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INDICES OF LINDELÖF FUNCTIONS 
AND THEIR DERIVATIVES 

AMY C. KING AND S. M. SHAH l 

1. Introduction. A transcendental entire function f(z) is said to be 
of bounded index if there exists an integer N, independent of z, such 
that 

( u ) max fjß5)L|6_q?)L 

holds for all z a n d / The least such integer N is called the index of/ 
(cf. [3], [8]). It is known [11] that a function of bounded index is 
at most exponential type but all functions of exponential type need 
not be of bounded index (see [11], [13]). Lee and Shah [6], [7] 
have shown that if {an} is any sequence of positive numbers such that 
an+ilan = y > 1, and a and b are any complex numbers, then 

00 

F(z) = e**+b [I (I - */«»} 
l 

and all successive derivatives F(k\z) are of bounded index. Further 
if {an} is any sequence of complex numbers such that |an + 1 | = 
5n|an|, K l = 5, then ijß(z) = n i ° ( l ~~ zlan) a n d all derivatives ${k)(z) 
are of bounded index [ 10]. (The first author has proved this result 
with "5" replaced by "4" in her doctoral dissertation.) 

In this paper we investigate the index of the Lindelöf function, / 
[9], [4] defined by 

(1.2) / ( * ) = f i ( I " * / " « ) , « > 1 . 
n = l 

Pugh (cf. [10, p. 192]) has shown that if a ^ 8, then / i s of bounded 
index. We prove here 

THEOREM 1. Let f(z) = f(z, a) = JJ "(1 — z/na), a > 1; then 
f(z) is of bounded index. It is of index one if a = 3. 
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In general the derivative of a function of bounded index need not 
be of bounded index [ 14]. However for the Lindelöf function we 
have 

THEOREM 2. Let f(z) = f(z, a), a > 1, be the function defined in 
Theorem 1; then all successive derivatives f{k)(z), k > 1, are of 
bounded index. 

REMARK. In Theorems 1 and 2, a > 1 is a fixed number and index 
N will depend on a. If a = 2, then f(z,2) = (sin7rVz)l7rVz is of 
bounded index. (For another proof see [11].) However, a direct 
computation shows that 

|/"(l/16)|/2! 4 max {[f(l/16)|, |/'(1/16)|}, 

so that/(z, 2) is of index N > 1. 

2. Lemmas. We require several lemmas. The first gives informa
tion about the location of the zeros {bn} of/'. Here, and in what fol
lows, we define {an} as the zeros na of f It is known that bn are all 
real [2, pp. 23-24], and aY < bY < a2 < b2 < 

LEMMA 1. Let a > 1, kY = 3(a 4- l)/(a - 1) + 1, k2 = 2<*~2 + 
a -f 2, then for n ^ no = no (a) = 3, 

fein« + (n + 1)- n° + k2(n + 1)« 
(2.1) — — < bn < 

fci + 1 n k2 + 1 

PROOF. Taking logarithmic derivatives we note that 

gW f{x) ftx-f 

Thus g(x) = l/(x - na) -h 5)j^n l/(x - ja), a n d for na < x < 
(n + l)a, g'(x) < 0, i.e., g(x) is a decreasing function in this interval. 
Therefore if/'(x)/f(x) > 0, then bn > x, and likewise tif'(x)lf(x) < 0, 
then bn < x. 

Write d = (na + fc2(n -f l)a)/(fc2 + 1). We will prove that, for all 
sufficiently large n, 

and this will give the inequality on the right-hand side of (2.1). We 
use Euler's summation formula [1, pp. 201-202] to estimate 
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2 l~ ? « * - / • 

