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AXIAL INCOMPRESSIBLE VISCOUS FLOW PAST 
A SLENDER BODY OF REVOLUTION 

WILLIAM B. BUSH 

ABSTRACT. AS an example illustrating expansion procedures 
for the Navier-Stokes equations involving two parameters, the 
axisymmetric incompressible large Reynolds number viscous flow 
of a uniform stream past a semi-infinite slender body of revolution 
(or 'needle') is studied for the case where the radius of the body is 
much less than that of the thin boundary layer that the body 
produces and supports. 

Through the application to the Navier-Stokes equations of 
limit process (or parameter-type) expansions that are valid for 
both 8, the body thickness parameter, and A, the boundary 
layer thickness parameter, going to zero, with the ratio À/8 
going to infinity (specifically, A1+<^/8^ = 1, with Ç a positive 
constant of order unity), asymptotic solutions are obtained for 
the three distinct flow regions that span the domain from the 
body surface to the freestream. 

1. Introduction. This paper presents an analysis of the axisymmetric 
incompressible viscous flow of a uniform stream past a slender body of 
revolution for the case where the cross-sectional radius of this body is 
much less than the cross-sectional radius of the thin boundary layer 
that the body produces and supports. This subject has been studied by 
Stewartson [8], d a u e r t and Lighthill [3], and Mark [6]. Stewartson 
treats the case of flow past a cylinder (rb* = fo0*); Mark treats the case 
of flow past a paraboloid (rb* = bV2*x*y^), the case for which self-similar 
solutions exist; and Glauert and Lighthill treat the (more general) case 
of flow past a 'power-law' body (rfc* = fon*x*n, with 0 ^ n ^ 1). 

In the present paper, rather than employing the more intuitive ap
proach of the above-mentioned papers, a more formal approach is em
ployed. In this approach, through the application of limit process (or 
parameter-type) expansions (cf., e.g., Lagerstrom and Cole [4] ; Cole 
[2] ), solutions are obtained to the axisymmetric incompressible Navier-
Stokes equations of motion for high Reynolds number viscous flow past 
a slender body of revolution. Such a flow is characterized by two 
small parameters, \ and 8. The parameter \ is defined by A = R~1/2, 
where R = p%co*a*//Lt* is recognized as the Reynolds number (based 
upon the characteristic axial body length). Further, X is identified as 
the boundary layer thickness parameter. The body thickness parameter 
8 is defined by 8 = c*/a*, the ratio of the characteristic normal and 
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axial body lengths, such that the equation for the body surface takes 
the form (rfa*/a*) = 8Z(x*la*), with Z a function of order unity. (For a 
'power-law' body, c* = fon*a*n, such that 8 = fon*/a*1_n, and (rfo*/a*) = 
ô(x*/a*)n.) With 8 and k identified as the body and boundary layer 
thickness parameters, respectively, it follows that, physically, the ratio 
\I8 must be greater than or equal to order unity. For the case under 
consideration, where the boundary layer radius is taken to be sig
nificantly greater than the body radius, this ratio is greater than order 
unity. 

In the limit of both X and 8 going to zero, subject to the constraint 
that \I8 goes to infinity, it is determined that three distinct flow re
gimes span the domain from the body surface to the freestream, namely: 
an exterior inviscid region (or layer); an interior viscous region, which 
is made up of an outer viscous (or boundary) layer and an inner 
viscous (or surface) layer; and a transition viscous region (or layer), 
intermediate to these exterior and interior regions. In the papers cited 
previously, neither the exterior inviscid region nor the intermediate 
viscous region is treated; while, the interior viscous region is treated as 
a one-layer region. It should be noted, however, that the exterior 
inviscid region and the intermediate viscous region solutions do not 
play a primary role in the determination of such properties as the 
viscous stress at the body surface (skin friction). Further, in the 
previous (boundary layer) treatments of the interior viscous region, the 
two-layer character of this region is implicit in the methods of solution 
employed. Indeed, it should be emphasized that the representations 
introduced in the present analysis are motivated, in part, by the re
sults obtained in these previous analyses. It is the purpose of the more 
systematic approach of this paper to present the results within a 
framework that both clarifies the problem at hand and offers guidance 
for the solution of future problems by perturbation techniques involv
ing two parameters. 

