean either (a) p(x) is undefined,
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or (b) p(x) is defined and not a member of a.
By p(a) ¢ B we mean that for some x € a, p(x) € B.

Lemma 2. Let {ao, - " -, a,} and {bo, * - -, b} be finite sequences
of numbers. Let {to, - - -, t,} and {uo, * - *, wx} be finite sequences of
distinct numbers. Let a and B be any two infinite sets, and suppose
that for s € a, v € B we write

tfls+l =j(tﬂ> S)a uz+l =j(uk7 U)‘

Let p(x) be any partial recursive one-to-one function. Then there
exist infinitely many distinct ordered pairs (s,v) € a X B such that

k
pia(tn+1, Uk+1, 0) éﬁ U Ga(tn+1s Uiy Vo))

i=0

U

s

Ja(ti, Uk 1, Vagiy)-

I

i=0

Proor. If pjs(th+1, Uk+1,0) is undefined for infinitely many pairs
(s,v) Ea X B, we are finished. Suppose then that pjs(t,,,, uk+1, 0)
is defined for all but finitely many members of a X B. Assume that
the lemma does not hold. Then for all but finitely many pairs
(s,v)EaXp

k
ij(ti-Fl’ u;c)+1a 0) E U jS(trf+l> Ui, Vb(i))
i=0

U Uj.'}(tb uli+1, Vu(i))'
i=0

Let © be any member of B. By the above, for all but finitely many
sEa

k
ij(tfl'*-l) Uzﬂ, 0) € Uojs(tnsﬂ, Ui, Vp(iy)
i=

n
U U jis(ti, i1, Vai)-
i=0

Since the second set above is finite and p(x) is one-to-one, for all but
finitely many s € o,

k
pj3(t7f‘+1> uz+l> 0) e U jB(tﬂs+l, U, Vb(i))‘
i=0
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From this it follows directly that if vy, - - -, v, are m distinct members
of B, for all but finitely many s € o,

k
(Vi m) [t uttn, 00 € U jo(thn, s v0)]
i=0

Let m = Y5_ob;. Then by the above we see that there are infinitely
many § € a such that p(x) is everywhere defined on the m + 1
element set U/Zojs(th+1, uk1,0) and maps it one-to-one onto the m
element set UK, Ja(th+1 Wi, Yhi). This contradiction completes the
proof.

The following theorem is the two variable analogue of the main
theorem of [2]. The technique used in its proof is similar to that
employed in Theorem 95 of [7].

Tueorem 2. Let f(x,y) be a recursive function such that Df~ is
not eventually zero. Then f)(X, Y) does not map Ag* into Ag.

Proor. Let f(x,y) be recursive and suppose that Df~(x,y) is
not eventually zero. Let p;(x) be a function of two variables such that
a function of one variable is partial recursive and one-to-one if and
only if it occurs in the sequence po(x), pi(x), * - . We shall define
two retraceable functions #; and w; with immune ranges such that for

y Eeg,

p, U U jalts w, vDf (i, K)]
i=0 k=0
1)
¢ U U j3 [tb Uk, VDf+(i’ k)] .
i=0 k=0

Putting T + 1 = Req(#) and U + 1 = Req(u) we see that
SrervaDft = XrervaiDf - €A Thus AH(T,U) A if (1)
holds. We complete the proof by defining t; and u satisfying (1).

We first observe that since Df~ is not eventually zero, we can
find two strictly increasing recursive functions g(x) and h(x) such that
g(0)>0, and h(0)>0 and (Vn)[Df(g(n), h(n))>0]. For
example, let

ao = (ny)[k(y) > 0 & l(y) > 0 & Df~(k(y), Uy)) > 0],

g(0) = k(ao),  h(0) = l(ao).