= rI-^-+^f-L+—i—\ 
}l d - xa 2 ld - 1" d - (n - 1)" J 

+ r(-^-i)^^^ (d - x«)2 

Here [x] denotes the integer part of x. Note that — \ = x — [x] — { 
< I , and that if we substitute d — xa = t we find 

ir(-w-i)(^-i 
< i f i L I . 
~ 2 L d - ( n - l ) « d - 1«J 

Hence we have 

( 2 ' 3 ) J i I^~x^d^~î«<Xl< J i rfr+d-(n-l)«-

Now 

na < d < (n -f l ) a and so 

(2.4) fn/2 dx (n/2) - 1 2« fn/2 cix 

J l ~d^ x<* d- (n/2)« 2(2« - l ) ^ " 1 

By using the binomial expansion in the definition of d, we see that 

(2.5) d = n a H : ^ - n a ~ J asn-><*>; 
K2 + 1 

and 

1 k2 + 1 + o(l) 

d - ( n - 1)«~ a(2fc2+ l ) ^ " 1 ' 

The inequality on the right of (2.3) now gives 

,26) v < r 1 - ^ - + 2° + ̂ + ! + °w 
V ' y x in/2 d - x « 2(2» - l )n«- ' o(2Jka + l)n—» ' 
Further putting in the value for d and simplifying we obtain 

(27)S = / ! i ! ^ - _ ( ^ ! _ - ! ) _ . 1 
(n + l)a — na 
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In addition, with the help of the integral test we may verify that 

(2.8) 3 i^d-f j-?+if-d J n + 2 x ° -

We shall denote by J the integral in (2.6) and by / the integral in 
(2.8). Let t = dl>«. Then 

f n - l J„ C3n 

(2.9) * - / = — — 
J nl2 V* - Xa J n+i 

dx 
+ 2 Xa — F 

Putting y = xlt in the first integral and y — tlx in the second integral, 
we get 

1 rr(n-i)/t dy _ p/(n+2) ya~2dy ì 

t" - 1 lJn/2« 1 - J/« J«/3n 1 - ya J 

(2.10) = - J - / r 1 * ^y^ dy - r J O * . 
t"-1 lJnl2t 1 - ya Jtl3n 1 - ya 

_ rti(n+2) ya~2dy i 

J (n-l)lt I — Va J 

Combining (2.4) and (2.5) we have t = dlla > n and 

k2 + o(l) 
(2.11) t=n + 

k*+ 1 

Hence there exists n\ such that for n = ni, we have t>n and 
*/3n < ntlt < (n- 1)11 < tl(n + 2) < 1. Consequently, 

1 f(n-l)lt 1 — t / a~2 

(2.12) 7 - / < —V , <%• 
V ; J f«-1 Jn/2* 1 - ?/a 

Thus if 1 < a = 2, then 7 - / ^ 0 . If 2 < a, then the integrand in 
(2.12) is less than 1, and so 

j — T <r 1 fn — 1 _ n 1 ^ n ^ n _ 1 
^ P*-1 \ t 2t J 2V* 2na 2na~1' 

Let 

h(a) = 0, 1 < a g 2, 

= i 2<a. 
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From (2.2), (2.3), and (2.6) — (2.12) we obtain 

f'(d) I f 2° (fca + 1) fe2 - 1) 

(2.13) fW n«-1 l 2 ( 2 « - l ) a (2fc 2 +l) ak2 

+ h(a) + o(l) }. 

Now 

_ r (fca+1) fe2-l)-i 
L a(2fc2 + 1) afc2 J 

_ ( f c 2 + l ) [ 2 f c 2 2 - 2 f c 2 - l ] i _ 

afc2(2fc2 + 1 ) > 2dc2
 ( 2*2 ^ 1 } 

a \ 2k2 / a \ 2k2 / 

Also, 

2(2« - 1) v ; 2 2(2« - 1) w 2 2a v 7 

It is easy to verify that in both cases 

2«-2/a + \ + l/(2a) > h(a) + l/(2afc2). 

Hence the expression on the right side of (2.13) is negative provided 
n = n2(a); and so the inequality on the right side of (2.1) follows if 
we take n0 = max (nl3 n2). 

The proof of the remaining part of (2.1) follows in a somewhat 
analogous manner. We write 

_ kina + (n + l)a 

" fei + 1 ' 

Then n < Dll<* = p < n + 1 and 

/~-. .x ~ , a + o(l) , _ , , 1 -h o(l) 
(2.14 D = n « - h — V^n«-1 , D 1 / a = n + - - — . 

ki + 1 M + 1 
As in (2.3) we have, for n = 3, 

(2.15) V —J— > r 1 - ^ - . 