In the analysis presented, the asymptotic solutions for the exterior, 
interior, and intermediate regions are shown to match, subject to cer
tain restrictions on the domain of validity of the analysis. Rather than 
X(= R-1-) and 8 being independent small parameters (as is initially 
implicitly assumed), it is determined that they are related by \l+Ql8® 
= 1 (and/or 8R(l+Q}l2Q = 1), where Q is a positive constant of order 
unity. Further, it is found that the 'power-law' body exponent n must 
satisfy 0 < Q/2(l + Q) = n ^ 1, and, thus, the case where the body is a 
cylinder (with n = 0) is excluded from the present analysis. 

2. The Equations of Motion. Consider the uniform axisymmetric 
flow of a fluid of constant density and viscosity (p*, JJL* = consts.) past 
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a slender body of revolution. Let x* = a*x and r* = a*r represent the 
cylindrical polar coordinates along the axis of symmetry from the 
vertex of the body and normal to this axis, respectively, with the 
characteristic axial body length a* chosen so that x is of order unity in 
the region where the interaction theory presented is valid. The 
velocity components in the x*- and redirections are w*(x*, r*) = 
Wao*w(x, r) and t>*(x*, r*) = uao*v(x, r), and the pressure is p*(x*, r*) = 
poo* + p*Uoo*2p(x, r), with Woo* and p«,*, respectively, the (constant) 
velocity in the x*-direction and pressure in the undisturbed region far 
from the body surface. 

The Navier-Stokes equations of motion governing such a flow are 

dx dr r dr r dx 

du du , dp _r 1 5 / aw \ 5% i 
u — h t> — 1 iL- = \2\ ( r ) H , 

dx dr dx L r dr \ dr I dx2 J 
(2.2a) 

dv dv dp r d / 1 d(rv) \ d2V 1 
U + V + — L - = A2 ( —^ ) + T ' 

dx dr dr L dr \ r dr I dx2 J 

(2.2b) 

Here, the parameter X is defined by 

(2.3) A = (p%œ*a*/jLL*)-^ = R-\ 
In this analysis, it is taken that R —> oo 5 and, thus, X —» 0. 

The uniform freestream and nonslip surface boundary conditions, 
respectively, for this system are 

(2.4a) u —> 1, Ü -* 0, and p —» 0 as r —» oo (0 < x0 = x); 

(2.4b) u, v -* 0 as r -+ ÔZ, with Z = ^hc(x) (0 < x0 ^ x). 

Here, x0 is the lower bound on x (to be specified). Further, 

(2.5) 8 = c*/a*, 
with c* the characteristic normal body thickness. In this analysis, it is 
taken that 6 —» 0. Although a general body shape function Z(x) of 
order unity is considered, special attention is directed to the 'power-
law' body, for which Z(x) = xn (and c* = fon%*n). 

As has been noted, it is taken that both of the parameters — Ô, the 
body thickness parameter (appearing in the boundary conditions), 
and \ , the 'effective body' (or boundary layer) thickness parameter 
(appearing in the equations of motion) — go to zero. In the present 
paper, solutions are developed for the case where the boundary layer 
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thickness is large compared to the body thickness, i.e., for 

(2.6a) T = r(X, 8) = X/8 -* oo. 

In much of what follows, however, rather than to employ the large 
parameter r, it is more convenient to employ the small parameter e, 
defined by 

(2.6b) e = e(X, 8) = log-MX, 8) = log-^A/S) -> 0 . 

In the limit of X, 8 -» 0, and r(X, 8) -» <» (and/or e(X, 8) -» 0), the 
analysis of the flowfield divides into one for an exterior inviscid region 
(or layer); an interior viscous region, which consists of an outer and an 
inner viscous layer; and an intermediate viscous region (or layer). The 
formulation for the exterior inviscid region (or layer) is presented in 
§ 3; the formulations for the outer and inner layers of the interior 
viscous region are presented in § 4; while that for the intermediate 
viscous region (or layer) is presented in § 5. It is determined that the 
parameters X and 8 are not independent, but, rather, are related by 

(2.7a) \i+Q/8Q = 1, with Q = positive const, of O(l), 

and, in turn, 

r = \lô= 8-1/<1+0) = X-W; 
(2.7b) 

e = log-KA/8) = (1 + Q)log-Hll8) = Çlog-^l/X). 