Suppose that g(0), - - -, g(n) and h(0), - - -, h(n) have all been defined
as desired. Let
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tnv1 = (ny)[k(y) > g(n) & lly) > h(n) & Df~(k(y), Uy)) > 01,
gn+l = k(an+l), h'n+l = l(an+1)-
Let 6, be an infinite sequence of sets such that a set is infinite and

recursive if and only if it occurs in the sequence 6, 6, ---. Let

ex(x) be the principal function of 6,. We will define the functions ¢
and u in the following stages

(0) (1)

(a) (b) (a) (b)
fo, "+ Loyt te0) ta+1 s tg)—1 tg1)
Ug, * ) Uno)—1 Uno) Uro)+1, * " *5 Un(1)—1 Un(1)

We will perform this construction so that at the completion of
stage n the following conditions hold.
(I)n ty < t1< N tg(n)&uo<u1< tre <uh<").

(IDn (V2= n) [ty # €:8(2) & une) # eh(2)].
(I11), Forz=n,

n)

&(
pzj&(tg(z)a Uh(z), 0) ¢ U

x=0

h(n)
U j3 [tx, uy; va+(xa y)] :
y=0

Stage 0. (a) Define
to = Up = 1.

Define
tiv1 = j(t:, 0), 0=i<g0)—1,
Uiy = j(u, 0), 0=k< h0) — 1

(b) Letag = € — {leog(0)}, Bo = € — {leoh(0)}.
Then by Lemma 2, there exist infinitely many pairs (s, v) in ap X Bo
such that

g(0)—1

Pojaltson uhoy 0) € U falt ubo), ¥Df (i, h(0))]
i=0
@)
h(0)—1
U U jsltdo, we vDfH(g(0), K]
k=0

Since po(x) is one-to-one, there are infinitely many pairs (s,v) in
ay X Bo which satisfy (2) and also have the property
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h(0)-1 g(0)—1

(3)  pojalteor uho» 0) € ka UO jalti we vDFFG, K)].

Let (so, o) be that member (s, v) of ap X By which satisfies (2) and

(3), and for which j(s, v) is minimal. Define t;o, = tol0)s Uno) = u;:?o,.

It is clear that (I)o holds. Since (sp, o) was chosen from ay X Bo,

(II)o must hold. Finally, combining the facts that (so, vo) satisfies

(2) and (3), and thatDf+(g(0), h(0)) = 0, we see that (III)o holds.
Stage (i + 1). Assume that ty, - -, tgu), to, *° -, uni have been

defined and that (I);, (I);, (III); hold. For n = i, we let

my, = lklpni3(tg(n), Un(n)» 0)’ pan(tg(n)> Un(n), 0) deﬁned>

=0 Pnjs(te(n)> Unn), 0) undefined,
Wy = lkopajs(ten), Unm, 0), Prjs(tgm)> Unn), 0) defined,
=0, Prjs(tg(n) Unn), 0) undefined,
m;* = mf?‘(mn), w* = mg_x(w,,).
(a) Define
ks = jlgo o m® £ 1), 0Sk<gli+1)-gli)—1
Ui e = Jltn i wi* + 1), 0= k< h(i + 1) — h(i) — 1.

(b) Let
a1 = {x|x> max [m;* le;,g(i + 1)] },
Biv1 = {x |x > max [w;* le;y h(i + 1)] }.

Proceeding as in (b) of Stage (0), we can use Lemma 1 and the one-
to-one-ness of p;.i(x) to select a pair (sir, vi+1) in @41 X Bisy such
that

a1 i gi+l)  h(i+l)
(4)  pirifs(tain, tne, 0) € U U Jjslts, wy, vDf*(x, y)].
x=0 y=0

Let tgiri) = tgity and tpgen = Univh). It is clear that ()i
holds. The choice of (siyy, vi+1) from @4y X Bir; immediately
yields that tgis1) # €iv1g(i+ 1) and wpusy) # €isih(i + 1). Com-
bining this result with our inductive assumption of (II);, we obtain
(ID)i+1.

(IMD);4y: Let 0< k=g(i+1)— g(i), 0=y = h(i + 1). Suppose
vDf*(g(i) + k,y) # 0 and let z € Df*(g(i) + k,y). By defini-

tion of tg(;+x), we have
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lkljS(tg(i+k), Uy, Z) = m,-* +1> m,-*

= lklPsz(tg(m, Uh(n)> 0)
if n = i and pujs(tgn), Unm), 0) is defined. Thus for n = i,

. g(i+1) hbl)
(5) Prds(tg(n)a Un ), 0) EF U Ja [ tai) vk Uy VDf+(g(i) + k, yl.

k=1 y=0
Similarly, for n = 4,

1)—
(6) Pan(tg(n}a Un(n), O) U b tx, Uh(i)+k> VDf X, h ) + k)] .

