
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 5, Number 4, Fall 1975 

TAMELY RAMIFIED EXTENSIONS OF HENSELIAN FIELDS 

RON BROWN1 

Let F be a Henselian field; that is, a valued field whose valuation 
extends uniquely to any algebraic extension of F [8, p. 175]. Denote 
the residue class field, value group, and maximal ideal of the valuation 
ring of F by kF, TF and MF, respectively (and similarly for other valued 
fields). Recall that a finite algebraic extension KIF is tamely ramified 
[1, pp. 67-68] if kKlkF is separable, (rK : TF) is not divisible by the 
characteristic of fcF, and 

(1) [K:F] = [kK:kF](rK-.rF). 

Now let k be a finite separable extension of kF and T be an ordered 
group containing TF with (r : TF) finite and not divisible by the char­
acteristic of kF. A field extension KIF is a (k, T)-extension when FK 

— r , kK is fcF-isomorphic to fc, and (1) holds. We construct a bijection 
from the set of F-isomorphism classes of (k, T)-extensions to the set of 
orbits of kx ® r/TF (tensor product as abelian groups; kx denotes the 
multiplicative group of nonzero elements of k) under the action of the 
group g of fcF-automorphisms of k (§1). We next show (§ 2) how the 
orbit of a (fc, T)-extension determines the automorphism group of the 
extension, considered as a group extension of Hom(I7TF, kx) by the 
stabilizer in g of an element of the orbit. A four term exact sequence 
describes which such group extensions are the Galois groups of 
(fc, r)-extensions, and which Galois groups of (k, r)-extensions split as 
group extensions. This section has a considerable overlap with [10, 
pp. 70-73]. Under some restrictions on F (which hold for certain 
"ultracomplete fields" [3, 5] ) we characterize the abelian tame ex­
tensions and count, for example, the number of normal (fc, T)-extensions 
(§3). Under additional restrictions on F (which hold for non Archi­
medean local fields), we show how the orbit of a normal (fc, ^-exten­
sion determines the structure of its norm factor group, as a group exten­
sion of kF

x/kF
xe by r F / /T F (e and f denote the ramification index 

and residue class degree, respectively) (§ 4). For abelian extensions, 
this allows us to show that the norm factor group and Galois group 
are isomorphic as group extensions; the isomorphisms we construct in 
an elementary way can also be obtained for local fields from the prop-
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erties of the norm residue symbol of local class field theory. Finally 
(§ 5), we compute the structure of the "multiplicative congruence 
group" Kx/1 -I- MK of a (k, r)-extension KJF (again, as a certain group 
extension). This leads to a new proof of the basic bijection of § 1 using 
the A-functor of [4]. The close connection of orbits with the "sig­
natures" of [2] is also observed. 

The cardinality of a set A is denoted by \A\. Z denotes the set of 
rational integers. 

1. Orbits. Let v denote the valuation on F; we also denote by v its 
unique extension to the algebraic closure of F. Let g denote the auto­
morphism group of the extension klkF) i.e., the group of automorphisms 
of k which leave kF fixed, g acts on kx ® T/rF in the obvious way; the 
orbit of an element of kx ® I7TF is the set of its images under the ele­
ments of g. 

Let us fix once and for all a set A C F which v maps bijectively to 
r F (i.e., a system of representatives for TF). Fix a subset yx, • • -,yt 

of r mapping bijectively to a basis for T/rF. Let e{ denote the order 
of yi + r F (i § t). Let a{ denote the element of A with v(a^) = 
-em (i^t). 

Now let KIF be a (k, I>extension. Pick b{ G K with vfa) = 
yi (i ^ t). Set 

<*K = S faV' + MK) ® 7i + rF (G fcK
x ® r/rF). 

1.1 NOTE. aK is independent of the choice of b{. 

PROOF. If v(b{ ') = yi? then because efoi -h TF) = 0, 

(aibf* + MK ® 7i + rpXoibi'« + MK ® y< + r F ) - ! 

= (foi/V + MK)*. ® r i + rF 

= 1 ® 0 . 

Any fcF-isomorphism of kK into fc carries aK into an element of 
kx ® r / r F . Any two such isomorphisms differ by an automorphism in 
g, so the orbit of this element is uniquely determined. We call it the 
orbit of the extension KJF. 

1.2 THEOREM. Assigning to each (k,T)-extension its orbit induces 
a bijection from the set of F-isomorphism classes of(kf T)-extensions to 
the set of orbits of elements ofkx ® T/rF. 