Further, based on equation (2.7), it is noted, for future reference, that 

(2.8a) X2/€™ = Ç--X2 logm(l/X) = (1/c)™ exp{-2Ç(l/€)} -> 0; 

(2.8b) 82lem = (1 + Ç)-™82log™(l/8) 

= ( l / e ) -exp{-2( l + Ç)(l/e)} -* 0. 

3. The Exterior Inviscid Region. To initiate the analysis, the ex
terior inviscid region (or layer), produced by the interaction of the 
slender 'effective body' (i.e., the combination of the actual slender body 
and the thin viscous layers adjacent to the body surface) and the uni
form external flow, is studied. 

For this exterior layer, the independent variables x and r are both of 
order unity; while, the dependent variables are taken to have the 
representations 

(3.1) u = 1 + <TU, v = aV, p = crP, 

where the inviscid perturbation parameter a is taken to be a = 
X2e —» 0. (That a = k2e is the appropriate inviscid perturbation seal-
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ing is determined only after consideration of the solutions in the in
terior viscous region.) In terms of the variables of equation (3.1), the 
equations of motion become 

,-9, d(rU) d(rV) 

dx dr 

(3.3a) 
dx \ dx dr J dx 

= k*\ljL(rJHL)+jW-l 
L r or \ dr / dxz J 

W , /TT dV , xr dV \ . dP 

(3.3b) 

+ IJ(U J^ + VJ^) + 
\ dx dr I dx \ dx dr 1 dr 

L dr \ r dr / dxz J 

The freestream boundary conditions are 

(3.4) U, V, P -> 0 as r -> oo (x fixed). 

The perturbation flow quantities U, V, and P are taken to have 
asymptotic expansions of the forms 

(3.5a) U^ (C/0 + eUl + e2U2 + • • •) + 

(3.5b) V ^ (V0 4- eVi + e2V2 + • • •) + 

(3.5c) P ^ (P0 + eP, + e2P2 + • • • ) + • • • . 

Then, the governing equations for Uk, Vk, and Pk(k = 0, 1, 2, • • •) are 

(3.6) ^M + iW = o; 
v ; dx dr 

3.7) — + — - = 0, - + — - = 0. 
dx dx dx dr 

The momentum equations, equations (3.7), yield the following: 

m M+(4> = ei,a=(^-^) = -A 
with @k functions of r (to be determined). If this flow is taken to be 
irrotational, i.e., ilk = 0, then, dSjdr = 0, and/orQk = const. The free-
stream boundary conditions yield @k = 0. Thus, the equations of mo
tion reduce to the 'small disturbance theory' equations for inviscid 
irrotational incompressible flow past a slender body of revolution (cf., 
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e.g., Ashley and Landahl [1] ; Cole [2] ), namely 

1 J_ I d°-$k \ . d2®, 

r dr 
(3.9) 

withUk=-Pk=^L,Vk= *>* 
dx dr 

As r —» 0 (x fixed), it is determined (cf. Cole [2] ) that the solutions 
for <ï>fc are of the forms 

/Qinf^-stiog(i/r)+n 
(3.10a) 

l F rf*St ,.,., 1d2(Sfc + 2T f c)1 

with S)t and T^ functions of x (to be determined). Thus, in this limit, 
Uk, Vk, and Pk are given by 
(3.10b) ,„ dT 

Uk = -Pk ~ - - ^ log(l/r) + - ^ + • • -, V, ~ Sk(l/r) + • • •• 

From equation (3.10), it follows that, as r —> 0 (x fixed), the asymptotic 
behaviors for w, v, and p are given by 

(3.11a) u - 1 + \2€ { £ e* [ - - ^ log(l/r) 

+ ^ + • • • ] + - } . 
(3.11b) v ~ A2* { S e* [ Sk(l/r) + • • • ] + • • • } , 

(3.11c) p ~ X % { 2 e * [ - ^ l o g d / r ) 

