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CONSTRUCTION OF THE REALS VIA ULTRAPOWERS 
G. H. MEISTERS AND J. D. MONK l 

1. Introduction, In courses on real analysis it is convenient and not 
unusual to define the real number system R axiomatically as a "com­
plete ordered field", that is, as an ordered field which satisfies the 
least upper bound axiom. Then all other properties of the reals (e.g., 
uniqueness up to isomorphism, the Heine-Borei theorem, etc.) can be 
proved directly from these axioms and it is not necessary to argue from 
some particular "construction" such as Dedekind cuts or equivalence 
classes of Cauchy sequences of rationals. (This latter method of con­
struction we shall refer to as "Cantor's method".) In particular, it is 
easily proved that an ordered field satisfies the least upper bound 
axiom iff* it is archimedean ordered and Cauchy sequentially com­
plete. 

Of course this axiomatic definition of the reals leaves open the 
question of the existence of a complete ordered field; and for this 
purpose a construction of some sort can hardly be avoided. Further­
more, Cantor's method can hardly be improved upon for its simplicity, 
directness and freedom from transfinite existence principles (such as 
the axiom of choice or Zorn's lemma). Cantor's method will certainly 
remain an important method of "completion". 

Nevertheless, we sketch here another method for constructing the 
reals from the rationals Q which uses the notion of an "ultrapower" 
(introduced in [8] and developed in [3] ; but see also [5] ) and which 
we feel is not without interest even though it is neither shorter nor 
simpler than Cantor's method. It has the additional disadvantage that 
it depends on the following transfinite existence principle, which we 
shall refer to as "the ultrafilter hypothesis". 

(U) Every filter is contained in some ultrafilter. 

On the positive side we make three points which we consider to be 
pedagogical advantages of our construction. 

1. Transfinite principles of some sort seem to be here to stay, and 

Received by the editors January 29, 1971 and, in revised form, January 20, 1972. 
AMS (MOS) subject classifications (1970). Primary 12L10, 12J15, 12F20, 12D99, 

12D15, 10M15, IONIO; Secondary 10N15, 12L15, 98A05, 98A10, 98A20, 98D05, 
98E05. 

!This research was supported in part by NSF Grants GP 5965 and GP 7387 
respectively. 

Copyright © 1973 Rocky Mountain Mathematics Consortium 

141 



142 G. H. MEISTERS AND J . D. MONK 

so it is perhaps good to illustrate their use in a variety of ways so that 
the student can master them. 

2. The above principle (U) is easily derived from Zorn's lemma 
(exercise for the student). On the other hand the ultrafilter hypothesis 
(U) is known to be a strictly weaker hypothesis for set theory than 
Zorn's lemma (cf. [4] ). 

3. The transfinite principle (U), and each separate stage of our 
construction of the reals to be presented here, is of interest in itself. 
That is, each of the separate parts, which once in hand fit together 
easily to prove the existence of a complete ordered field, has many 
other uses in mathematics. Consequently, the entire construction, 
while longer in detail, has much less of an ad hoc appearance than do 
the usual constructions. As a mat ter of fact, our method relates to 
"nonstandard analysis" (cf. [9 ] , and [10] ; see also the remarks 
in §6 of the present paper) , and serves to provide some useful pre­
liminaries for unders tanding that subject. It came to the authors ' 
at tention after this paper was wri t ten that this new method for con­
structing the reals was already known to Abraham Robinson and its 
possibility was mentioned by him in [ 11] on page 842, line 9. 

Fur thermore, any reader who is already familiar with the construc­
tions and notions which make up the parts of our construction of the 
reals will be able to unders tand immediately the meaning (if not the 
proofs) of the following statement of our construction. 

THEOREM I. If F is an ordered field then the residue class ring 
FJFQ, of the ring Fj of finite elements of F modulo its maximum ideal 
F 0 of infinitesimals, is an archimedean ordered field. 

THEOREM II. If ^U is a countably free ultrafilter then the ^ll-ultra-
power of any ordered field F (denoted F ^ ) is an ordered field and the 
archimedean ordered field (F^)1 /(F'^)0 is Cauchy sequentially com­
plete. 

COROLLARY. For any countably free ultrafilter Hx and any ordered 
field F, 

(ni/(*"0o = a 
In particular, when F is the field of rationals Ç, 

(<?'")i/(Çr")o = R. 

Here the symbol " = " means "is isomorphic to". 

Thus the question of the existence of a complete ordered field R 
is reduced (in this setting) to the question of the existence of a count-
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ably free ultrafilter. The existence of countably free ultrafilters on any 
given infinite set X is an easy consequence of the ultrafilter hypothesis 
(U). This will be proved in §3 where we have outlined, for the reader's 
convenience, the definitions and facts concerning filters which are 
needed for the discussion of ultrapowers given in §4. Theorem I and 
the first part of Theorem II (that Fu is an ordered field) are well 
known. However, for the sake of completeness, we have included 
their proofs here (in §§2 and 4 respectively) along with the necessary 
definitions concerning ordered fields (in §2). At the end of §4 (Theorem 
4.1) we prove that ( F ' ^ ^ F ' ^ o is Cauchy sequentially complete, and 
this then completes our construction of the reals via ultrapowers. 