Also 
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(2-16) - ^ + — ^ ^ V ^ 
D - an D - an+l akina~l 

Further 

(2.17) y —L-< L _ + r —d% 

j=n + 2 aJ ~ D an + 2 ~ D J n + 2 X< D 

Denote the integral in (2.15) by Z* and the integral in (2.17) by /*. 
Then (cf. (2.9)-(2.10)) 

j * _ r * = fn_1 dx r dx 
Jn/2 p a — Xa Jn+2 Xa ~ p a 

(2 is) = -2- / r~1 ) / p rf?/ - p1/a rfy _ r rfy \ 
D \jnl2p I - ya J(n + 2)/p tya - 1 ^ 21/a t/a ~ 1 / 

-{Zi - Z2 - J 3 } , say. 

i-2)/p ya 

D 

In Z2
 w e take j / = 1/x and, in Z3, we use the inequality ya — 1 = j/a/2. 

Hence 

fp/(n + 2) Xa~2
 7 f00 2 d t / 2 1 / a 

h = ; dx, I3 < — 2 - = - — 7 . 
J 2~1/a 1 — xa J 2lla ya oc — 1 

From (2.14) we see that, for n ^ n3(a), 

n „ i ; Ü n — 1 
— < 2~lla < — L — < < 1; 
2p n + 2 p 

and, from (2.18), 

/* - r > z- \ Ca -^— + r+2} l " r'2 <% 
J D LJn/2p 1 - t/a J 2-1/« 1 - J/« * 

r(n-i)/p dy 21/a n 

J P/(n+2) 1 — ya a — 1 J 

I f a ^ 2 t h e n 

I* - J*> 
J (a-l)D ( a - l ) n * 

If 1 < a< 2 then 

file:///jnl2p
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V r — 2 1 / a fP/(« + 2) t / a " 2 — 1 7 1 

_ 1 + o(l) f -2 1 ' « _ ì 

W--1 l a - 1 4 J 

where 

fP/(n+2) t / « - 2 — 1 

Since the integrand, in 74, is less than ((2 — a)la)y 2 [5, p. 39] we 
have, for 1 < a < 2, 

I 4 < ^ ( 2 * - ^±2 ) = 2n«(2i/- - 1 + 0(i)). 
a \ v / a 

Let 

_ 0 l/a _ 

a — 1 

21/a 2 « ( 2 1 / « - ! ) , K a ^ 2 . 
a — 1 a 

Then, since pID = n 1"«^ + o(l)), 

(2.19) / * - / * > - ^ W a ) + 0 ( i ) } . 

Further 

(2.20) (an+2 - D)-i = *' + ^,°S ; 
«(2«! + l)na ' 

and we have, from (2.15)-(2.20), 

? "D^7> "^T i " ^ «(2fcl + i) + *<«> + °d) j 

(2.21) > ^ { i ( ^ - 1 - i r ) + " ( a ) + 0 ( 1 ) } 
= ^ r A / « ± l ) _ ^ + ,(a) + o ( 1 ) | 

n«-1 l a \ a - 1 / 2a*! w w J 

If a = 2 then we show that 

(2.22a) A ( ^ ) _ _ L _ J ^ > 0 ) 

or \ a — 1 / 2a/cx a — I 
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that is, 

a ( 3 - 2 1 ' « - - T - ) + 3 + —|— > 0 . 

But ki > 4 and 2 1 / a â 21/2. Hence the expression on the left is posi
tive. If 1 < a < 2 then we show that 

(2.22b) 3(a + 1) - (a - l)/2fcx > «21'« + (a - 1)(2 - a ) ( 2 ^ - 1), 

that is, 

6a + 1 - a2 > (4a - a2 - 2)2 ̂  + (a - l ) ^ . 

The expression on the left is greater than 6, ki > 4, (a — l)/2&i < 1/8 
and 

(4a~ a2 - 2)21/a ̂  max (4a - a2 - 2) max 21/o( = 4. 