We will prove 1.2 in this section using standard techniques on Hen-
selian fields. A different insight is provided by the proof of 1.2 that we 
sketch in Remark 5.2 A. For some related results and special cases of 
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1.2, see [12, pp. 240-241] and [13]. 
Isomorphic (fc, r)-extensions of F clearly have the same orbit. That 

each orbit (of an element) of kx ® T/rF is the orbit of one and only one 
F-isomorphism class of (fc, T)-extensions follows from Lemmas 1.4 and 
1.5 below (respectively). The notation of Lemma 1.4 will be used in 
later sections. 

1.3 NOTE. Since the y{ map to a basis of T/rF, every element of 
kx ® r / r F can be written in the form J ) a* ® y{ + TF (a* G fcx). We 
have a g-module isomorphism 

£ ça ® yi + rF -+ n <*kxei 

from kx ® r / r F onto J J ^ kxlkXCi. The reader who wishes to generalize 
the results of this section to tamely ramified algebraic (k, T)-extensions 
of infinite degree (but with T/rF admitting an infinite basis {y{ + 
r F : i G /}) should replace kx ® T/rF byJ[ iG lk

xlkxe i . 

1.4 LEMMA. Let a = ]? a» ® y{ + TF (a* G fcx). Let E be an un-

ramified extension of F admitting a kF-isomorphism pfrom kE onto k. 
Let Ci be a unit of E with fifa + ME) = a* (t ^ t). Let b{ be an e-th 
root of c J ai (in an algebraic closure of E). Then K = E[bY, • • -, bt] 
is a (fc, T)-extension of F with fi(aK) = a. (Indeed, kE = kK and 
li(aibiei + MK) = oti for alii = t) 

The proof of 1.4 is immediate. 

1.5 LEMMA. Let K and K' be (k9 T)-extensions of F. Suppose there 
is a kf-isomorphism a : kK —» kKt with a(aK) = ctK<. Then a is in­
duced by an F-isomorphism from Kto K'. 

PROOF. We may suppose K is the field of Lemma 1.4. a is in­
duced by an F-isomorphism <r0 of E into K'. (A standard argument. 
£ = F [ ß] where ß is a unit whose residue class generates the exten­
sion kElkF. By Hensel's lemma [8, Theorem 4, p. 185], the irreduc­
ible polynomial of ß over F has a zero in K', call it ß', whose resi­
due class is a(ß + ME). It now suffices to map ß to ß''.) Note that 
for all i ë t, a{x

ei — c{ is irreducible over E[blyb2, ' * *, bi_l] (an ex­
tension by a zero would have ramification index at least e{). It suffices 
to show that a^cjai) has an ^th root in K' for all i ê t (for then a0 

extends to an isomorphism K —> K ' ). So fix i ^ t. Let v(b{ ' ) = y{ where 
bi G K ' . Sincea(aK) = aKf, 

<r(ci + MK)l(aibi"> + MK,)Gkp 
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(cf. Note 1.3). By Hensel's lemma [8, p. 185], 1 + MK, C {K')xc\ 
Hence 

aoicjoi) G h'« U% (1 + MK,) C (K')xc ' . 

(Here, UK, denotes the set of units of K'.) 

2. Automorphisms of (k, T)-extensions. Let« G kx ® TITF. LetJ>(a) 
= {a G g : a (a) = a} ; <£(a) is the stabilizer of a in g. ^(a) acts on 
Hom(r/TF, fcx) in a canonical way (namely, composition of functions). 
Let KIF be a (fc, T)-extension with orbit generated by a. We now 
compute the automorphism group G = GK of the extension K/F as a 
group extension of Hom(I7TF, fcx) by <S(a) (with the above canonical 
action of <£(<x) on Hom(I7TF, kx)). (For factor sets and group exten­
sions see [1, pp. 108-117] or [7, pp. 108-112].) 

We adopt the notation of Lemma 1.4; we can do this without loss 
of generality by Theorem 1.2. The isomorphism fx of Lemma 1.4 will 
be treated as an identification of k and kK. 

Let €j denote the number of ^th roots of unity in k (i=t). Thus k 
(and hence K) has a primitive Cjth root of unity. 

2.1 PROPOSITION. We have an exact sequence 

(2) 1 -* Hom(r/rF , Jfc*) -4 GK -4 S(a) -» 1. 

ffere, ô ' assigns to each element of GK the induced automorphism 
of k. 8 assigns to each f G Hom(r/rF , kx) the unique a G k e r ô ' 
with f(v(a) + r F ) = <r(a)la + MK (a G Kx). Moreover, the action of 
<S(a) on Hom(r/TF, fcx) induced by the group extension (2) is the 
natural one. 