In §5 we give some additional results for ultrapowers of ordered 
fields, and we close in §6 with some miscellaneous remarks. 

2. Ordered fields and the proof of Theorem I. An ordered field is 
a pair (F, F f ) where F is a field and F+ is a subset of F such that F + 

is closed under addition and multiplication, F + does not contain zero, 
and for every nonzero element a of F either a Œ F+ or —a Œ. F + . The 
elements of F { are called the positive elements of F, and an order 
relation, a < by is defined on F by the condition (b — a) (E F + . This 
order relation totally orders F and satisfies the following properties: 

(01) For each c in F, a < b implies a + c < b + c. 
(02) For each c > 0, a < b implies ac < be. 
(03) a < b implies —b< —a. 
(04) 0 < a< b implies 0 < b~l < a~[. 

Conversely, if a relation a < b totally orders F and satisfies (Ol) and 
(02) then F f = {a Œ F \ a > 0} satisfies the above conditions for a 
set of "positive" elements for F, and a < b iff fo — Ö £ F + . The 
absolute value \a\ of an element a of F is defined to be a if a G F + 

and —a otherwise. In an ordered field the multiplicative identity 
element 1 is necessarily positive (i.e., a member of F+) as are all 
squares of nonzero elements. No positive integral multiple of 1, 
n • 1 = 1 + • • • + 1 (n terms), can be zero since F+ is closed under 
addition and does not contain zero. Consequently, an ordered field 
has zero characteristic and contains (an isomorphic copy of) the 
rationals Ç. An ordered field is said to be archimedean iff every 
element a of F f is exceeded in the order by some positive integer. If 
F is not archimedean it is called nonarchimedean. A sequence an is 
said to converge to an element b of F iff for every e £ F + there is an 
integer k such that \an — b\ < € whenever n > k. A sequence an in 
F is called Cauchy iff for every e £ F + , there is an integer k such that 
\an ~ am\ < e whenever n> k and m > k. An ordered field F is 
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called Cauchy sequentially complete iff every Cauchy sequence in F 
converges to an element of F. 

Elements of an ordered field are classified as follows. If \a\ > q 
for all rationals q, then a is called infinite. If \a\ < q for some rational 
q, then a is called finite. If \a\ < q for all positive rational q7 then a 
is called infinitesimal. We denote by F^ the set of all infinite elements, 
by F1 the set of all finite elements, and by F0 the set of all infinitesi­
mals. Obviously, {0} C F0 C F l7 F = F 1 U F . J FiDFO0= 0 , 
Ç C Fi and Ç H F0 = {0}. Furthermore, if F is archimedean then 
F0 = {0} and Fx = 0 while if F is nonarchimedean, then F0 ^ {0} 
and F « consists of the inverses of the nonzero elements of F0 (and vice 
versa). 

LEMMA 2.1. The set of finite elements F : is a commutative ring 
with identity and has no proper divisors of zero. 

PROOF. If a, b G F j then there exist rationals p and q such that 
\a\ < p and \b\ < q. Then \ab\ = \a\ • |fc| and |a - b\ g |a| + |Z?| 
imply that ab and a — b are both finite also. The rest is obvious. 

LEMMA 2.2. F0 consists of all nonregular elements ofF{. 

PROOF. If a G F0, then c = 0 o r ö _ 1 £ F o o and S O Û " 1 ^ F1# That 
is, a is a nonregular element of Fx. Conversely, if a is a nonregular 
element of F1? then a = 0 or else a _ 1 GFoo. In either case a G F0. 

LEMMA 2.3. F0 is a maximum ideal in the ring F{. 

PROOF. Every proper ideal consists only of nonregular elements and 
hence is contained in F0 by Lemma 2.2. Thus it only remains to show 
that FQ is an ideal in F^ If a and b belong to F0, then the inequality 
|a — fo| = |a| + l&l implies that a — b belongs to F0. If a £ F0 and 
b G F Y, then there exists a rational q such that \b\ < q, and for every 
positive rational p we have \a\ < plq so that \ab\ < p; thus ab G F0. 
Finally F0 7̂  Fi since 1 is finite but not infinitesimal. 

LEMMA 2.4. F0 is an interval. That is, if a and b belong to F0 and 
a < c < b, then c G F0. 

PROOF, a < c < b implies \c\ < max{|a|, \b\}. But then a and b 
in F0 implies c G F0. 

We will say that an element a in F is infinitely close to an element 
b, denoted a — b, iff a — b G F0. This is obviously an equivalence 
relation on F and also on F1( We denote by (a) the equivalence class 
containing a. The set of these equivalence classes in Fl is denoted by 
FJFQ and is made into a ring (the residue class ring of F{ modulo 



CONSTRUCTION OF THE REALS VIA ULTRAPOWERS 1 4 5 

F0) by defining addition and multiplication as follows. 
Multiplication in FJF0 : (a)(b) = (ab). 
Addition in FJF0 : (a) + (Jo) = ( f l + b). 