This proves (2.22b) when 1 < a < 2 and so the sum on the left of 
(2.21) is positive for a > 1 and n sufficiently large. The proof of the 
lemma is complete. 

LEMMA 2. Let a = 3. Then 

(2.23) M±*<bl<l±21i, 

(2.24) 1 + 2 « + 1 < f o 2 < ^ - ^ — , 

and, for n = 3, 

n°(n + 1) + (n + 1)" n ° + ( n + ! ) " + • 
(2-25) (^T2) <K< fr+J) ' 

The proof is similar to that of Lemma 1 and is omitted. 

LEMMA 3. Let a > 1 and \z — ÖJ| = 3/2 for all j . Then there exists 
a number ft = R(a) > 0 such that for \z\ ̂  ft, \z - o,| ̂  3/2 (j ̂  1), 

(2.26) S(z)= f , * , < 0.9. 

PROOF. We shall first prove the following: Let x > 0, |x — Oj\ = 
3/2 for all j . Then there exists an integer N0 = N0(a) such that, for 
n ̂  N0, #n < x < an+i and |x — o,-| §^ 3/2, 

(2.26a) S(x)= f , * < 0.9. 
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PROOF. Let N^a) be such that all j = NÌ9 a, — Oj-i > 4. Suppose 
n > Ni and consider 

Then 

n - l -, 

n-2 dt_ + l + L 
x — £* x — (n — 2)a x — (n — l) a ' 

Since 

(2.27) fln + - ^ x g a n + 1 - | , 

the sum of the last two terms on the right is (3 + o(l))l(2ana~1). 
The integral is less than 

(n/2) - 1 , rn-2 dt > - 1 r 
(n/2)« + J , x - (n/2)" J n/2 x - ^ 

We now use the inequality x — P* > od?-l(xlla - *) [5, p. 39] and 
obtain 

z = fn~2 _ d L _ < fn"2 <** 
J n/2 X— P" J n/2 a*a~ ^X 1^ — t) 

2 « - l x l / a - ( n /2) 

< ——7 log ~^ ; ^ -
a n 0 - 1 ö x 1 / a — (n — 2) 

By (2.27) we have 

(2.28) B + ^ t ^ g x ^ B + 1 _ i _ L £ ^ 

and consequently 

2«-i n (n/2) - 1 n/2 
/ < -(log n-f o(l)), . ,^ < —T— , 

an«'1 v 6 n x - (n/2)« n<* - (n/2)« 

and 

(229) 2 < J . |2-Klogn+o(l)) ^ ^ _ 3+o(l) i 
V ' ' n«-1 I a 2 « - 1 2a J 

Further 

max{|x - an|? |x - a n + i |} ̂  è , 
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and |x — dj\ = | for every j . Hence 

(2.30) -^+—±^^+^^=l+*(L±Am 
\x - an\ \x - an+i\ 3 an+i - an

 3 ana l 

and 

(2.31) v —^- < -—i-— + r -&- . 
n?2Ja~X (n+2)a-X Jn + 2 ^ - X 

Let / denote the last integral and write p = xlla. Taking t = py we 
get 

p_ r - dy 

X J (n + 2)/p J/a — 1 

We now split the interval of integration from (n + 2)lp to 21/a and 
21/a to <», and note that n < p < n + 1 and (n + 2)/p < 21/a for 
n ^ N2(a) = 2/(21/a - 1). Let n > N2(a). In the first integral, we 
note ya — 1 > a(y — 1) and in the second integral ya — 1 ̂  j/a/2. 
Thus 

x U (n+2)/p a(y — 1) J 2ll<* ya J ' 

Integrating and using p < n + 1, p/x < l/na -1 , we obtain 

(2-32) / < ^ b ( i log(21fa - !) + ^ + los(" + D} • 
From (2.27) we have 

(n + 2)" - x > <ma-l(l + o(l)). 