Combining (4), (5), (6) and our inductive assumption of (III);, we
obtain (III);;+;. This completes the definition of #; and u, satisfying
(I),’, (II), and (III), for all 4.

It is clear that ¢; and uy are retraceable functions. However, neither
can be recursive. For the assumption that range (t;) = 60, (for some
index m in our enumeration of all infinite recursive sets) leads to the
conclusion that tgm) = eng(m), contrary to (II),,. Hence range (t;) is
immune. Similarly range (uy) is immune.

We now show that ¢ and w; satisfy (1). Suppose the contrary.
Let pm(x) be a partial recursive function for which the inclusion
denied by (1) holds. Since

U {iltgonr o 0} C U kU {ia [t 1, D (i K] }
n=0 i=0 k=0

we obtain

P [ U Gt 1 0} ] € U U sl D R
n=0 i=0 k=0

In particular, we would have l)”g'g(tg(m), Un(my, 0) = js(t5; uk, z) where
(i, k) E€2 and 0 = z < Df*(i, k). Since g(x) and h(x) are strictly
increasing functions, there is a number s, s > m, such that g(s) > i

and h(s) > k. But then using (III), we obtain
i(j) h(s)
Pm]:}(tg (m)> Un(m)> 0> ¢ U {i3[ti> Uk, VDf+(i’ k)] }
i=0 k=0

where j3(t;, ug, z) belongs to the second set above. This contradiction
proves (1) and completes the proof of Theorem 2.
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3. The main theorem.
ProposiTioN 1. The function min y(x, y) maps A? into Ag.
Proor. This is immediate from Theorem 1, since
Dmin (x, y) = 0; x=0 or y=0,
=1; x,y>0 and x=y,
= 0, x,y>0 and x#y.

Let Min (T, U) denote the minimum of two regressive isols as de-
fined by Dekker in [6]. It is immediate from the equation
min,(T, U) = Y r+1,u+1 Dmin (x,y) that min,(T, U) = Min (T, U)
for T, U € Ag. This fact and PR 1 were first observed by J. Barback.

We leave to the reader the proof of the following simple proposition.

ProposiTION 2.

2 (Vx)(Vy)[x > m=>f(x,y) = f(m, y)] =
(Vx)(Vy)[x > m=Df(x,y) = 0],

) (Vx)(Vy) [y > m=f(x,y) = f(x,m)] =
(Vx)(Vy) [y > m=Df(x, y) = 0].

ProposiTioN 3. Let f(x, y) be a recursive function of two variables
such that Df = 0. Suppose that there is a strictly increasing pair
of recursive functions (g(n), h(n)) such that for all n, Df(g(n), h(n))
> 0 and for all but finitely many pairs (x,y) which are not of the
form (g(n), h(n)), Df(x, y) = 0. Then either

(a) f is reducible to the case of a single variable, or

(b) there exist eventually increasing functions a(x) and b(y) and
a flat recursive function c(x,y) such that for x, y Ee, flx,y)=
min (a(x), b(y)) + c(x, y).

Proor. Case A. g(n) is a bounded function. Then
(3m)(Vx)(Yy)[x > m=> Df(x, y) = 0].

Thus by PR2, for x>m, f(x,y)= f(m,y). We recall that for
0=k=m, flky) = Dkodi0Df(i,j). Since DfZ0, f(ky)
is increasing, 0 = k = m. Hence f(x, y) is reducible to the case of a
single variable.

Case B. h(n) is bounded. This is similar to Case A.