The appropriate functions Sk are determined only after the matching of 
the solutions for the outer and inner layers of the interior viscous 
region has been performed. When the functions Sk are known, the 
functions Tk are found from the solutions of equation (3.9) (cf. Cole 
[2] ). Here, it is anticipated that this matching yields S0 = 1, and that 
the resulting solution for 4>0 is that for flow past a paraboloid, namely: 

(3.12a) *0=\log{(x*+r!iy*-x}, 
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such that 

Ui> F° dx 2 (**+r*) ' 4 ' 
(3.12b) 

d$o (x2 + r2)1- + x 
0 dr 2r(x2 + r2)'* ' 

For this solution, it is found that T0 = (l/2){log(l/x) - log2}, such 
that dT0ldx = — l/2x. From the above-mentioned matching, it is 
determined that, for a 'power-law' body, Sx = (1/2) {(1 — 2n) 
log(l/x) + y], • • : 

With S0 = 1, dS0dx = 0, T0 = (l/2{log(l/x) - log 2}, dT0ldx = 
-H2x, Sj = (1/2){(1 - 2n) log(l/2) + y},dSJdx = - ( 1 - 2n)/2x, • • -, 
then, at the 'inner edge' (where r —» 0 (x fixed)) of this exterior layer, 
this exterior layer, 

(3.13a) « ~ 1 - X % { [ o" + ] 

+ «[1{(1 - 2n)log(l/*) + y}(l/r) + • • • ] + • • • } , 

(3.13b) t>~A%{[(l/r) + • • •] 

1 
•2 

(3.13c) p~rt { [ £ + •••] 

- [<i^-».og(lfr,+ . . . ] + . . . } . 

Written in terms of the outer viscous layer coordinates x, y, with 
y = r/X, equation (3.13) yields the following 'outer edge' (y —> oo (# 
fixed)) boundary conditions for the outer viscous layer: 

<m.)„~i-x* { [ £ + •••] -mW» [ ( - ^ ] 

-1-^.tog-Kiw { [ ' ' p r 2 " ) + - •] 

+ Çlog-'(l« [ ( L^ ! L ) logy+--- ] + • } . 
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(3.14b) v~te { [ ( % ) + •••] 

+ e [1{(1 - 2n) log(l/x) + y}(l/y) + • • • ] + • • •} 

= ÇX log" i ( l /X){[(%)+ •••] 

+ Çlog-Hl/X)[i{(l - 2n)log(l/x) + y}(l/y) + • • •] 

+ • • • } , 

(3.14c) P ~ X % { [ ^ + - --]-C log( l /X)[ (-4^] 

- [ ^ l o g ^ . . . ] . . - } , 

- C ' ] o g - W { [ 1 - ^ - 2 B )
+ - - ] 

+ çiog-Hi/x) [ (-1^!L) log«/ + ] + • • • }, 

for the 'distinguished limit' of 

(3.15) 6 log(iyx) = j ° g ^ = Q = const of O(l). 
iog(A/ò; 

For this 'distinguished limit' it follows that the parameters X and 8 are 
not independent; rather, they are related by 

(3.16) \Ì+QI8Q= 1. 
4. The Interior Viscous Region 

4.1. The outer viscous layer. The flow in an outer viscous (or 
boundary) layer, which is the principal contributor to the slender 
'effective body', is studied now. In this layer, the flow is taken to be 
both (1) Trandt-like', in that the spatial variables x and r, respectively, 
are of order unity and of order k = R~1/2 and (2) 'Oseen-like', in that 
the flow quantities u, v7 and p are viscous perturbations with respect 
to their freestream values. 

To formulate the problem for this outer viscous layer, then, the ap
propriate independent variables of unit order are 

(4.1) x, y = f/X; 

while, the representations for the dependent variables are taken to be 

u = 1 + eF + a F = 1 + e(F + X2F) = 1 + eF, 
(4.2) 

v = (a/X)G = XeG, p = aH = khH. 
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This representation for u is determined to be one that is consistent with 
the one introduced by Lagerstrom and Cole [4] for an 'Oseen-like' 
outer viscous layer and is sufficiently general to take into account 
matching with the exterior layer representation. The representations 
for v and p are determined to be ones that complement this represen
tation for u. In terms of these outer layer variables, the equations of 
motion become 

(4.3) Ä+i(i£Uo; 

