
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 3, Number 1, Winter 1973 

A FINITE pGROUP P = AB WITH Core(A) = Core(B) = {1} 
J. D. GILLAM 

Let A and B be subgroups of the finite p-group P, and let P = AB. 
We give an example of such a p-group with Core(A) = Core(B) = 
{1}. A few conditions are given which do insure the existence of a 
proper normal subgroup of P contained in A or B. The notations 
and terminology are standard. 

THEOREM 1. Let P = AB be a finite p-group. 
(i) If A has subnormal defect less than or equal to 2, then 

Core(A) ft {1} or Core(B) ft {!}. 
(ii) If the order ofP is less than or equal to p5 , then Core(A) ft {1} 

o rCore (B)^ {1}. 

PROOF, (i) Let H be a normal subgroup of P minimal with respect 
to Hft{l} and H = (H fi A)(H H B). Let Al = H fi A and 
Bj = H fi S, Suppose H is contained in neither A nor B. Then by 
the minimality of H, Al

F=H=Bl
F, that is, H = AX[B, Ax] = 

B^A, B J . Hence [H, A] = [ A J B , A J , A] = [B^A, B J , A] = 
[Bi, A]. Therefore [A1? A] [B? A b A] = [B1? A]. Since A has sub­
normal defect less than or equal to 2, [B, A, A] ^§ A Hence [B1? A] 
g A Therefore [H,P] = {[H,P\ D B{)[Bl9 A] = ([H, P] n B) 
• ( [H ,P] H A). Since [H, P] < H, [if, P] = {1}. Hence H = AX

F 

= Ax S A. 
(ii) This follows immediately from (i). 

THEOREM 2. There exists a p-group P = AB of order p6 with 
Core(A) = Core(B) = {1}. 

PROOF. Let V be an elementary abelian p-group with minimal 
generating set {a1? a2> bu b2}. Let a3 and b3 be the automorphisms of 
V whose matrices with respect to (al9 a2, b\, b%) are 
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respectively. Let H = (a3, b3). Then direct computation shows that 
H is abelian of type (p, p). Let F be the relative holomorph of V by 
H. Then the order of F is p6. Identify the elements of V and H with 
the elements of F in the usual way. Let A = (a^a^a?) and B = 
(foi, b2, b3). Then A Pi B = {1} and |A| = \B\ = p3. Hence F = AB. 
Since CF(V) = V, Z(F) g V. Hence Z(P) HA= Z(F) Pi A H V = 
Z(F) PI (aha2) = {1}. Therefore Core(A) = {1}. Similarly Core (B) = 
{1}. 

THEOREM 3. Let P = AB be a finite p-group. The following are 
equivalent: 

(i) If N O F, tfien £here existe a proper normal subgroup of PIN 
contained in ANIN or BNIN. 

(ii) There exists a chief series {1} = H0 < Hi < • • • <I Hr = F 
with Hi = (Hi H A)(Hi H B)/orO ë i g r . 

(iii) There exists a chief series of B, {1} = B0 <J Bi <3 • • • < Bs 

= B, such that ABi is a subgroup of P for 0 ^ i ^ s. 
(iv) There existe a chief series o f A , { l } = A 0 < I A 1 < ! • • • < A* = 

A, such that A+B is a subgroup of P for O g i â f. 

PROOF, (i) implies (ii): Let Hi <] F be of order p and contained 
in A or B. The hypothesis of (i) is clearly valid for PIHY = 
(AHilHi)(BHilHi). By induction, there exists a chief series {1} = 
H0<Hi< • • • < Hf = Fwith 

Hi = (ft fi AHiXHi H BHi) 

= (Hi PI A)(Hi H B)Hx 

= (Hi n A)(Hi fi B) f o r O ^ i â * . 

(ii) implies (iii): Let {1} = H0 < Hx < • • • <J H, = P be a chief 
series of F with 

Hi = {Hi H A)(Hi HB) for 1 ^ i g *. 

Let Bi = Hi fi B for all i. Then the set {B{ : 0 ^ i ^ t} is the collec­
tion of terms of a chief series of B, and ABi = AHi is a subgroup of 
F f o r O ^ i ^ f . 

(iii) implies (i): Let N <\ P. Then the hypothesis of (iii) is true for 
PIN = (ANIN)(BNIN). Hence we may suppose N= {1}. Induct 
on the index of A in F. Let {1} ^ Bx^ Z(B) be such that ABX is a 
subgroup of F. If Bx g A, then B / = B ^ ^ A and Core(A) ^ {1}. 
Suppose Bi is not contained in A. Then F = (AB{)B, ABY and B 
satisfy (iii), and the index of ABi in F is smaller than the index of 
A in F. We may suppose Core(B) = {!}. Hence by induction there 
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exists 1 ^ ab £ Z(F) O ABi where a G A and fo G Bi. Since 
Core(B) = {1}, af*l. Then a G CP(B\ (a)p = <a)A S A, and 
Core(A)^ {1}. 

The equivalence of (i), (ii), and (iv) results from the symmetry of 
the situation. 

COROLLARY 3.1. Let P be a finite p-group and A a subgroup of P. 
Then A is quasinormal in P if and only if for every subgroup H of 
P there exists a chief series of A all of whose terms permute with H. 

COROLLARY 3.2. Let P be a finite p-group, A a quasinormal subgroup 
of P, and AQ a subgroup of A which is a term in every chief series of 
A. Then AQ is quasinormal in P. In particular, every subgroup of a 
cyclic quasinormal subgroup of Pis quasinormal in P. 
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