These definitions are independent of the representatives a, b of (a), (b) 
because F() is an ideal in F{. Thus if a ' — a and b' — b, then 

a'b' -ab= a'(Jo' - b) + (a' - a)b G F0 

so that a'b' — ab, and 

(a' + b')- ( a + fc) = {a' - a) - (b - b')EF0 

so that a ' + b ' == a + fc. 

LEMMA 2.5. If a^b then, for every pair €, Ô É F 0 , a < b iff 

PROOF, fo — a > 0 and b — a ^. F0 implies by Lemma 2.4 that 
b — a > h for all h (E F0. In particular for /i = € — 8, this gives 

a + e < b + Ô. 

For the converse, a y£ b implies a + € y^ b + 8 so that we may add 
— € to the left and —8 to the right ofa + e < f c + ô t o obtain a < b. 

LEMMA 2.6. Each equivalence class (a) is an interval in F. 

PROOF, a < b < c and a—c implies that 0 < c — b < c — a Œ. FQ 

and so, by Lemma 2.4, c — b also belongs to F0. That is, b — c. 
It follows easily from the above lemmas that the relation 

(a) < (b) ifftf 7^ è and a < b 

defines a total order for FJFQ which satisfies the conditions (Ol) and 
(02). 

THEOREM 2.1. FJF0 with the definitions of multiplication, addition 
and order given above is an archimedean ordered field with identity 
element (1) and zero element (0) = F0. The rationals Q are embedded 
in FJF0 by the mapping q —> (q), and we will frequently identify 
(q) with q. 

PROOF. Actually if F0 is a maximal ideal in a commutative ring Fl 

with identity, then the residue class ring FJF0 is always a field. But 
the proof here is a little simpler because of the special properties of 
our case. FJF{) is obviously an ordered commutative ring with 
identity element (1) and zero element (0) = F0. If (a) •=£ (0), then 
a G F\ and a (£ F() so that, by Lemma 2.2, a~[ ELFX also. Hence 
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(a)(a~[) = (1) which means that (a)"1 exists and is equal to (a~l). 
Thus FlIF0 is an ordered field. 

The mapping q —» (q) of the rationals Q into FJF0 is obviously an 
ordered-field homomorphism and it only remains to show that it is 
one-to-one. But if (q{) = (q2) then qY — q2 €= Ç Pi F0 = {0} so that 

9i = 92-
Finally FJF0 is archimedean because every element a of F{ is 

bounded above by some (rational) integer n, and so (a) ^ (n). This 
completes the proof of Theorem 2.1. 

Theorem I is now proved. 
The following simple facts will be useful in the proof of Theorem 

4.1. 

LEMMA 2.7. |(a)| = (|a|). 

PROOF. If a > 0 and a ^ 0, then (a) > 0 and |(a)| = (a) = (|a|). 
If a < 0 and a ^ 0, then (a) < 0 and \(a)\ = ~(a)= (-a) = (\a\). 
If a — 0, then |a| — 0, and |(a)| = |0| = 0 = (|a|). Thus in all cases 
\(a)\ = (|a|). 

LEMMA 2.8. For each finite element a of an ordered field F (in 
particular for every element a of an archimedean ordered field F) and 
for every positive rational p G Q C F, there is a rational q such that 
\a — q\ < p. 

PROOF. We may assume that a > 0. Let m be a positive integer 
such that (1/m) < p. Since a is finite so is ma, and consequently there 
exists an integer n > ma. Let n be the smallest such integer. Then 

q = (n — l)/ra ^ a 

and 

\a — q\ = a — (n — l)/ra = (a — nlm) + 1/m < 1/m < p. 

3. Filters. For the readers' convenience we give here all definitions 
and facts needed in this paper concerning filters. For a more detailed 
discussion see [1]. 

A filter 9 o n a nonempty set X is a nonempty family *? of subsets 
of X satisfying the following: 

(Fl) A , ß £ 9 implies A D B G O. 
(F2) AŒ 9 a n d A C S C I implies S Ë 9 . 
(F3) 0 $ a 

Some examples of filters are 
(a) the set of all subsets S of X containing a fixed nonempty subset 

Xo of X. When X0 = {x0}, a singleton, this filter is said to be fixed at 
the point x0. 
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(b) If X is infinite, the set of all subsets of X whose complements 
are finite. This filter is called the Fréchet filter on X. 

A filter 3̂ is said to be free if 0 D = 0; and countably free if 
(^nUn = 0 for some denumerable sequence Un of members of Q. 
An ultrafilter is a maximal filter; that is, a filter not properly contained 
in any other filter. Two important properties of ultrafilters which we 
will use many times are the following: 

(Ul) A filter Hi on X is an ultrafilter iff, for every subset A of X, 
either A G 7/ or its complement A' G ^ , 

(U2) If a finite union A{ U • • • U 4 belongs to an ultrafilter <?/, 
then at least one of the sets Ai belongs to ̂ U. 