(4.4a) 

dx dy 

dx \ dx dy I 

dH r i o / dF \ , x0 d2F 
+ \2 [ ! _ * _ / JUL) , x« d2F -I 

L u du \ y du I dx2 J ' dx ly dy \ dy 

(4.4b) 

dG
 + e (F^ + G^) 

dx \ dx dy 

+ - T - [ T - ( 1 Ì Ì S L ) + ^ T T ] -
dy L dy \ y dy / dxz J 

Consider, now, that the perturbation flow quantities F, G, and H 
have asymptotic expansions of the forms 
(4.5a) F^(F0+eFx + e2F + • • •) + A 2 ( F 0 + eF1 + • • • ) + • • -, 

(4.5b) G ^ (G() +€GX + e2G2 + • • •) + A 2 (G 0 + eG^ + • • •) + 

(4.5c) H =* (H0 + cHx + e2 / /2 + • • •) + A2(HO + * # i + • • •) + 

Then, subject to the restriction that A2/em —> 0 (cf. equation (2.8a)), the 
equations of motion for the zeroth- and first-approximations, essentially 
the Oseen equations in boundary layer form (i.e., the (so-called) defect 
boundary layer equations), are 

(4.6) 

dF0 \ dF0 

d(yF0) [ d(yG0) =Q 

dx dy 

(4-7) '--?-( y ̂ ) 7 u du \ * du I 
0, 

y dy \ dy I dx 

à / l a(yGo) \ aG0 aH0 = 0 

dy \ y dy / dx dy 

(4.8) JW+JW^ 
dx 5 j / 
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v ' y dy \* dy I dx I ° dx ° dy J ' 

(49b) A / ! % G i ) ) _ ^ _ M l 
v ; dy \ y dy I dx dy 

= [ F „ ^ + C 0 *» 
(The higher order approximations for u, i.e., F0, F1? • • -, are con
sidered in § 4.3.) 

Directly, it is seen, from equations (4.6) and (4.7), that the zeroth-
approximation has the first integrals 

(4-10) y(^y-+G°)= ro> H o = H 0 - - ^ - l o g y , 

with r 0 and H 0 functions of x (to be determined). It is taken that, as 
y - • 0 (x fixed), F0 ~ - log(l/y) - • - °° , G0 -> 0 (algebraically); 
while, as y -^ oo (x fixed), F0 —» 0 (exponentially), then, G0 ~ 
(1/t/) —> 0 (algebraically). Hence, it is taken that T0 = S0 = 1. Clearly, 
in this approximation, the pressure is constant across the layer, i.e., 
H0 = H os a function of x. 

In the limit of y —» 0 (x fixed), it is found that the asymptotic be
haviors for F0 and G0 are 

(4.11a) F . ~ - log(lft) + C„ + J - ^ i / 2 + " '. 

with C0 a function of x (to be determined). It is noted, for future 
reference, that, in this limit, 

(4.12a) 

(4.12b) 

F 0 ^ + G o - ^ -
dx dy 

dC0 1 d(C0{C0-l}) 
~ - - £ - i ° g < % ) + 2 j x + • • • . 

F0 ^ + G0 ^ 
dx dì/ 

1 rf2co , MI x X f o ^ d2Co I dC0 

2 dx2 •™-H-°^-( ?)>••• 
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The first-approximation has the first integral 

(4.13) y ( *£ + Gl ) = r, + F0G0 - ± ( JJ tF^dt ), 

with TJL = Sx a function of x (to be determined). Based, in part, on this 
first integral, it is taken that, as y —» 0 (x fixed), the asymptotic be
haviors for Fi, Giy and Hl are given by 

(4.14a) F ^ - K , log(%) + C, 

- i [ { + — -
dx dx 

}log(i/y) 

_ r d(C t - K,) + i d(C0{C0 - 3 » -,-. + 

I dx 2 dx /J ^ 

(4.14c) H 1 ~^ L iog( i ; ! / ) + ; 1 + •••. 

with Ki = rx — d(foyF0
2 dy)ldx, Cu and / x functions of x (to be 

determined). 
Collecting terms, the asymptotic behaviors for u, v, and p at the 

'inner edge' (i.e., t/ —> 0 (oc fixed)) of this outer viscous layer are given 
by 

(4.15a) u ~ 1 + e {[ - log(l/y) + C0 + • • •] 

+ e [ - K 1 l o g ( l / y ) + C 1 + •••] + • • • } , 

(4.15b) »~Xe { [ - I f ^ + - ] 

(4.15c) P - *2e {/o + 6 [ - ^ log(%) + / ! + • • • ] + • • • j , 

with/o = E 0 . 