The inequalities (2.29)-(2.32) now show that we can choose No > 
max(N1? N2) such that, for n ̂  N0, 

This proves (2.26a). 
We now consider S(z). Let R = 2 + aV(). Then |K - a,| > 3/2 for 

every j and so, by (2.26a), 

,? ,A< O A 
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Let \z\ ̂  R and \z - aj\ ̂  3/2. Then if x = Re z, and x ̂  R we 
have \z — Oj\2 ^ R2 + a / — 2x0; = |R — a,-|2, and so 

Y 1 < V - < 0 9 
£ N-0,1 ~ A |R-%| ' • 

When x > R we estimate S(%) directly. Let an = x = a n + 1 , n = 2, 
x > R. Then afc — dk-\ > 4 for fc = n and 

s(*) = 5^-7+(H"ì+ì—1—Ï) + i r ^ 
l 

n - l 
1 = Y 1 \2 \ 2 i y 

x |x - q,.| 3 an + i - an n + 2 |x - a,) ' 

By the argument for S(x), we see that the last expression is less than 
0.9. This completes the proof of the lemma. 

LEMMA 4. Let \z — bj\ = 312 for all j . Then there exists a number 
R{ = Rx(a) > 0 such that, for \z\ ^ Ru \z - bj\ è 3/2, 

(2.33) Sx(z) = £ , \ , < 0.9. 

The proof of this lemma is similar to that of Lemma 3 and is omitted. 

LEMMA 5. Let a = 3, 

00 °° 

D„(p, z) = U {z : \z - aj\ § p}, Dn '(/>, 2) = U {z : |« - fe,| =i p}, 

TTien S(z) < 1 in each of the following cases: 

(a) el= {z:l°+ 1.7 g \z\ < 2" - 1.7}, 
(b) e2 = {z : 2" + 1.7 ̂  |z| < 3« - 1.7}, 
(c) e3= {z: \z\>3", z $ D 3 ( 3 . 6 , z ) } . 

A/so S^z) < 1 in eoc?i of the following cases: 
(d) g u = { z : 0 ^ | a | < l « + 1 . 7 } , 
(e) e12 = {z : 2« - 1.7 g \z\ < 2« + 1.7}, 
(f) el3 = {z : 3" - 1.7 ̂  jzj < 3 a + 1.7}, 
(g) «14= {z : \z\ > 3°, z$D3'(3.6, z)}. 
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PROOF. We shall prove part (a). The remaining parts can be similar
ly proved. For parts (d)-(g)we utilize the inequalities for fols b2, and 
bn (n ̂  3), of Lemma 2. 

(a) Either z satisfies 1« + 1.7 ̂  |z| g 2«"1 + { or 2«"1 + j < \z\ 
< 2a — 1.7. In both cases we have 

1 .+ 1 g l + ^ 2 
\z - 1«| \z - 2"\ ~ 1.7 2« - 1 ' 

Now na — 2" t as a t , provided n > 2. Hence 

*»>* £ + F V £.•-«£-1.7) *=•• n = 3 

and (a) is proved. 
Note that for n = 3 we have 

(2.34) 

na(n + l ) + (n+ l)a 

an > —^ r
J—f '- - n« 
(n 4- 2) 

(n + 1)- - n« 
(n + 2) 

and 

f n + 1 )a — na 

(2.35) a n + 1 - f c „ > 1 ' > 2 p , p = 3.6. 
(n + 2) 

These inequalities together with (a)—(g) show that, for all z, either 
S(z) < 1 or Sx(z) < 1. 

LEMMA 6 (SHAH [12] ). Let f(z) ^ 0 be an entire function and T 
a given positive number. Then there exists an integer P such that for 
every z, |z| = T, 

n M r _ r a L l è J & i j=P+i,F + 2, 

3. Proof of Theorem 1. (i) We prove first that f(z, a), a > 1, is of 
bounded index. By Lemmas 1, 3, and 4 we can choose a number 
T = T(a) > 0 such that 