If the Ai are pairwise disjoint in (U2), then exactly one belongs to 
^U. It follows easily from these facts that every ultrafilter on a finite 
set is fixed at some point while every ultrafilter on an infinite set is 
either fixed at some point or else is free. Also an ultrafilter on an 
infinite set is free iff it contains (is finer than) the Fréchet filter. 
Zorn's lemma easily implies that every filter is contained in an ultra-
filter, but the latter condition is known to be a strictly weaker hypoth­
esis for set theoiy than is Zorn's lemma [4]. Free ultrafilters exist 
on any infinite index set since any ultrafilter containing the Fréchet 
filter is necessarily free. A family S of subsets of X belongs to some 
filter on X iff no finite intersection of members of S is empty. Such a 
family S is said to have the finite intersection property. 

LEMMA 3.1. Every free ultrafilter ^U on the set of positive integers 
N (or on any denumerable set X) is countably free. 

PROOF. For each n G N, the set 

Un= {m ŒN \m> n} 

belongs to ^U since its complement Un ' is finite and ^U contains the 
Fréchet filter. But P\nUn = 0. 

LEMMA 3.2. If X is a nondenumerable set, then there exist count­
ably free ultrafilters on X. 

PROOF. The set X can be expressed in many ways as a denumerable 
union of mutually disjoint nonempty sets. Select one way, say X = 
Un^„ ' - Then the family S = {Un \n €z N} of their complements Un 

has the property that no finite intersection of its members is empty. 
Therefore, S is contained in some filter on X which in turn is con­
tained in some ultrafilter Ix on X. But X = \JnUn' implies that 
^\nUn — 0 s o t n a t ^ is countably free. 
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LEMMA 3.3. An ultrafilter ll on a set X is countably free iff X can 
be written as a denumerable union of subsets whose complements 
belong to ll. 

PROOF. If ll is countably free then there exists a denumerable 
sequence ( / n Ë ^ such that nnUn = 0 . Therefore \JnUn' = X. 
Conversely, suppose X = {JnUn

f, with complements Un G ll. Then 
0 = DnUn so that ll is countably free. 

LEMMA 3.4. If ll is a countably free ultrafilter on a set X, then X 
can be expressed as a denumerable union of pairwise disjoint subsets 
whose complements belong to ll. 

PROOF. Suppose X = \JnUn' with Un G 11. Define V{ ' = 17/ and, 
for n = 2, define 

vn' = i / n ' ~ ( i v u • • •u i / ;_ 1 ) 
= un

f n ^ n •••nc7n_1. 
Then Vn = Un U U, ' U • • • U U'n_x DUnŒll. Therefore Vn G li, 
Vm' H Vn ' = 0 for m 7̂  n, and X = U n V n ' . 

What we have here called a "countably free" ultrafilter is equivalent 
to what some authors call a "countably incomplete" ultrafilter. We 
are using the former terminology in order to avoid confusion later 
with "countably complete" which is used by many authors for what 
we have called "Cauchy sequentially complete". 

4. Ultrapowers of ordered fields and the proof of Theorem II. Let 
X denote an infinite set and let Fx denote the set of all functions, 
A, B, etc., from X to an ordered field F. Equipped with the pointwise 
operations of addition and multiplication, 

(A + B)(x) = A(x) + B(x) and 

(AB)(x) = A(x) • B(x) forx G X, 

Fx is a commutative ring with zero element 0(x) = 0 and identity 
element l(x) = 1; these are denoted 0 and 1, respectively. 

Now let ll be an ultrafilter on X and define A = B to mean that 

{ x G X | A ( x ) = B ( x ) } G ^ . 

It follows easily from the fact that ll is a filter that A = B is an equiva­
lence relation in Fx. The set of equivalence classes thus determined 
in Fx is denoted Fxlll, or simply F'u when the set X is understood. 
The equivalence class with representative element A will be denoted 
a = [A]. Addition, multiplication and order are defined for F(U as 
follows. 
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Addition in Fu : [A] + [B] = [A + B]. 
Multiplication in F u : [A] [B] = [AB]. 
Order in Fu : [ A] < [£] iff {x G X | A(x) < B(x)} G ^ . 

It is easily verified that these definitions are independent of the 
representatives A and B of [ A] and [ B], respectively. 

LEMMA 4.1. With the above definitions of addition, multiplication 
and order, Fu forms a totally ordered field with zero element [0] 
and identity element [1]. 

PROOF. We prove that every nonzero element of F ^ has a multipli­
cative inverse and that the order relation is total (i.e., linear), and we 
leave the rest to the reader. 

If [A] f [0],then 

U' = { x G X |A(x) = 0 } $ IJL. 

Since ^U is an ultrafilter, it follows that 

U = {x G X | A(x) / 0 } £ T / . 

Define 

B(x) = 1/A(x) if x G U, 

= 1 if xGU'. 