PROOF. By Note 1.1, 8' maps into <S(a); Lemma 1.5 says that 8' 
is surjective. When KIF is normal then klkF is normal and the se­
quence 

(3) 1 -+ Hom(I7TF, fcx) -+ GK -* g -* 1 

is well known to be exact (cf. [I l , pp. 67-78] or argue as in [1, 
p. 76]). Set L = £ [ V s V 2

5 ' * '^tl] (notation as in Lemma 1.4). 
K is the splitting field of Hi*tX

€i — b^ over L, so KJL is normal. Hence 
L D KG, so r L = r F + 2«*t Ze.7< 3 I^c D r F . But for each / G 
Hom(r/rF , fcx), / maps yt + TF into an e^h root of unity (t ^ J). 
Hence / kills rKc]TF. Consequently we can identify Hom(r/TF, kx) 
with Hom(r/TKG3 k

x). We then deduce the exactness of (2) from the 
exactness of (3) in the case F = KP. 
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For each a G <£(a) pick a "coset representative" u„ G ô'_1(cr). 
For any r G ker 8 ', let £ = 8" '(*r). For any y = ü(a) + r F E. I7TF we 
have 

/ «,«.-i.(y) = uaTUa-\a)la + MK 

= a(r{ua-\d))K-\a) + MK) 

= <r(fr(v)) 

so ^(a) acts on Hom(I7rF, fcx) by composition. The proposition is 
proved. 

We can now prove a known condition for normality [10, p. 71, 
Theorem 7] by an easy counting argument. 

Let e denote the characteristic exponent of T/rF; so e is the least 
common multiple of the e{. Note that e is not necessarily the ramifica­
tion index. 

2.2 COROLLARY. KIF is normal if and only if klkF is normal, 
a is invariant under g, and k has a primitive eih root of unity. 

PROOF. Clearly, \S(a)\ ^ |g| ^ [k : kF] and |Hom(r/rF , fc*)| ^ 
(r : r F ) . Equality holds everywhere above if and only if \GK\ = 
[K: F] (Proposition 2.1 and display (1)), i.e., KJF is normal. 

2.3 REMARK. We can read off from (2) the degree, residue class 
degree, and ramification index of KIKP. Also it is easy to see that 

rKc = r F + 2 i s t Zet7». 
We now show how a determines a factor set for the group exten­

sion (2). Write a = 2*st ai®yi + TF (a, G kx). For each a G <£(*) 
and i ^ t, a(oi)oti~l has an efth root in kx (since o^a^Oj-1 ® y{ + TF 

= 1 ® 0); pick one and denote it by cQti. Define 

c = cff)T : S(a) X £(a) -* Hom(r/TF, fcx) 

by 

%* (yi + rF) = ca>«a ( c ^ ) ^ - 1 (* = *)• 

2.4 PROPOSITION, c is a factor set for the group extension (2). 

PROOF. For each a G <£(a) pick a representative i^ G 8 ' _ 1 (a) ; 
let g ^ be the associated factor set for the group extension (2). Since 
v(bi) = y» (t ^ £) (notation of 1.4), we have 

&,(* + rF) = for'w^) + MK 

= oribr^-M + MK/fcrH«̂ )-1 )̂ + MK) 
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= (bjujbi) + MdKbJuUribc1) + MK) 

= (u^lb^iu^lb^bJuUbi)) + MK 

where, for each a G £(a) and i ^ t, we set d^ = ujjb^jlbi + MK. Since 

4 3 = 14,(0*6* ' )/Oifer + MK = o-(oi)/ai = < i , 

there exist ^th roots of unity £^ G fcx withc^ = 4^ d^i (t = t,<rŒJ>(a)). 
Now define £,G Hom(r/TF,fcx) ( ( r £ i ( a ) ) by setting £,(?* + I » 
= £^ for all i^ t. Then c(rT= g^^oO"^)^. Thus c is a factor set 
cohomologous to g^. Proposition 2.4 is proved. 

The differences between the above calculation of GK and the cal­
culations of [10, pp. 71-72] (at least in the normal case) arise from 
our desire to compute GK entirely in terms of a, k, kF, T and TF. 

We now suppose klkF is normal and k has a primitive £th root of 
unity. By Corollary 2.2, the normal (k, r)-extensions are those whose 
orbit consists of a single element of (kx ® T/rF)g (the set of elements 
invariant under g). In the next proposition we calculate when the 
sequence (2) splits and identify those group extensions of Hom(I7TF, kx) 
by g which are the Galois groups of normal (k, T)-extensions (compare 
with [ 10, Theorem 8, p. 73] ). 