Case C. Both g(n) and h(n) are unbounded. Let I' be the finite
collection of all ordered pairs (x,y) such that Df(x,y) >0 and
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(x,y) QE {(g(n), h(n)) In E€}. Let c(x,y)= 2 Df(p, q), where
the summation is performed over all (p,q) €T for Wthh p = x and
g =y. The function c(x,y) is clearly flat. Furthermore, for x E ¢,

flx,y) = ( > Df(g(n), h(n))>+ c(x, y).
g(n) =y&h(n)=y

To complete Case C we need only define eventually increasing
recursive functions a(x) and b(y) such that

(*) Y Dflg(n), h(n)) = min (a(x), b(y)).

g(n)=x,h(n)=y
Define increasing resursive functions g, h,aand b by
g(n) = (ny)[gly) = n],
h(n) = (uy)[h(y) = n],

a(x) =0, ifg(x+ 1)=0,

= S Dflgn), h(n)), ifgx+1)>0,
n<pg(x+l)

b(y) =0, fR(y + 1) =0,

= 3 Dflgn),h(n), ifh(y+1)>0.

n < h(y+1)
(That the functions g, h, a, b are total follows from the hypothesis
of Case C.) We now prove that a(x) and b(y) satisty (x). We note
first that g(n) = x<=>n<gx+ 1) and n< h(y + 1)< h(n)=y.
Hence

> Df(g(n), h(n)) = > Df(g(n), h(n))
g(n)=x&h(n)<y n<g(x+1)&n < hy+1)
=min( 3 Dfm. b, S Dfigln ki)
n<g(x+1 n< h(y+1)

min (a(x), b(y)).

This proves (*), and completes the proof of PR 3.

We note that PR 3 tells us that if condition (iii) of Theorem 1 holds
for a recursive function f(x,y) with Df = 0, then f satisfies either
(a) or (b). We have already seen (in PR 2) that functions f(x,y)
satisfying (i) or (ii) of Theorem 1 with Df = 0 are reducible to the
case of a single variable. Thus we obtain

PropositioN 4. Let f(x,y) be a recursive function such that
Df = 0. IfAg is closed under f, then either
(a) fis reducible to the case of a single variable, or
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(b) there exist eventually increasing recursive functions a(x) and
b(y) and a flat recursive function c(x,y) such that for x, y Ee,

f(x,y) = min (a(x), b(y)) + c(x, y).

The next two propositions show that the converse of PR 4 holds
even if the condition “Df = 0” is removed.

ProposiTION 5. Let f(x,y) be a recursive function which is re-
ducible to the case of a single variable. Then Ag is closed under f.

Proor. Suppose that f(x,y) = f(m,y) for x>m and f(i,y)
is an eventually increasing function of y for0 = i = m. Let T, U € Ag.

Case 1. T=m. Let f(T,y) = g(y). Then f,(T,U) = g,(U) € Ag.

Case 2. T> m. Note that f(x + m,y)= f(m,y) for all x, y.
Thus f,(T, U) = f, (T — m + m, U) = fy(m, U) € Ag. A similar proof
applies if the roles of x and y are reversed.

ProposiTioN 6. Let a(x) and b(y) be eventually increasing recur-
sive functions and c(x, y) a flat recursive function. Then Ag is closed
under min (a(x), b(y)) + c(x, y).

Proor. Let T, U € Ag. Then ¢, (T, U) is finite and min ,(a, (T), by (U))
€ Ag by Proposition 1.
We shall now proceed to state and prove our main theorem.

THeOREM 4. Let f(x,y) be a recursive function of two variables.
Then Ag is closed under f if and only if there exists an integer n
such that:

(1) for i=n, f(i,y) is an eventually increasing function of y and
f(x, i) is an eventually increasing function of x, and

(2) flx+ n, y+ n)=m(x, y) + (ci(x, y) — ca(x, y)) where ¢, and
¢y are flat and recursive and m(x, y) is either:

(i) reducible to the case of a single variable, or

(ii) of the form min (g(x), h(y)), where g(x) and h(y) are eventually
increasing functions of one variable.

Proor. Sufficiency of (1) and (2). We first prove

(x) Let a(x,y) = m(x, y) + ci(x, y) — cz(x, y) be a recursive func-
tion with ¢, and ¢, flat and m(x, y) satistying (i) or (ii) above. Then
Ag is closed under a(x, y).