Then [ A ] - [ B ] = [1], since AB = 1 on U G <lL. Therefore 
[ A ] - 1 = [B] GFU. 

If [A] / [B],then 

V = {x G X | A(x) = B(x)} $ ^ . 

Since X is the disjoint union of V ' and the two sets 

V, = {x G X | A(x) < B(x)}, V2 = {x G X | A(x) > B(x)}, 

and since ^ is an ultrafilter it follows from (U2) of §3 that exactly one 
of the sets V{ or V2 belongs to ^li. But this means that exactly one of 
the relations [A] < [B] or [B] < [A] holds. Thus the order relation 
for Fu is total. 

This ordered field Fu is called the ll-ultrapower of F. (Cf. [3].) 
Actually part of Lemma 4.1 follows directly from a more general 

algebraic fact. Namely, if we let Lu denote the set of all functions 
AG Fx such that {x | A(x) = 0} G lA, then 7^ is easily shown to be 
a maximal ideal in the ring Fx. Consequently, as is well known, the 
residue class ring FxIIiU (denoted Fu above) is a field. Another 
interesting fact which we will not use is that there is a one-to-one 
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correspondence between ultrafilters on X and maximal ideals in Fx . 
See [5]. 

For each q G F define q G Fx by q(x) = q for all x Œ X. That is, 
q is the constant function with value q. Define the mapping 
t : F -» FfU by 1(9) = [q], and let £ = i( F) C F7 i . 

LEMMA 4.2. 77ie mapping 1 : F —» F C F7 i is an ordered-field 
isomorphism of F onto F. 

PROOF. We prove that the mapping is one-to-one and leave the rest 
to the reader. Now t(qi) = i(q2) means [cji] = [q2] and the latter 
means that 

V = {xGX\éjì(x)=q2(x)}GrU. 

Since 0 (£ <!!, V is not empty. Let x0 be an element of V. Then 

9i = 9 i ( x o ) = 92(^0) = 92-

Therefore the mapping t : F —» F is one-to-one. 
We are now ready for the main result. 

THEOREM 4.1. If ^li is a countably free ultrafilter and if F is any 
ordered field, then (Fr^)1/(F^)0 is an archimedean ordered field 
which is Cauchy sequentially complete. 

PROOF. It follows from Lemma 4.1 and Theorem 2.1 that (Fu )J(FU )o 
is an archimedean ordered field, and it only remains to be shown that 
it is Cauchy sequentially complete. 

Let (an) be a Cauchy sequence in (F<u)ll(F
<u)0. Recall from §2 that 

(an) denotes the equivalence class of all elements in (F'u)l which are 
infinitely close to an. By Lemma 2.8, for each n we may choose a 
rational qn such that 

\(an) - (qn)\ < (1/n). 

(Note that since the rationals can be effectively well ordered, this 
choice can be made without applying the axiom of choice.) But then, 
by Lemma 2.7, also \an — qn\ < 1/n, which means that, for A^ G an, 

(1) Vn = {x G X I 14/x) - qn\ < 1/n} G <U. 

Now (qn) is a Cauchy sequence in (F^')1/(F^)0. Indeed, given 
(e) > 0 choose a positive integer k such that \(am) — (an)\ < (c/3) 
for all m, n > k and such that (1/fc) < (W3), as we may since (an) is 
Cauchy and ( Fr^)1/( F

,u)0 is archimedean. Then, for m, n > k, we have 
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\(qm) - (gn)| ^ \(qm) - (am)\ + \(am) - (an)\ + \(an) - (qn)\ 

< (1/m) + (6/3) + (1/n) < (e). 

Now since m is countably free there exists a denumerable sequence 
of nonempty pairwise disjoint sets Un ' such that 

X = U Un ' and Un G <IL. 
n 

We define an element a = [A] of Ff" by 

A(x) = qn for x G [ / n ' and n = 1. 

We claim that a = [A] is finite so that (a) G (Frl/)1/(F^)0. To prove 
this choose / so large that \(qn) — (qm)\ < (1) whenever m, n > I. But 
then also \qn — qm\ < 1 for m, n > I. Choose m > I and consider the 
inequality 

\A(x)\ = |< / n | ^ |qfn- </m| + |qfw| 

which holds when x G Un '. Now if n > Z it follows that 

|A(* ) |=g l+ | 9 m | . 

Therefore, 

{x G X | |A(x)| > 1 + |<ym|} C 17, ' U • • • U [/«' 

so that 

{x G x | |A(x)| ^ i + \qm\} Du{n • • • n [ / / . 

But since [7, Pi • • • fi Ut G 7/, \a\ ^ 1 + \qm\; that is, the element 
a = [ A] is finite as claimed. 

Finally we show that (an) converges to (a). Let (e) > 0 be given. 
Let r be a rational such that (e) > (r) > 0. Let k be a positive integer 
such that Ilk < r/2 and such that, for all m,n>k, 

1(9 J - (9») I < (*-/2)-

This implies in particular that \qm — qn\ < r/2. Thus if m > k, 
x G [7n ' with n > A:, and x G Vm (defined in equation (1)), then 

\AJx)- A(x) |= ^ ( x ) - gn | 

^ ^ ( x ) - qm\ + |qfm - gn | 

^ 1/m + r/2 < r. 