Written in terms of the inner viscous layer coordinates, x, z, with 
z = rl8 = (klS)y, equation (4.15) yields the following 'outer edge' 
(z —> oo (x fixed)) boundary conditions for the inner viscous layer: 



538 W. B. BUSH 

(4.16a) u ~ 1 - e log(X/8) + «(log z + C0) 

- e2 log(A/8)K! + e2(K! log z + C,) + • • • 

= e { [ l o g z + (C0-KJ+ •••] + 0 ( e ) } , 

(4.16b) « - S e j - I ^ ^ + I ^ o g ^ ) ^ 2 

_ f c { [ _ j « S ^ , + . . . ] + 0 ( . ) } , 

(4.16c) p ~ \% {/o + e log(X/8) 
dx 

- ^ { [ ( f L + / . ) + - ] + °"'}-
fore log(\/ô) = 1, i.e., e = log_1(X/ô), as defined originally. 

4.2. The inner viscous layer. To complete the analysis of the in
terior viscous region, the flow in an inner viscous (or surface) layer, 
which is directly adjacent to the slender body, is studied. In this 
layer, the flow is taken to be 'Stokes-like', in that (1) the radial variable 
is scaled to be of the order of the body thickness parameter, and (2) the 
viscous effects are the dominant ones as the velocity goes to zero to 
satisfy the nonslip boundary conditions at the body surface. 

For this inner viscous layer, the appropriate tangential and normal 
independent variables of unit order are 

(4.17) x,z= r/8(= (X/8)y); 

while, the representations for the dependent variables are taken to be 

(4.18) u = ef,v = 8eg, p = k2eh. 

These forms for the variables, which are consistent with those intro
duced by Lagerstrom and Cole [4] for a 'Stokes-like' inner viscous 
layer, can be 'derived' from a consideration of the nonuniformity in 
the solutions at the 'inner edge' of the outer viscous layer. The form of 
equation (4.15a) for y —> 0 (x fixed) suggests that e log(l/t/) = O(l) 
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or y = 0((À/Ô)_ C /) , where q must be found. If it is taken that u —» 0 for 
y —> 0 (on physical grounds), then, it follows that q = 1. Such a 
'derivation' yields equation (4.16) from equation (4.15), and, in turn, 
yields the proper scalings for the dependent variables in this inner 
layer. Introduction of equations (4.17) and (4.18) into equations (2.1) 
and (2.2) produces 

(4.19) 

(4.20a) 

(4.20b) 

dx dz 

1 àf df \ , - dh 

\ J dx 6 dz 1 dx 

L Z dz \ dZ 1 dXz J 

/ r d£ dP \ dh 
Ol f —2- + a — 5 - ) + 

V ax ^ dz 1 dz 

1 dz \z dz / dx2 A 

Here, 6 = e exp(-2/e) = (1 + Q)ô2ni+Q)log-l(ll8). The boundary 
conditions to be satisfied are 

(4.21) / , g - > 0 a s z - * Z (x fixed). 

It is taken, as suggested by equation (4.16), that the perturbation flow 
quantities/, g, and h have asymptotic expansions of the forms 

(4.22a) / - ( / o + €/! + € % + • • • ) + • • • , 

(4.22b) g - (gO + 6 g l + e2g2 + • • • ) + • • • , 

(4.22c) h =* (ho + €&! + e%2 + • • •) + 

Then, subject to the restrictions that 0lem and 82lem —>• 0 (cf. equation 
(2.8b)), the equations of motion and the boundary conditions, for k = 
0,1, 2, • • -, reduce to 

(4.23) d(z/fc) + d(zgfc) = 0 

dx dz 

L(zJL)=o,-?-(m&à-)-
dZ \ dz 1 dz \Z dz 1 

fk-> gfc ~~* 0 as z —> Z (x fixed). 