2.5 PROPOSITION. With the above hypotheses we have an exact 
sequence 

kF* ® r / r F *+ (fcx <g> r/rF)* n> H2(g, Hom(r/rF , k*)) 

Here, g acts on Hom(i7TF, kx) and ©i<*fcx in the obvious way. <p is 
inducedbytheinclusionkp —» k. <p' assigns to each element ofkx ® r/TF 

the Galois group (considered as a group extension) of the correspond­
ing (k, T)-extension (cf. 2.1). <p" is induced by the map taking each 
f G Hom(I7TF, kx) to e^e / f r i + r F ) G ®^tk\ 

PROOF. One checks directly that <p' is a group homomorphism; 
suppose a is in its kernel. Let KIF be the (k, T)-extension with orbit 
{a}. Then GK has a subgroup H mapping bijectively to g. KIKH is 
unramified of degree [k : kF], so KHIF is totally ramified with value 
group T. Hence there exist b{ G KH with v(b{) = y* (t ^i t). But then 
afâ1 + MKGkF (t ^ *) so a is in the image of fcF

x ® I7TF (cf. Note 
1.1). Conversely, suppose a = ^ <% ® y* -f TF G fcx ® T/TF where 
each a* G kF. We use the notation of Lemma 1.4; we may suppose 



EXTENSIONS OF HENSELIAN FIELDS 549 

Ci G F for all i = t. Thus K is an unramified extension of F[bly • • -,bt] 
with residue class field extension klkF. The Galois group of 
KIF[bh • • -,bt] maps bijectively to g, so the exact sequence (2) 
splits. This proves exactness at (kx ® TirFy. 

One easily checks that <p'V ' = 0- (In the notation of 2.4, c maps to 
the coboundary of the 1-cochain taking each a G g to © ^ ca>i.) Now 
suppose 1\T : g X g -» Hom(r/rF , fcx) is a factor set whose cohomology 
class is killed by <p"'. Then there exist d^ G fcx with 

^ ( r i + rF) = 4,i v(dT>ùdar,i 
( a £ g , i â t). (Take © ^ d^ to be any 1-cochain in ©i^fcx whose co-
boundary is <p"(haT).) Since ^ ( ^ i + TF)ei = 1 for each i ^ £, {dj^ : a 
G g} is a solution to Noether's equations. Hence there exist [1, p. 118, 
Lemma] <% G kx with dj} = aia^oti'1 for all a G g, i ^ f. But then 
2 «i ® y» + r F is in (fcx ® r/TF)g and maps to the cohomology class of 

3. Applications to ultracomplete fields. We assume in this section 
that F is a Henselian field whose residue class field kF is either 
locally finite, real closed, or algebraically closed. Among such valued 
fields are those fields ultracomplete at a Harrison prime [5] or an 
extended prime spot [3]. 

The next proposition generalizes [ 12, p. 242]. 

3.1 PROPOSITION. A finite dimensional tamely ramified extension 
KIF is abelian if and only ifkF has a primitive eth root of unity, where 
e is the characteristic exponent ofTK[TF. 

The reader will find it easy to generalize 3.1 to extensions of infinite 
dimension. 

PROOF. We may suppose that KIF is a (fc, r)-extension. First 
suppose KIF is abelian. Then fc has a primitive eth root of unity 
(Corollary 2.2) which must indeed lie in fcF since g acts trivially on 
Hom(r/rF , fcx) (cf. Proposition 2.4). Now suppose fcF has a primitive 
eth root of unity. Then g acts trivially on Hom(I7TF, fcx). Also g is 
cyclic, and hence the extension (2) admits a symmetric factor set. 
Thus GK is abelian. To show KIF is normal, it suffices to show that 
g acts trivially on fcx ® T/rF (Corollary 2.2). This is obvious if fc is of 
characteristic zero (for then fcx <S> T/rF or g is trivial). So suppose fc is 
locally finite. Let ß G fcx, y G I7TF, and a G g. Let P = |fc0 [£] | where 
fco is the prime subfield of fc and f is a primitive eth root of unity. For 
some integer i, a(ß) = ßpi (every conjugate of ß over fcF is a con­
jugate of ß over fc0[£], and hence has the above form). But e | p{ — 1. 
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Hence <r(ß ® y)(ß ® y)~l = ßpi~l ® y = 1 ® 0. Thus every ß ® -y is 
invariant under g. The proposition is proved. 