Therefore, for /n > k, 
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{x E X| K ( x ) - A(x)\ è r} C VJ U 17, ' U • • • U Uk' 

so that 

{x G x| i^x) - A(X)\ <r}Dvmnuin "-nuk. 
But since Vm fi Ux D • • • fi Uk G<7/, \am — a\ < r; and therefore 

| ( a m ) - ( a ) | g ( r ) < ( € ) fo rm>fc 

which shows that (am) converges to (a) as claimed. 
Theorem II is now proved and we may now conclude that if 11 is 

any countably free ultrafilter (e.g., any free ultrafilter on the set N 
of positive integers) then 

(^) i / (Ç^)o = R. 

This completes our construction of the reals via an ultrapower of the 
rationals. 

5. Some additional remarks on ultrapowers of ordered fields. We 
give here some results which are related to the results obtained in 
§4 and may serve to further clarify the nature of ultrapowers of ordered 
fields. 

LEMMA 5.1. If H is countably free then there is no (denumerable) 
sequence an of positive elements of F^ which converges to zero (in 
the order topology of F^). 

PROOF. Suppose an is a sequence of positive elements of F ^ which 
converges to zero. Then there exists an integer fcx > 1 such that 
öfc, < ai, an integer k2> kY such that ak% < akl7 etc. Consequently there 
exists a subsequence akn of an such that akn is strictly decreasing and 
also converges to zero. Hence we may assume without loss of generality 
that the sequence an is strictly decreasing. This means that, for any 
sequence of representatives A„ G an> 

(1) for every n g 1, {x G X | A„+1(a;) < A^x)} GQi. 

However, we may assume more; namely, that 

(1') for every n ^ 1, An+l(x) < An(x)forallx G X. 

For if (1 ') does not hold we can define a new sequence, Bn G an such 
that (1 ') holds for Bn as follows. Define B^x) = A{(x) for all x G X, 
and for n e l define Bn+l(x) = An+1(x) if An+1(x) < Bn(x) and 
Bn+l(x) = I Bn(x) otherwise. Obviously (1') holds for this new se­
quence, and it only remains to show that, for each n = 1, Bn G an; 
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that is Bn == An. But this is easily established by mathematical induc­
tion on n as follows. Clearly B{ = A{ (since in fact Bv = A{), and if 
Bn = An for some n ^ 1, then 

(2) {x<EX\An(x) = £ n ( x ) } E ^ . 

But (2) and (1) together imply [Bn+l] = [A„+1] for 

{x \Bn+i(x) = A ^ ^ x ) } D {x | An+1(x) < Bn(x)} 

D {x | An+l(x) < An(x)} fi {x | An(x) = £n(x)}. 

This completes the proof that we may assume (1'). Now since ll is 
countably free, Lemma 3.4 allows us to write, for some nonempty sets 

un, 
(3) X = U !/„ ' , !/„ ' H t/m ' = 0 for n ^ m, C/„ G «7/. 

n 

We define D(x) = An(x) for all x G [ / n ' and all n e l . Then d = [D] 
is a positive element of F<u and (1 ') implies that, for each m =̂  1, 

V m ' = { x | D ( x ) ^ Am(x)}= C 7 / U • • • U t 7 T O ' . 

Therefore, for every ra = 1, 

vm = {x | D(X) < Am(x)} = u{ n • • • n um, 

so that Vm G rZ/. This means that 0 < d < am for all m §^ 1, which 
contradicts the original hypothesis that am converges to zero. This 
completes the proof of Lemma 5.1. 

LEMMA 5.2. If an ordered field F satisfies the conclusion of Lemma 
5.1, then F is trivially Cauchy sequentially complete. That is, if an is a 
Cauchy sequence in such an ordered field, then an = am for all suf­
ficiently large n and m. 

PROOF. Suppose an is a Cauchy sequence in F. Define dnm = 
\an ~ am\- Then either dnm = 0 for all n, m larger than some integer 
/ (and the lemma is proved) or else for every integer / there exist 
integers ni/ and nt larger than / such that dH m > 0. Let bt = dn m. 
Then b{ is a sequence of positive elements of F and b\ is easily seen to 
converge to zero as follows. For eveiy positive € in F there is an 
integer k such that dnm < e for n, m > k. Therefore if l> k, then 
mi> l> k and nt > I > k so that b\ = dti m < e. But the existence of 
such a sequence b{ contradicts the conclusion of Lemma 4.3. There­
fore dnm = 0 for all sufficiently large m and n, and this proves the 
lemma. 
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LEMMA 5.3. If^Uis countably free then Fu is nonar chime dean. 