Proor oF (*). Case A. m(x,y) is reducible to the case of a single
variable. Then a(x, y) is also reducible to the case of a single variable,
and Ag is closed under a(x, y).

Case B. m(x,y) = min (g(x), h(y)), g(x) and h(x) increasing and
recursive. Let T, U € Ag. We distinguish four subcases.

Subcase 1. T finite, U infinite. Then the function ¢(T,y) is an
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eventually constant function of y. Thus a, (T, U) € Ag.

Subcase 2. T infinite, U finite. This is similar to Subcase 1.

Subcase 3. T and U are infinite and neither g(x) nor h(y) is
eventually constant. Then min(g,(T), h,(U)) EAr —€, while
c1a(T, U), c2a(T, U) E €. Thusas(T, U) € Ag — €.

Subcase 4. T and U are infinite and at least one of g and h is
eventually constant. Then a(x,y) is eventually equal to some con-
stant ¢, and a,(T, U) = ¢ € e. This completes the proof of (*).

Let f(x,y) satisfy (1) and (2) and T, UEAg. If T=n, f(T,y)
is an eventually increasing function of y and f, (T, U) € Ag. Similarly,
if U= n, f{(T, UEA. If T=n and U=n, f(T,U)=
a,(T— n,U — n)and by (x)a, (T — n, U — n) € Ag.

Necessity. Suppose that

T,U € Ap= f,(T, U) € Ag.

We consider the following three cases.

Case 1. There are only finitely many ordered pairs (x, y) such that
Df(x,y) # 0. Then f(x,y) is of the form ci(x,y) — co(x,y), c1, c2
flat recursive functions.

Case 2. {(x,y) | Df*(x,y) > 0} is infinite, but {(x,y) | Df(x,y)
> 0} is finite. For x, y € €, define

Y

cax, y) = i > Df(i.j), mlxy) 2 2 (i, j)-

i=0 j=0

For x, y€e, f(x,y)=m(x,y) — co(x,y). Thus for T, U EAg,
FA(T, U) + coa(T, U) = ma(T, U). Since ¢, is flat, we see that
ma(T, U) EAg for T, U E Ag. By definition of m(x,y), Dm= 0.
Thus m(x, y) satisfies either (a) or (b) of Proposition 4. Combining
(a) and (b) with the representation f(x,y) = m(x,y) — co(x,y) the
desired representation of f is obtained (with n = 0).

Case 3. {(x,y)|Df(x,y) > 0} is infinite. Since Ag is closed
under f, Theorem 2 yields the existence of a number n such that
forx,y €€, Df~(x + n,y + n) = 0. Define

ati) = 2 Df(i.j) bj)= 'S Dftej
a(i) = a(i + n), b(j) = b(j + n),

= Y Y Df(ij).

i=0 j=0
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Then forx, y Ee,

x+n x+n y+n

(1) fatny+n=ct+ 3 al) + 2 bj) + 3 I Dfti])
=c+ Y ai)+ Y b))
i<x+1 ji<y+1

(2)
+ i Ey: Df*(@i+ n,j+ n).
i=0 j=0

Thus for T, U € Ag,

f(T+nU+n)=c+ Y*ali)+ X*b{)

(3) T+1 U+1
+ Y Dft(i+ n,j+ n).
T+1,U+1

We shall now prove that a(i) is eventually nonnegative. We first
note that for x €€, f(x,n — 1) = Y od(i). Since Ag? is closed under
f(x,y), Ag is closed under f(x,n — 1). Hence f(x,n — 1) is eventual-
ly increasing and d(i + n) = a(i) is eventually nonnegative. Similarly,
b(j) is eventually nonnegative.

Furthermore, at least one of the two functions a(i) and b(j) must
be eventually zero. For suppose the contrary. Let h(x) be the re-
cursive function which enumerates {x | b(x) > 0} and g(x) the recursive
function which enumerates {x | a(x) > 0}. Then for T € Ag,

Stai = (3 agi) ) - am,

T ¢(T)
S = (3 bhp) = B,

where ag(x) > 0 and bh(x) > 0 for all x and @ and b are finite for
all T € Ag.

