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ALMOST PERIODIC DINI THEOREMS 
GRAY H. MEISTERSf 

Introduction. Dini's classical theorem [4] states that if a monotone 
sequence of real valued continuous functions converges pointwise to 
a continuous limit on a compact space, then the convergence is uni
form. It is, of course, well known that the corresponding statement 
fails on a non-compact space. However, in light of the Bohr compacti-
fication of the real line fl, one might expect that the corresponding 
statement for Bohr almost periodic functions would be true. (See e.g., 
[7].) Alas, this too is false as can be seen by examples such as 
fn(t) = [(2 + sinV2f + cos£)/4]n, which does not converge uniform
ly on R even though fn j 0 pointwise on R (and even though the 
mean values M(fn) tend to zero). Nevertheless, by adding some 
appropriate additional condition one does obtain true versions of a 
Dini-type theorem for almost periodic functions. One such version 
has been given by Luigi Amerio in [1] and [2]. Moreover, Salomon 
Bochner has given in [3] a rather general Dini-type theorem for 
almost automorphic functions which includes both Amerio's theorem 
and the classical Dini theorem (although in the latter case, as Bochner 
points out, his functions must be defined on a sequentially compact 
space rather than on a compact space). Finally Mario Dolch er [5] 
has given a proof of Amerio's theorem based on the Bohr compactifica-
tion of the real line. 

The purpose of this note is to show that Amerio's theorem can be 
deduced briefly from an abstract Dini theorem (Proposition 3.4 on 
page 91 in [10]), which was evidently first stated by Krein in [8] 
for partially ordered normed linear spaces, and which is already 
known to contain the classical Dini theorem (cf. [10] pp. 92-93). 
We also give another criterion, different from Amerio's, for the uniform 
convergence of monotone sequences of a. p. functions on R. 

The Abstract Dini Theorem. In order to make our argument com
plete and self-contained (and for the convenience of the reader) we 
first state and prove a simplified version of the abstract Dini theorem 
which on the one hand is entirely adequate for the deduction of 
Amerio's result and on the other hand can be given a rather short 
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proof (different from others we have seen, but closely related to argu
ments appearing on page 65 of [11] ). 

By an ordered topological vector space (OTVS) X we shall mean a 
real locally convex topological vector space X equipped with a partial 
order relation, f=g, which satisfies the following three properties: 

(i) y g g = » / + h^g + /i for all/i G X. 
(ii) / = g ==> af = ag for all nonnegative a G ft 

(iii) To each neighborhood U of 0 in X, there corresponds a neighbor
hood V of 0 such that if 0 g / ^ g, and g G V, then / £ [ / . 

Namioka [9] calls a partially ordered topological vector space 
satisfying (iii) "locally fuir', while Peressini [10] calls it "an OTVS 
with a normal cone". See Theorems 4.8 and 4.9 of [9] and Proposi
tions 1.3 and 1.5 on pages 62 and 63 of [10]. Such spaces were evi
dently first introduced by Krein in [8]. Clearly the Banach space 
A of all real valued Bohr almost periodic functions f(t) on the 
real line ft is an OTVS when equipped with the supremum norm and 
the natural partial order, f=g whenever f(t)^g(t) for all real t. 

AN ABSTRACT DINI THEOREM. If a decreasing sequence fn in an 
OTVS X converges weakly to an element f in X, with all fn ^ f 
thenfn converges to fin the original ('strong') topology ofX. 

PROOF. A separation form of the Hahn-Banach theorem (e.g., 
Theorem 3.4 (b) in [11]) implies the well-known important fact that 
the weak closure of a convex subset C of a LCTVS X is equal to the 
original closure of C. (See e.g., Theorem 3.12 of [11].) Therefore, 
for each neighborhood U of 0 in X, there exists an integer N and non-
negative scalars a1? • • -,aN such that ^ = 1 a& = 1 and ^k = i 
ctkfk belongs to / + V, where V is the neighborhood of 0 which cor
responds to U by property (iii). But for all m> N we also have 

f^ fm^fN^ s*-i «*/* w h i c h yields ° = fm - f = (2?=i °*fk) 
- / Ë V . Property (iii) now gives fm Œf+ U, which proves the 
theorem. 

We remark that the hypothesis "with all fn ^ / " can be omitted, 
but then the proof is slightly longer (and more technical) and we do 
not need this stronger version in this note. 

Amerio's Condition. A sequence smG R is called regular for a 
function / : K—> C if the sequence of functions f(t + sm) con
verges uniformly for t G ft. A continuous function f : R-+ C is 
Bohr almost periodic (a.p.) if every sequence sm Œ. R contains a sub
sequence sm ' which is regular for f Let 
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be a decreasing sequence of real valued a.p. functions converging 
pointwise on R to an a.p. limit / . By the definition of almost 
periodicity and by the diagonal process, every sequence sm G R 
contains a sequence sm' which is regular for all the functions 
/>/i>/2, ' ' '• Define 

(2) /„(*)= lim/(t+0, 
m->°° 

and 

(3) / „ • (* )= l i m / B ( t + 0 -

Then also, since the convergence in (3) is uniform, 

(4) /„(*)= l i m / n ^ - « m ' ) . 