For the remainder of this section we assume k has a primitive eth 
root of unity, e the characteristic exponent of I7TF. We now count the 
number of normal (k, T)-extensions. Since klkF is normal, this 
amounts to computing |(fcx® 171»«| (Theorem 1.2 and Corollary 2.2). 

3.2 PROPOSITION. Suppose k is locally finite. Then (kx ® I7 I» g and 
kF

x ® r/TF are isomorphic as groups. 

The above proposition can be extended (trivially) to include the 
case that kF is real or algebraically closed by replacing kF

x ® I7TF 

above by iVgfc
x ® T/I» 

LEMMA. Le£ a,b E.kx (hypotheses as in 3.2). There exists a finite 
subfield kx of k and a generator & of g such that (i) &! contains a, h, 
and all eth roots of unity, (ii) a(c) = cp + 1 for all c G kÌ9 where p = 
|fcjx Pi kF\,and(iii)Ng(c) = cp/p for aile G kly where P = IVI-

PROOF. Write fc = &F[d]. Let fcx be any finite subfield of k contain­
ing a, b, d and the eth roots of unity. Each element of g is determined 
by its action on d\ hence the restriction of any generator of g to kx has 
fixed fields kY D kF and order |g|. Hence the restriction map from g 
to the Galois group of kjkì D kF is bijective. The lemma can now be 
checked. 

PROOF OF 3.2. Let s be the number of eth roots of unity in kF; thus 
kF

xe = kF
xs (this follows from the special case when fcF

x is finite and 
hence cyclic). We first show (kxlkxeY and kF

xlkF
xe are both isomor­

phic to kxlkxs. The norm map Ng : k —» kF is surjective, so Ng(k
xs) = 

kF
xs = kF

xe. On the other hand, if Ng(a) G kF
xe (a G kx), then Ng(a) 

= Ng(b
e) for some b G fcx. Hence (notation as in the Lemma) afo~e = 

cp for some c G k. But then a = becp G fcx* (for, 5 = (3, p)). Thus Ng 

induces an isomorphism kxlkxs —» kF
xlkF

xe. Now consider the map 
(p:Kx^> kxlkxe with <p(a) = aelskxe(a G fcx). Clearly, (p(kxs) = 1. On 
the other hand if aels = be for some a, fo G fcx, then (with notation as 
in the Lemma) ap/s = bp = 1, so a G fcx*. (After all, k^ is cyclic of 
order P.) Hence kxs is the kernel of <p. We compute the image. For 
any a G kx and a as in the Lemma, 

<r(<p(a)) = (aels)p + lkxe = a^fcx* = <p(a) 

(since 5 I p). Hence <p maps into (kxlkxe)g. Now suppose a/cxe G 
(kxlkxeyt. Then (r(a)a-1 = ap = ce for some c £ h Ng(c) = cp/^ is 
an eth root of unity in kF, and hence an sth root of unity. But then 
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aPi(eis) = ap(Psive) = (cPivy - i ( n o t e that pe \ Ps). Hence a G kxels. 
Thus afcxe is in the image of <p. We conclude that (kxlkxe)g is isomor­
phic to kF

xlkF
xe. The proposition now follows from the isomorphic of 

Note 1.3, noting that the above argument works when e is replaced by 
any eh i ^ t. 

3.3 COROLLARY. Suppose kF is finite and has a primitive eth root 
of unity. Then there are exactly (T : TF) isomorphism classes of 
(fc, Vyextensions ofF. 

3.4 COROLLARY. Suppose k is finite and has a primitive eth root of 
unity. Then there are exactly 11^* s{ normal (fc, T)-extensions of F (up 
to F-isomorphism), where s{ is the number of e{th roots of unity in kF. 

We give an alternate proof of the second corollary. If kF is finite, the 
map fcx® r/TF ^Hom(r / r F , f cx) taking *Zfa®yi + Tp to / G 
Hom(I7TF,fcx) where f(yi + I » = ßf^ (i^t,P=\kx\) is a g-
module isomorphism. Hence it maps (fcx ® T/rF)g to Hom(I7rF, fcF

x), 
which clearly has 11^ elements. 

3.5 REMARKS. Assume kF is finite. For simplicity we will also assume 
that TfTp is cylcic of order e (so we take t = 1). Let P = |fcx| and 
p = |fcF

x|. We list the orders of the groups in the exact sequence of 
Proposition 2.5. First note that H2(g, ©i=gtfc

x) is trivial (it will always 
be trivial when Ng : k —» kF is surjective and g is cyclic). The number 
of normal (k, T)-extensions is |(fcx ® I7TF)g| = (e, p). The number of 
these with split Galois groups is |<p(fcFx ® r/TF) | = e(e, Plp)~l. The 
number of "Galois groups" of (fc, T)-extensions is 

|H2(g, Hom(r/rF , k*))\ = (e, p)(e, Plp)le. 