Let A and B be regressive isols such that A+ B ¢AR. Then
h,(B) € Ag and g,(A) € Ag. However, by (3) and PR 1

i@ A+ n=LhB)+n—1Z 3* ai) + X* b(j)
gA(A) ha(B)
= ; ag(i) + th(i) — (a(A) + b(B))

= A+ B — (a(A) + b(B)) & Ag.
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Thus Ag is not closed under f. This is a contradiction.

Thus at least one of the two functions a(i), b(j) is eventually zero.
We assume that a(i) is eventually zero and note that the case in which
b(j) is eventually zero can be treated similarly. We define

at(x) = a(x), ifa(x)>0, a(x)=0, ifa(x) > 0,
=0, ifa(x) <0, = —a(x), ifa(x) <O0.

Define b*(x) and b~(x) similarly. We recall that each of the functions
a*, a- and b~ assumes nonzero values only finitely many times.
Clearly each of the functions

= (§o0) ve

cal, y) = ( S (i) )+ _gb—(j)

i=0

is a flat recursive function. With this notation, equation (2) becomes
forx,y Ee,

flx+n,y+ n)= ci(x,y) — calx,y) + i b~(j)
4)

+ i i Df*(i+ n,y + n).
i=0 j=0

We define recursive functions q(i, j) and h(x, y) by
q(i,j) = b*(j) + Df*(n,j + n), i=0,
=Df*(i+ n,j+ n), i>0,

h(x,y) = § éq(u

Then equation (4) becomes, for x, y E ¢,

(5) fx+ n,y+ n)=ci(x,y) — co(x, y) + h(x, y).

Clearly (5) holds for T, U € Ag. Since c; and c; are flat and Ag is
closed under f; Ag is closed under h. From the definition of h and the
fact that g(i, j)= 0, we see that Dh(x,y) = 0 for x, y Ee. Hence
h(x, y) satisfies either (a) or (b) of Proposition 4. If h(x,y) satisfies
(a), then (5) is the desired representation for f(x + n,y + n). If
h(x, y) satisfies (b), then (5) becomes

flx + n,y + n) = ci(x, y) — cax, y) + min (a(x), b(y)) + c(x, y).
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Since c3(x, y) = ci(x,y) + c(x,y) is flat, the desired representation
of f(x + n,y + n) is obtained. Let i=n. We complete the proof
of Case 3 by observing that since f(x, y) maps Ag? into Ag, the func-
tions f(x,i) and f(i,y) map Ag into Ag and are thus eventually in-
creasing. This completes the proof of Theorem 4.

4. Applications.

ProposiTION Al. Ag is closed under the function min,(x - 1, y) +
min,(x, y).

Proor. This follows directly from the identity min (x =~ 1,y) +
min (x, y) = min (2x - 1, 2y) and Theorem 4.

ProposiTION A2. Ag is not closed under the function q(x,y) =
min (%, y) + min (x = 2,y).

Proor. A simple computation shows that

Dqg(x,y) =0, forx=0o0ry=0,
=1, forx,y>0andx=y,
=1, forx,y>0andx=y+ 2
=0, forr,y>O0andx#y, x#y+ 2
Thus Dg = 0 and Theorem 1 is applicable. Since Dgq clearly fails to
satisfy conditions (i), (ii), (iii) of that theorem, Ag is not closed under
q.

ProposiTiON A3. There exist infinite regressive isols T and U such
that min,(T — 2, U) £ min,(T — 1, U).

Proor. Assume the contrary. Then for T, U € Ag, miny(T — 2, U)
+ min, (T, U) = min,(T — 1, U) + min,(T, U). This would imply
that min,(T — 2, U) + miny (T, U) € Ag for T, U € Ag, contrary to
Proposition A2.

We note that by Proposition Al we also have min,(T — 2, U) +
min, (T — 1, U) € Ag for the isols T, U of Proposition A3.

ProposiTioN A5. The function max,(X,Y) does not map Ag? into
Ag.

Proor. Dmax = —1 for x, y > 0 and x = y. Thus Ag is not closed
under max, (X, Y) by Theorem 2.
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