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EXISTENCE OF POSITIVE AND ®-BOUNDED HARMONIC
FUNCTIONS ON RIEMANNIAN MANIFOLDS
WELLINGTON H. OW

1. By a Riemannian manifold R we mean a connected, orientable
C “-manifold of dimension n = 2 possessing a C “-metric tensor. Let
®(t) be any nonnegative real-valued function defined on [0, ®). A
harmonic function u on R is said to be ®-bounded on R if the com-
posite function ®(|u|) possesses a harmonic majorant on R. We denote
by H®(R), or simply H®, the class of all ®-bounded harmonic func-
tions on R and by Oye the null class consisting of all Riemannian
manifolds R on which every ®-bounded harmonic function reduces to
a constant. The problem of classifying Riemann surfaces with respect
to Oy was first attempted by Parreau [4] for the special case where
® was increasing and convex. Later Nakai [1] completely deter-
mined Oye for general @ in the 2-dimensional case. Recently Ow
[3] extended the ®-bounded notion to harmonic spaces and deter-
mined Ope there. In his paper mentioned above Nakai also con-
sidered the classification of Riemann surfaces with regular boundaries.
In this investigation he partially characterized the class SOyq , where
a subsurface G with regular boundary is said to belong to SOy if
every ®-bounded harmonic function on G which vanishes continuously
on 3G is identically zero.

The purpose of this paper is to determine the class SOpq com-
pletely for the 2-dimensional (i.e. Riemann surface) as well as for the
higher dimensional cases. An important factor in this regard is a
theorem of Parreau on the existence of positive harmonic functions.
In higher dimensions the class of admissible subregions will consist
of smooth subregions of Riemannian n-manifolds. Here a subregion
G of R will be called smooth if its relative boundary 4G # @
satisfies the following: Each point p € dG has a neighborhood N
and a diffeomorphism h of N with a region in E” such that h(N N 4G)
is contained in a hyperplane.

2. Before giving a characterization of SOye we shall first give some
necessary preliminary results. The following theorem of Parreau [4],
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proven for the 2-dimensional case, is also valid in the higher dimen-
sional case:

_Tueorem 1. If G is any smooth subregion with noncompact closure
G then there exists a nonconstant positive harmonic function u on G
with continuous boundary value zero on 4G.

A simple proof of the above theorem for Riemann surfaces has also
been given by Nakai [2]. The proof of the theorem for general
Riemannian manifolds will be given in §4.

3. Denote by HP(G) the class of nonnegative harmonic functions
on a subregion G C R. Let G C R be smooth and {u,} C HP(G) a
sequence such that u = lim, u, exists in G. Then we have the fol-
lowing counterpart of Nakai’s result (cf. [5]):

LemMma 1. If each u, is continuous on GU 8G and u, |G =10
then u is continuous on G U dG and vanishes continuously on 3G.

Proor. Let po € dG and B be an open parametric ball about pg
chosen so that B M G is itself a relatively compact smooth ball about p,
with boundary 3(BM G) consisting of (dB) N G and (9G) N B.
Denote by g(p, a) the Green’s function for B M G with polea € BN G.
Define a regular Borel measure w, on 9(BM G) by du.(p)=
u,(p)dS(p) where dS(p) denotes the surface element on 4(B M G).

Now

dg(p. a)

= — ds

M w@)= = [ ulp) ELEasp)

where dg/dn is the normal derivative defined in terms of the Hodge
star operator * by (dg/dn)dS= *dg. It is well known that
—dg(p, a)ldn is continuous and positive, and therefore

inf — 8P _ o
a(BNC) on

Hence

u(@a) = m J

NBN G d pa(p)
and consequently p,(3(B M G)) = u,(a)/m. As a result the sequence
{m.(3(B M G))} is bounded and, hence, by the selection theorem
there exists a regular Borel measure u(p) such that

lim [ A dmp)= [ M) dup)

¥BNG)
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for any real-valued continuous function A on 3(BM G). In par-
ticular if \(p) = — dg(p, a)/dn we have from (1) that

dg(p, a
w=~— [ P g
BN G) n
Now u, |(dG)N B=0, and so m,((dG) N B) =0. Consequently
w((3G) N B) = 0 and hence

- _ dg(p, a)
wa) = J’ (9B)N G an dpp).