Equations (2) and (3) applied to (1) yield 

Jnj! = Jn+l,s' = /» ' . , 

and hence 

(5) fnrS,^<Ps,^fs,, 

where <Psf is the pointwise limit of fnt&t as n tends to infinity. Amerio's 
Condition is to assume that 4v is a. p. for every sequence s ' which is 
regular for all the functions / , fl9 f2, 

AMERIO'S THEOREM. If fn is a decreasing sequence of a. p. func
tions which converges pointwise on R to an a. p. limit f and if $s> 
is a. p. for every sequence s' in R which is regular for all the func
tions f fl7 f2> • • -, then the convergence is uniform. 

PROOF. AS in the discussion above, let sm be an arbitrary sequence 
or real numbers and let sm' be a subsequence which is regular for all 
the functions/,/i , /2, * * '• Since $sf is a.p. there exists a subsequence 
— s J' (of — sm ') which is regular for <&st. Of course sm" remains regular 
for all the functions/,/ l 5 /2 5 ' ' '• Define 

(6) F(*)= lim «M* - O -
TO-»00 

Then, since this convergence is uniform, we also have 

(7) * , ( * ) = lim F(t + *m"). 

Now (4) and (6) applied to the first part of (5) yields fn ^ F, which 
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entails / ^ F. This last inequality along with (2) and (7) gives 
fsf = 4V. But this inequality with the last part of (5) yields fsJ = 
<&s,, or 

l im/(f + sn')= lim limfn(t + sm'). 

In particular (for t = 0) we may state that: Every sequence sm in R 
contains a subsequence sm ' such that 

l i m / ( 0 = lim l i m / n ( 0 . 

But this last statement is equivalent to the weak convergence of fn 

to / in the Banach space A of a.p. functions on R. (cf. [6], Chapter 
IV, 13.41, pp. 345-346.) The Abstract Dini Theorem now applies to 
conclude the proof of Amerio's theorem. 

This method of proof of Amerio's Theorem suggests that there may 
be other Dini-type theorems for a. p. functions. All that is needed is 
a condition which, together with pointwise convergence and monoton-
icity, entails weak convergence. 

Asymptotic a. p. sequences. Some years ago, while a Research-
Instructor at Duke University, we found that the following condi
tion is both necessary and sufficient for the uniform convergence on 
R of a pointwise-convergent monotone sequence of a. p. functions 
fn. Call a sequence of functions fn : R—> C asymptotically almost 
periodic (a.a.p.) if for each positive real number e there exists an 
integer N = 1 such that all the functions fn with n ^ N have a rela
tively dense set of e-translation numbers in common. 

THEOREM 1. If a sequence of functions fn converges uniformly on 
R to a continuous function f then a necessary and sufficient condi
tion that f be a. p. is that fn be a.a.p. 

PROOF OF NECESSITY. Let € > 0 be given. Since the convergence is 
uniform, there exists an integer N such that \\fn — /||oo = c/3 pro
vided only that n ^ N. Since / is a. p. it possesses a relatively dense 
set of e/3-translation numbers T. Hence for these r it follows from the 
inequality \fn(t + T) - fn(t)\ =S \fn(t + r) - f(t + r ) | + \f(t + r) 
-f(t)\ + \f(t) - fn(t)\ that \fn(t + T) - fn{t)\ g e for all t in R, pro-
vided only that n ^ N. 

PROOF OF SUFFICIENCY. Let € > 0 be given. Then there exists an 
integer N = 1 and a relatively dense set T of €/3-translation numbers 
r common to all fn with n=N. Also there exists an integer M = 1 
such that | | / — /n|| « = e/3 whenever n> M. Therefore for T G T and 
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for n > max{M, iV} it follows from the inequality 

\f(t + r) - / ( 0 | a \f(t + T) -fn(t + r ) | + \fn(t + T) - / n ( t ) | 

+ !/»(*)-/(')l, 
that |/(* + T) - / ( 0 | = € for all £ in R. Thus / i s Bohr a. p. on R. 

COROLLARY. In order that a sequence of a. p. junctions fn converge 
uniformly on R it is necessary thatfn be a. a. p. 

PROOF. The uniform limit of a sequence of a. p. functions is itself 
a. p., so the corollary follows from the necessity part of Theorem 1. 

THEOREM 2. If fn is a decreasing sequence of continuous functions 
which converges pointwise on R to a continuous limit f and if the 
sequence fn is a. a. p., then the convergence is uniform. (It then follows 
from Theorem 1 that the limit / is a.p.) 