We thank Joel Schneider for pointing out to us that Burnside's 
lemma [6, p. 136] implies that the number of F-isomorphism classes 
of (fc, T)-extensions is 

(i//) s (e,p,(p + iy-i) 
0=ii</ 

w h e r e / = [k : fcF]. 

4. Local fields. We now assume that F is a Henselian field with 
kp finite and TF infinite cyclic (e.g. a nonArchimedian local field) and 
that KJF is a normal (fc, r)-extension. Let e = (T : TF) and / = 
[fc : fcF]. Let 7TK and TTF be prime elements of K and F, respectively; 
we can (and do) assume that irK

e lies in the maximal unramified sub-
extension E of KIF (cf. Lemma 1.4). We will identify the orbit of 
KIF with akxe where a = 7rK%F_1 + MK. (Recall that the orbit is a 
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singleton (Corollary 2.2) and that kx ® T/rF may be identified with 
Mk™ (Note 1.3).) 

Let N = IVK/F : K —» F and Ng:k-^> kF be the norm maps. We 
may also regard NKiF as a map fc —» fcF. 

4.1 LEMMA. We have an exact sequence 

(4) 1 - • kF
xlkF

xe^> FXINKX ^> r F / /T F -* 0 

where v\ is induced by the inclusion UF —» F x and 17 ' fot/ ffte valuation. 
(UF denotes the group of units ofF.) 

PROOF. We first show 1 + MF C NKX. Let a G MF. By Hensel's 
lemma there exists b G MF with 1 H- a = (1 + b)e. There exists 
ß G UE with kK = &F[/3 + MF] . The irreducible polynomial ft of 
ß over F has degree / , so NE/F(ß) = (—iyft(0). The polynomial 
h* = h + b h(0) is congruent to ft modulo MF and hence by Hensel's 
lemma has a zero ß* in E. Then 

1 + a = 2 W 1 + &) = NKIENEIF(ß*lß) G N K \ 

The lemma now follows from the exactness of 

UF -* FXINKX^> I7[K : F] TF -> 0 

and the fact that Nkx = fcF
xe (since Ng is surjective and \GK\ = e\g\). 

4.2 NOTE. If no restriction is put on kF and TF (but K is still a normal 
(fc, r)-extension of a Henselian field F), then the above argument 
gives an exact sequence 

1 - • kF
xl(Ngk

x)e-+ FXINKX~* rFl[K : F] T -* 0. 

We now show how a determines a factor set for the group extension 
(4). Set p = V(TTF) + jTp. Let ft(ip,» be 1 if i' + j<f and 
Ng(a)~lkF

xe otherwise. Here i,j G {0,1, • • • , / — 1}, so ft maps 
r F / /T F X TplfTp into kF

xlkF
xe. 

4.3. PROPOSITION, ft is the factor set for the group extension (4) asso­
ciated with the system of representatives ( — npN^)1 ( 0 ^ i < f) in 
FxINKxforTFIJTF. 

PROOF. Let h' be the factor set associated with the above system 
of representatives. h'(ip,jp) is 1 if i+j<f and r)-l(( — 7TKYNKx) 
otherwise. Since nK

e G E, NK,E(TTK) = (-l)e + i7TK
e. For each r G g 

pick a representative uT G GK. Then 
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Ng(a)-1 = TUejtriirmtL-) + MK 

= nTegUT(-7rF2VK/E(-flK-1)) + MK 

= (-ITFYNKIA-"*-1) ev-^-VFYNK*). 

Hence h = h'. 

For the remainder of this section we suppose that K/F is abelian. 
We will construct (e,f) isomorphisms of the group extensions (2) 
and (4); when F is a local field one of these is (induced by) the recip­
rocity map of local class field theory (cf. Remark 4.6). 

Let p = \kF | (this is not the use of "p" in § 3). Let cr G g be the 
Frobenius automorphism. Thus \k\ = pf, e \p — 1 (Proposition 3.1), 
and for /3 G fc*f a(/3) = ß* and NgQ3) = ß<Pf-w<*-». 