PROOF. By Lemma 3.4 we can write 

(1) X = U Un\ Un'nUm' = Ç6 for m ^ n, and Ï7n G ^ . 
n 

Define A(x) = n for x (E Un' and all integers n = 1. Then A G Fx 

and S O Ö = [A] G Fu . For each n = 1 consider the set 

Vn = {x G X | A(x) > n}. 

Vn ' = { x £ X | A ( x ) ^ n } = CV U • • • U Un'. 
Therefore Vn = U{ D • • • D Un and so Vn belongs to m. That is, by 
definition of order in FlL, a> n for every integer n= 1. But this 
means that F^ is not archimedean. 

A partial converse is given by 

LEMMA 5.4. If F is archimedean and FilL is nonar chime dean, then 
11 is countably free. 

PROOF. FU nonarchimedean implies the existence of an element 
[ A] G Fu such that, for every positive integer m, 

Um= {x G X | \A(x)\ > m}Œ<U. 

Then since F is archimedean, for each x in X there exists an integer m 
such that \A(x)\ < m. Therefore every element x of X belongs to Um

f 

for some m; that is, X = Um^m '• But then C>\rnUm = 0 and [ / m E ^ 
so that ^ is countably free. 

LEMMA 5.5. Ifli is countably free then Fu j£ P. 

(See the paragraph preceding Lemma 4.2.) 
PROOF. Again by Lemma 3.4, we may define, as in the proof of 

Lemma 5.3, A(x) = n for x G Un ' and n = 1. Then A Œ. Fx and 
[ A] G F7 / . Suppose that [A] £ F . Then, for some q G F, 

(4) Vq = {x G X I A(x) = q}G"U. 

But for each q E. F, Vq is either empty (if g is not an integer) or equal 
to Um'(if q is the integer m). In either case Vq dp ^U contrary to (4). 

A partial converse is given by 

LEMMA 5.6. If Fqi ^ F, then "U is free. If F» ^ F and F is 
denumerable, then HA is countably free. 

PROOF. Let [A] G Fm with [A] dp P. For each q G F define 

V = {x G X | A(x) = g }. 
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Since [A] (j: P, for every q G F, Vq ' (f ^U. Since 7^ is an ultra-
filter, Vr/ G <7i. Now, for each x, A(x) G F so that 

X= U V/ or 0 = fi V,. 
v e /« 7 G F 

Thus ^IL is free, and if F is denumerable ^ is countably free. 
A sequence of positive elements in an ordered field F is said to be 

co-initial with F f if it converges to zero (in the order topology of F). 
It is the content of Lemma 5.1 that if ^U is a countably free ultrafilter 
then Fu has no sequence co-initial with its positive elements; and of 
Lemma 5.2 that if there is no sequence co-initial with F + then every 
Cauchy sequence in F converges trivially to an element of F. The 
following equivalences are proved in [2] but are perhaps "well 
known". 

LEMMA 5.7. If F is an ordered field, the following statements are 
pairwise equivalent. 

(i) F j contains a (denumerable) co-initial sequence. 
(ii) F is metrizable in its order topology. 

(iii) (The order topology of) F is first countable. 
(iv) Sequences are adequate (to describe closure in the order topol­

ogy) in F. 

PROOF (An outline only). 
If F j contains a (denumerable) sequence co-initial with F + , then 

a metric can be constructed for F in a manner quite analogous to the 
usual proof of the metrization theorem for uniform spaces (see any 
modern book on topology). In fact, the metric can be constructed so 
as to be "invariant": p(a -f c, b + c) == p(a, b). Thus (i) implies (ii). 

If F is metrizable then it is certainly first countable; and if F is first 
countable, then sequences are adequate in F. Again see any modern 
book on topology. Thus (ii) implies (iii) and (iii) implies (iv). 

Finally, if sequences are adequate in F, then in particular, since 
zero is a limit point (in the order topology of F) of the set F + , there 
must be a sequence an G F f such that an converges to 0. But then 
this sequence is co-initial with F f . Thus (iv) implies (i), and the 
proof of Lemma 5.5 is complete. 

For any denumerable subfield of the reals, and notably for the 
rationals Ç), the above lemmas can be summarized as follows. 

THEOREM 5.1. The following six statements are pairwise equivalent: 
(i) 1Â is countably free. 

(ii) Ql( is no nar chime dean. 
(iii) Qu is not isomorphic to Q. 
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(iv) ç" ^ Q. 
(v) QlL is not metrizable in its order topology. 

(vi) Ç11 is Cauchy sequentially complete. 

PROOF, (i) and (ii) are equivalent by Lemmas 5.3 and 5.4. (i) and 
(iv) are equivalent by Lemmas 5.5 and 5.6. Lemmas 5.1 and 5.7 show 
that (i) implies (v), and Lemmas 5.1 and 5.2 show that (i) implies 
(vi). Now (v) implies (i), for if ^U is not countably free then (since (i) 
and (iv) are already proved equivalent) QlL = Q, which is metrizable. 
Next (vi) implies (i), for if HJL is not countably free then again Ç<u = Q, 
which is not Cauchy sequentially complete. This leaves only the 
equivalence of (i) and (iii). First if ^U is countably free, then Q^ is 
nonarchimedean and so Qu is certainly not isomorphic to Ç. Finally 
if Qu is not isomorphic to Q, then in particular Q11 ^ Q. But (iv) 
is already known to imply (i). This completes the proof of Theorem 
5.1. 