Finally since lim,_, 5 dg(p, a)/lan = 0 it follows that lim,_, ;¢ u(a) = 0
as asserted.

4. Proof of Theorem 1. Let py € G be fixed and {p,} a sequence
of points in G converging to the ideal boundary of G, i.e. the Alex-
androff compactification point. Set

ua(p) = g(p, Pa)Ig(Po> Pn)s

where p € G — p, and g(p, p,) is the Green’s function for G. Since
u,(po) = 1 and u, > 0 there exists a convergent subsequence, again
denoted by {u,}. Let u = lim,u, Then u(py)=1 and u >0 on G.
By Lemma 1, u vanishes continuously on 9G.

5. If G C R is a smooth subregion we say that G € SOy, provided
that every u € HP(G) which vanishes continuously on 4G is iden-
tically zero on G. For any smooth subregion G C R we denote by
H¢® = Hy®(R, G) the class of harmonic functions 4 on G vanishing
continuously on 4G and such that ®(|u|) possesses a harmonic
majorant on G. Here ® is an arbitrary nonnegative real-valued func-
tion defined on [0, ). The corresponding null class SO, will
consist of those smooth subregions G for which Hi® = {0}. We
observe that if @ is not bounded in any neighborhood of ¢t = 0 then
SOue consists of all smooth subregions G C R. On the other hand
suppose @ is bounded in some neighborhood of ¢t = 0. Denote by
SOy the class of smooth subregions G C R such that every bounded
harmonic function which vanishes continuously on 9G is identically
zero on G. We then have

THEOREM 2. (a) If @ is not bounded in some finite neighborhood of
t = 0 then SOHq, = SOHB‘

(b) If ® is bounded in any finite neighborhood of t= 0 then
SOue = SOyp (SOne = SOyp) provided that lim sup,_, . P(t)/t < o
(lim sup;_, P(t)/t = ).
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Before proving Theorem 2 we state

Lemma 2. The class SOyp consists of all relatively compact smooth
subregions of R.

Proor. Clearly any relatively compact smooth subregion belongs
to SOyp. By Theorem 1, it follows that SOyp consists precisely of
relatively compact smooth subregions.

6. Proof of Theorem 2. We first prove part (a). By assumption
®(¢) =c = const for t = t,. If u is a nonconstant bounded harmonic
function on G vanishing continuously on G, then, upon multiplica-
tion by a suitable constant ¢y, we have |cou|=t, and hence
®(|cou|) = ¢. Therefore, SOy C SOyp. In order to obtain SOy C
SOue we note that by assumption there exists a neighborhood [0, t¥]
such that supgs,s ®(t) = ©. Clearly u < ¢*. This completes the
proof of part (a).

We next prove part (b). First assume that lim sup,,®(t)/t <
and @ is bounded in any finite neighborhood of t = 0. It follows that
there exist constants ¢; and ¢, such that ®(f) = c¢; + ¢t on [0, ®).
Therefore, every HP-function is an H®-function. This remark together
with Lemma 2 proves the first half of part (b). A proof of the remain-
ing part can be found in [3]. This completes the proof of Theorem 2.

Summarizing these results diagramatically:

® unbounded in any . .
neighborhood of £ = 0 ° SOue = {all smooth subregions}
general @

® unbounded in

some finite neigh- : SOye = SOyp

borhood of t = 0

® bounded in some
neighborhood of t = 0

® bounded in any finite
neighborhood of t = 0

lim sup ®(£)/t < ® : SOye = SOyp

t—
lim sup ®(t)/t = ® : SOpe = SOyp
t— o

ReMark. Observe that the manifold structure of R is needed only
in the proof of the inclusion SOyp C SOye where Theorem 1 is used.
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All other relations obtained in the diagram are therefore valid for
harmonic spaces. It remains an open question whether the relation
SOue = SOpp is itself valid for harmonic spaces.
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