4.4 NOTE. There are exactly (e,f) elements u in GK with w map­
ping to a G g and uf(irK)hK + MK = a{pf~l)le. Note 4.4 will be 
proved along with, 

4.5 THEOREM. Lef u Œ GK be as in Note 4.4. We 7tat>e an isomor­
phism of group extensions (cf. (2) and (4) above) 

l-»fcFx/fcFx« ^>FXINK* X TFlfTF ^ 0 

(5) Je J*. Jo" 
1 - • Hom(r/rF , fc x) -* GK - • g -> 1 

where 
(i) 0(/3fcF

x<?)(t^K) + r F ) = /BU-*»" (0 G *F*)> 
(ii) ef,(t?(irF) + /TF) = a, 

(iii) ©tt(-7TFNK*) = t*. 

Note that © and ©" are independent of u and are uniquely deter­
mined by (i) and (ii) above since V(TTK) + TF and v(irF) + fTF generate 
rK/TF and rF / /TF , respectively). 0U is uniquely determined by the 
conditions (i) and (iii) (every element of F x is the product of a unit in 
F with a power of TTF). 

We now prove 4.4 and 4.5. 
First note that we have (unique) isomorphisms 6 and ©" satisfying 

(i) and (ii). For @", it suffices to note that both TFlfTF and g are 
cyclic of order f That (i) defines an isomorphism is immediate from 
the fact that the map ßkF

xe -»/S0*-1^ is a bijection from kF
xlkF

xe 

to the eth roots of unity. (After all, fcF
x is cyclic of order p — 1 and 

e\p-l.) 
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Now let c be the factor set of Proposition 2.4 for the group extension 
(2), where we take t = 1 and caiti = a^~l)le for 0 ̂  i < / . We claim 
tha t6 and©" carry h into c (cf. Proposition 4.3); that is, 

(6) e(/i(©"~ V X © " - V ) ) ) = c(<7f, a') 

for i,j G {0,1, • • *,/— 1}. If i + j <f, one checks that c is trivial and 
hence equal to h. Suppose i + j = f. Then at V(TTK) + TF the value of 
c^a', a->) is 

a{pi~l)le(a W'V^yUa(pi+j~f-Vie \-1 

= ( ( « ( p - D / e ) ^ - 1 ) ^ - 1 ) )pi+J~f 

= Ng(a^-1)le) = /*(©"" V0 ,@"~V) ) ( 1 ~ p ) / * 

which is the value of the left hand side of (6) at v(irK) + TF. The claim 
is proved. Consequently, there must exist an isomorphism © ': FXINKX 

—» GK inducing © and ©". Such a map © ' is determined by its value u 
on —7TFNKX. Such an element u must map to a and have 8~l(uf) 
(v(7TK) + rF) = N(a)(p~l)le (since its powers give a set of coset repre­
sentatives in GK for g giving rise to the factor set c), whence I/(7TKVK_1 

+ MK = a!1*! ~l)le. Conversely, any such u Œ GK determines an iso­
morphism ©u making (5) commute. We leave to the interested reader 
the task of checking that there are exactly (e,f) such u G GK. 

4.6 REMARK. The isomorphisms ©u of the above proposition are pre­
cisely those isomorphisms from FXINKX to GK which, with © and ©", 
give an isomorphism of the group extensions (2) and (4). We now 
assume F is a local field and show that the reciprocity map (, KIF) is 
such an isomorphism [1, 9]. First, (, KIF) does induce an isomor­
phism of the group extensions (2) and (4) and also induces ©" [9, p. 
205]. Now let dbe a unit of F. There exists a unit d'ofE with NE / F(d') 
= d. (As usual, E is the inertia field of KIF.) Then [9, p. 205] 

(d, KIF)(7TK)TTK-1 + MK = (d\ KIE){rrKW-1 + MK 

which by [9; Proposition 6, p. 215, and Corollary, p. 217] equals 

d'd-pf)/e + MK = (d + MKyi-^e. 

Hence ( , KIF) also induces©. 
It would be interesting to have an elementary description of the 

automorphism UELGK that has @M = (, KIF). Of course if (e,f) = 1 
then u is uniquely determined and ©u = (, KIF). 
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5. Multiplicative congruence. We return in this section to the nota­
tion and situation of § 1; we assume nothing beyond Note 1.1. Note 
that the map YF : TF X TF —> kx given by YF(y, y ') = ayOy, a~^ + MF 

is a factor set for the group extension 

(7) l ->fc F x-»Fx/ l + M F - » r F - + 0 

(here, Oy denotes the unique element of A of value y). We now show 
how the orbit of a (k, T)-extension KJF determines the structure of 
Kx/1 + MK as an extension of fcx by T. 