Of course it follows from Lemmas 5.1 and 5.2 that Ru is Cauchy 
sequentially complete, and a theorem holds for Ru analogous to 
Theorem 5.1. 

THEOREM 5.2. The following five statements are pairwise equiva­
lent: 

(i) mis countably free. 
(ii) Ru is nonarchimedean. 

(iii) Ru is not isomorphic to R. 
(iv) Ku / R. 
(v) K11 is not metrizable in its order topology. 

PROOF. All parts of the proof of this theorem are exactly analogous 
to the corresponding part of the proof of Theorem 5.1 with one 
exception: Namely, the proof that (iv) implies (i). This requires a 
different argument for Ru as follows. First (iv) implies (ii). For let 
a G Ru with a (f R. If Ru is archimedean then there exists some 
member of R larger than \a\ ^ 0 so that the set S = {r G R \ r = \a\} 
is a nonempty subset of R bounded above by a member of R. 
Hence it has a least upper bound b in R. But then \a\ — b ^ 0 
(since b EL R and \a\ ^ R) and \a\ — b is infinitesimal, so that 
Ru is nonarchimedean. To see that \a\ — b is infinitesimal we con­
sider two cases, \a\ < b and b < \a\ (both possible). If \a\ < b and 
b — \a\ is not infinitesimal then there is some e > 0 in R such that 
0 < e < b - \a\. But then \a\ < b - e and b - e E R so that 
b — e is an upper bound (in R) for S and hence cannot be less than 
the least upper bound b. But b = b — e implies e ^ 0 contrary to 
hypothesis. On the other hand, if b < \a\ and \a\ — b is not infmitesi-
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mal, then there is some e > 0 in R such that 0 < e < \a\ — b. But 
then b + e < \a\ which implies that H € £ S, so that b + € ^ b, 
or e = 0, again a contradiction. 

Finally, (ii) implies (i) by Lemma 5.4. This completes the proof of 
Theorem 5.2. 

6. Some final remarks. The simplest form of our construction of 
the reals is as follows. By the ultrafilter hypothesis (U), select an ultra-
filter ll containing the Fréchet filter on the integers N, and form the 
ultrapower Qu of the rationals Q. Let Qiu denote the ring of finite 
elements of Qu and let Q0

I( denote the maximum ideal in Qlu of 
infinitesimals of Qu. Then the residue class ring Q(uIQoU is (isomorphic 
to) the reals R. 

More generally, let H be any countably free ultrafilter. Then 
1. Both Qu and Ru are (trivially) Cauchy sequentially complete 

nonarchimedean ordered fields and 

QiuIQou = Ri W = R-

2. Qu contains (an isomorphic copy of) Q as an ordered subfield, 
but not R. 

3. Ru contains R (and Q) as an ordered subfield. 
4. R;Ì( = R © BO'", but Q;U / R 0 Ç0 and Q{u / Ç 0 Ç0

U. 
5. If 11 is a countably free ultrafilter then Fqi is a "nonstandard 

model" for the ordered field F (see [9], [10] or [11]). That is, 
F '" is a proper extension of F, which satisfies the same "first-order" 
sentences as does F, and every "higher-order" true sentence for F 
has a true canonical interpretation in Fu. In particular, Ru is a non­
standard model of the reals, and Qu is a nonstandard model for the 
rationals. Furthermore, Qu is isomorphic to a subfield of Ru, which 
in turn is isomorphic to a subfield of C11. Finally R^ is a real closed 
field. 

6. It is known (cf. [3] ) that 

card F ^ card Fu ^ (card F)c a r d x. 

Since any algebraically closed field of characteristic zero which has 
the same cardinality as the complexes C is isomorphic to C, it follows 
from the above inequality that Cu is isomorphic to C whenever ll 
is an ultrafilter on a denumerable set X. Nevertheless, if ll is 
countably free then Cu ^ C, Ru is isomorphic to a subfield of 
Cu and R is isomorphic to a subfield of C. Of course the iso­
morphism from C onto Cu does not map R onto (nor even into) R. 

Concerning the existence of countably free ultrafilters, we have 
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already observed that (1) eveiy free ultrafilter on a denumerable set 

is countably free and (2) on every infinite set there is a countably free 

ultrafilter. It is further known that it is consistent with the usual 

axioms of set theory to assume that every free ultrafilter is countably 

free. Also the continuum hypothesis implies that every free ultrafilter 

on X = R is countably free. For these facts see [7] . Finally we 

remark that the fields Qu and Ru may have veiy large cardinality: 

For any X there is a countably free ultrafilter on X such that Qu has 

the same cardinality as Qx (cf. [6] ). 
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