(1) S(z) < 1 for \z\ ^T,\z- aj\ ̂  3/2 (j ̂  1); 
(2) Sfc) < 1 for \z\ ^T,\z- bj\ i= 3/2 (j ̂  1); 
(3) {|Z| = T} fi {U/-1 |* - a,| S 3/2} = 0 ; 
(4) {N| = r } n { U " = i \z - bj\ =§ 3/2} = 0 ; 

and if am > T, 
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(5) { U \z-aj\^3l2 } n { U | z - 6 , | ^ 3 / 2 } = 0 . 
S'=m J j=m 

This relation (5) is possible for bn — an > ana~1l(ki + 1)—» <», 
an + 1 — bn> ana~ll(k2 + l ) - > » as n-^ 1 » . Consider now the set 
of points 

E = { z : | z | ^ r , | z - ^ 3 / 2 , j = l , 2 , 3 , • • •}, 

and write 

(3.1) G(z) = £ - ^ — , z ̂  a,; g(*) = £ -±-r, z 7̂  fe,. 
j = l Z aJ j = l Z °3 

Then for z E E, 

\G(z)\ < 1, \G'(z)\ = I £ —^—- I < S* < 1, 
1 1 \Z aj) • 

and in general 
(3.2) |G(n)(z)| < n!S"+1 < n! . 

Now f If = G and so for n = 0,1, 2, • • • , z G E , w e have 

I ( n+ 1)! I I (n+ 1) ~0 7'! (n-j)! ' 

(3.3) S - m ( m a x Ä J j - M ) 

< max u ; n . 
OSiân 

Consider now the set of points Ex = {z : \z\ = T, \z — &j| = 3/2, 
7 = 1,2,3, • • •}, we write/' = I/J. Then we have 

(3-4) Tw"?*"^""^"'^' 
and for n ê O , z G EÌ9 \g(n\z)\ < n\. Hence, for n ê O , and z E E1? 

|ft<n+1>(z)| _ | _ 1 _ _ y g(i)(*) Vn-j\z) | 
( n+ 1)! " l ' n + 1 jtó j ! ( n - j ) ! I 

s _L* JÄ max ioîll < max rJiML y 
n -f 1 t o j ' O^ign *! 0£t*n ^ Ü J 
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Consequently for n ^ 0, z E E1? 

i/ (n+2>(z)l 

(3.6) 
n + 2)! n + 2 0 ^ „ I (i + 1)! v J 

< max - ^ 7-f1- , 
0£<5n (t + 1)! 

that is, for n i^ 1, z Œ E1? 

(3J) _M_ < max rjqau 
( n + 1)! i ^ n I t! J 

Since E U Ei = {z: \z\^ T}, we have for n è 1 and \z\ = T, 

(n + 1)! osisn I i! J 

Hence, by induction on n, we have for j ^ 2 and |z| = T, 

(3.8) l / < y ) l < max {\f(z)\, \f'(z)\}. 

Lemma 6 and (3.8) show that/(2? a), a > 1, is of bounded index. 
(ii) We now show that f(z, a) is of index one if a = 3. Let a = 3 

and E = eiU e2U e3. Then for 2; G E, n ^ 0, 

|G<»>(z)|< n!. 

Hence we have, as in (3.3), 

m JM<M{J£!Ml , e E 
(n + 1)! o^i^n I tl J 

Let Ei = en U ei2 U e13 U e14. Then for z G £ b n ^ 0 , 

|g<»>(z)| < n\, 

and 

|/ ( n + 2 )(z) | r |/<i+1)(z)l I 
( 3 J 0 ) ( n + 2 ) ! < o T s

X „ ' - (i + 1)! / " 

Since every z G E U E1? we see from (3.9) and (3.10), that for all 
z and j ^ 2, 

lf(j)(2)| 
(3.11) IJ j n < max {|/(z)|, [f (z)|}. 

Since f has zeros, its index N is greater than or equal to one. This 
with (3.11) completes the proof. 
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4. Proof of Theorem 2. We note that the argument given in 
Lemmas 1, 3, 4 and Theorem 1, first part, can be used to prove 
Theorem 2. The details are similar and omitted. 

Finally the authors thank the referee for helpful suggestions im
proving the clarity of this paper. 
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