Let a1? • • ,(% Œkx. We define a map Y : T X r —> fcx 

depending on the cç. For each 1 § f § f, let 1̂  = TF + X/g^Xr 
Thus r 0 - r F and I \ = T. For y ,y ' G TF, set Y(y,y ') = YF(y,y')• 
Suppose inductively that Y has been defined on T ^ ! X I V 2. Then for 
any y, y ' G T ^ and r, r ' G {0,1, • • -, e* - 1}, we set Y(y + ryh y ' + 
r 'yi) equal to Y(y, y ') if r + r ' < e{ and equal to 

atfiy,y')IY(~etyi9y + y' -h é?î7i) 

ifr-f r ' è ^ . 
In the next proposition K/F is a (fc, r)-extension with orbit gener­

ated by 2] Oj ® yi + r F . Thus there is a /^-isomorphism T :kK -+ k 
and elements ^ G K with (t>(foj) = yi and) T(aibi

ei + MK) = cç, l â i 
S t . 

5.1 PROPOSITION. Y is the factor set for 

1 - • fcxT-^ Kx/1 + MK -^ r -* 0 

associated with the system of representatives 

(8) flW« * ' • W* (1+MK) (a GA,0 g i, < ep 1 S ; S t) 

in Kx/1 + MK /or T. 

PROOF. Let Y ' be the factor set associated with (8). Y and Y ' agree 
on r F X rF ; suppose they agree on Ti_l X Fi_l where i ^ t . For 
y G r , let Oy be the corresponding element of the form (8). Then if 
y, y' G Y{_Y and r, r' G {0, 1, • • -, e{ - 1} and r + r' i^ eiy we have 

Y'(y+ry„r' + r'y<) 

= (ayOy^ylyfa^^b^lay^f^e.y.a^a.^y.Xl + MK) 

= Y(y + ryi? y ' + r'7i). 

The case when r + r ' < e{ is similar, but easier. 
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5.2 REMARKS. A. We sketch a new proof of Theorem 1.2 using [4]. 
Recall that A F = BFlbF where BF is the ring of formal series 2^yerF 

cyP G <S(F, r F , 1) (cf. [4] or [10, pp. 22-24] ) with v(cy) è y for all 
y G rF ? and where bp is the ideal of all ^ cyP G BF with ü(cy) > y 
for all y G r F . A F is a valued field with valuation ^ cyP + foF —» 
inf{y : t;(cy) = y}. A is a functor inducing a bisection between the 
isomorphism classes of (k, T)-extensions of F and A F [4, proof of 
Theorem 1]. 

The set A induces an isomorphism of valued fields aA from A F 
to ^(fcF ,rF ,YF); Yy^rFCyP + bp is carried to S y G ^ K " 1 ^ + MFP 
[4, Proposition]. A also induces a system of representatives in A F 
for r F , namely A' = {at?(a) + bF : a G A}. One easily verifies that 
the orbit of a (fc, T)-extension K/F is also the orbit of AK/AF, pro­
vided that orbits of (k, r)-extensions of A F are defined with respect 
to A'. 

Now suppose aÌ7 • • •, a% E kx; we do not assume ^ cç <8> y{ + TF 

is the orbit of a (fc, T)-extension of F. One can check directly that the 
map Y (defined before Proposition 5.1) is a factor set. Y restricts on 
r F X r F to YF, so we may regard <£ = <S(k9 T, Y) as a (fc, T)-extension of 
A F (use the embedding aA). Hence there exists a (k, V)-extension 
K'lF with AK7AF isomorphic to SlAF. But the orbit of SIAF 
is checked to be generated by ^ «i ® 7i + rF . Hence ^ a» ® y* -f TF 

generates the orbit of K'lF. This proves surjectivity in Theorem 1.2. 
Now suppose KIF is any (k, T)-extension with orbit generated by 
5) oti ® 7i + r F . Then by Proposition 5.1 (and [4, Proposition], ap­
plied to K), AK/AF is isomorphic to J>/AF, so K/F is isomorphic 
to K 'IF. This proves the injectivity in Theorem 1.2. 

B. We can choose the set yly • • -, yt so that for any Oj G fcx, the se­
quence ((on,yi))i^t generates a signature in the sense of [2, Definition 
(7.3)]. The factor set Y constructed above is precisely the factor set 
associated with this signature [2, pp. 480-481]. The (fc, T)-extension 
of F with orbit generated by ^ <*t ® y% + r is generated as an exten­
sion of F by a zero of the generator of this signature [2, Lemma (3.5) 
and §7]. Notice that we have, trivially, a condition for the birational 
equivalence of the generators of signatures of the above form: namely, 
the corresponding elements of fcx ® I7TF must have the same orbit 
[2, pp. 469-470,478]. 
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