PROOF. Let € > 0 be given. Then there exists an integer N and a 
number L > 0 such that for each t EL R there exists an e/3-transla-
tion number rt common to all the functions fn for n = N and satisfying 
0 = t + Tt^z L. Furthermore, since the convergence of fn to / is 
uniform on [0, L] (by the classical Dini Theorem) there exists an inte
ger M such that for m,n>M, |/„(x) — fm(x)\ = */3 for all x in [0, L]. 
Therefore, if m and n are greater than max{M, N} the inequality 

|/n(t) - fm(t)\ ^ \fn(t) - fn(t + T,)| + \fn(t + Tt) 

-fm(t + rt)\+ \fm(t + Tt) - fm(t)\ 

yields ||/n — fm\\ «, = €. That is, the convergence is uniform. 

A Counterexample. For each real X, the mapping /—»/(X) = 
Mt[f(t)e~ikt] is a continuous linear functional on A. However, not all 
continuous linear functionals on A can be represented in this manner. 
Nevertheless, one might ask whether fn converges to zero weakly if 
both 

(1) lim^oojftA) = 0 for all X G R, and 
(2) fn(t) decreases to zero (as n —» oo ) for all f E R . 

The following example shows that it need not. Let <£>(£) denote any 
nonnegative continuous function on R whose support is contained in 
[0,1] , and which is not identically zero. Define 

/»(*)= E ^ - 3 " f c - | ( 3 " - l ) ) , 
kGZ 

for n = 1. Then each fn is continuous and periodic with period 3n, 
the sequence fn decreases to zero pointwise on R, but obviously does 



424 F. H. MEISTERS 

not converge to zero uniformly on R (although, of course, it does 
converge to zero uniformly on compact subsets of fl). We now calcu
late j£(X) for arbitrary real X (and for n ̂  1) in order to show that 
(1) holds. Since fn has period 3n, it follows that j£(X) = 0 unless 
X = 27rm3~n, for some integer m; and in this case a calculation yields 

j£(X) = 3~n exp(iX/2) cos rrnr P <j>(s)e-^s ds. 

Now fix m and p and let X = 27rm3~p = 27rra3n-p3~n for n ̂  p. Then 

for all n == p so that (1) follows. 

Another Counterexample. Not only does monotone pointwise con
vergence of a sequence of a. p. functions to an a. p. limit not imply 
uniform convergence, it does not even imply convergence in the mean. 
That is, there exists a sequence gn of nonnegative Bohr a. p. functions 
such that gn decreases pointwise to zero on R, but the sequence 
M(gn) of their mean-values does not converge to zero. In other words, 
the mean-value / —» M(/) is not an abstract Danieli integral on the 
vector lattice of real valued a. p. functions. Let Xn be a sequence of real 
numbers ^ 1 such that the set {1/Xi, 1/X2, * * '} is linearly inde
pendent over the rationals. Define fn to have period pn = 2n + ln Xn 

and define fn in the interval [0, pn] by the equations 

fn(t) = tl2nkn, for 0 ̂  tè 2nXn, 

fn(t) = 1, for 2n Xn ̂  t è (2n - l)2n Xn, and 

fn(t) = (2n + 1n Xn - t)l2n Xn? for (2n - l)2n Xn ̂  t è 2n + ln Xn. 

Then 0 è fn(t) è 1, fn has Fourier exponents of the form 277/c/2n + 1n Xn? 

and 

(8) 0èfn(t)^i forali \t\ènènK-

Also, 

M(fn) = lim Ì T tW * = - fP" /„(*) ds = (1 - 2-»). 
r->°o T Jo pn

 J ° 

Now define gn(£) = f^t) • /2(£) : ' •/,»(*)• Then each gn is a. p., 
0 = g n + 1 = g n ^ l , and (8) implies that gn decreases pointwise to 
zero on fl. But it follows from the Multiplication Theorem for almost 
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periodic Bohr-Fourier series and from the linear independence of the 
numbers {1/Xn: n e l } that 

M(gn)=M(fl) -M(f2) •••M(/n) 

= n ( ! - 2-k)^e-2>0. 
k=l 

Some questions. What are the (sub) vector-lattices of real-valued 
a.p. functions in which the mean-value M(f) is an abstract Danieli 
integral; that is, in which fn I 0 implies M(Fn) —> 0? Each subspace 
consisting of all periodic functions of a given fixed period is such a 
vector lattice (by the classical Dini Theorem), but the last example 
above shows the entire space of all Bohr a. p. functions is not such a 
vector lattice. 

The author believes, but has been unable to prove, that the notion 
of "asymptotic almost periodic sequence" is distinct from the notion of 
"uniformly almost periodic sequence". Is every a. a. p. sequence of a. p. 
functions eventually uniformly almost periodic? That is, given an 
a. a. p. seqence of a. p. functions fk, does there exist (in every case) 
an integer IV (independent of e) such that for every e > 0 the functions 
fN>fN+i> ' ' ' have a relatively dense set of €-translation numbers in 
common? We think not. 
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