= 0; (4.24) 

(4.25) 

The solutions of these equations, the Stokes equations in boundary 
layer form, are determined to be 
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(4.26a) fk= Ak(iogz-\ogZ), 

(4.26b) _ _ i dALz]fì0z + l ^ A t { I o g Z + l / 2 } 
dx ö ' 2 dx 

- 4 " ä T ( 1 / z ) ' 

(4.26c) hk=-^Hz+ *^V+Bk. 

Here, Afc and Bk are functions of x (to be determined). 
Collecting terms, the solutions for u, v, and p can be written as 

(4.27a) 

U = * 6 { [ ( 2 e M * ) (log 2 - log Z) ] + • • • } 

= e { S « f c [ A f c ( l o g a - l o g Z ) ] + • • • } , 

(4.27b) v^8e\Yek \~ I " ^ z l o g z 
k=0 

! d(A,{logZ+ J}) 
+ 2 dx ' 

l ^ Z 2 ) , 
' dx (1/Z) ] + }' 

(4.27c) p - \2e { £ e* [ - ^ log z 
fc=0 

+ ^ A | g Z ) + B f c - | + . . . | 

Written in terms of the outer viscous layer coordinates x, y, equation 
(4.27) yields the following 'inner edge" boundary conditions for the 
outer viscous layer: 

(4.28a) u - e { £ e*[Afc(log(A/8) - log(lfy) - log Z)] + • • • ) 
1 k=o •» 

= A o - e { [ A o l o g ( l / y ) + ( A o l o g Z - A , ) + • • •] 

+ e [A, log(l/y) + (A, log Z - A2) + • • • ] + • • •} 

= l + e { [ - l o g ( l / t / ) + ( A 1 - l o g Z ) + •••] 

+ e [ -A 1 l og ( l / ! / ) + ( A 2 - A 1 l o g Z ) + •••] + • • • } , 
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(4.28b) » = ta { 2 .» [ - ì-^nQogim - logd/j)) 

+ - } 

+ - } , 
(4.28c) p - X2* { 2 e* [ - ^L(log(A/8) - log(%)) 

" * {[Bo-^^] 

+ e [^MogW 

+ {B|_ ^ A M } . . . ] + . . . } , 
for Ao = l(and€ log(X/8) = 1). 

From a comparison of equation (4.15) and (4.28) it is seen that the 
outer layer-inner layer matching requires 

(4.29a) A, = C0 + log Z, A2= Cx + (C0 + log Z) log Z, • • -, 

« * » , « , - / . + ^ . , , . / l + ^ L , . . , 

(4.30) K1== AL = C0 + logZ, • • •. 

Thus, to complete the velocity problem (to the order of approximation 
considered), the functions C0 and Cx and/or Ax and A2 must be deter
mined. 
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4.3. The velocity boundary value problem. From the results of 
§ 4.1 and § 4.2, it follows that the zeroth- and first-approximation outer 
viscous layer velocity boundary value problems take the forms 

(4.31a) - —— ( y —— ) — = 0: 

y dy \ öx / ax 

(4.31b) F0 —>• 0 (exponentially) as y —> oo (x fixed), 

(4.31c) F0 ~ - log(l/y) 4- C0 + • • • as y -* 0 (x fixed); 

(432a) i ^ - ( y i ^ ) _ i Z L = rF o ^ L 
v ; y dy \ y dy I dx L dx 

Vy dy / öy J ' 

(4.32b) Fj —> 0 (exponentially) as y —» oo (x fixed), 

^ - - ( C o + logZJlogO/i,) 

+ Cx + • • • as y —» 0 (x fixed). 

Solutions of these boundary value problems are presented now 
for the case of a 'power-law' body, i.e., for Z = xn. 

Consider the transformation of independent variables from (x, y) to 
(£,£), where 

(4.33) f = x, £ = t/2/4x. 

Under this transformation, the differential equations become 

d / dF1 \ dFl dFl 

(4.32c) 

d / db\ \ 
di \ ^ di I ^ d£ " df 

(4.35) 

- [ i ( ' - { ^ + i } ) - * ( f L ) ' ] . 
The solutions of equations (4.34) and (4.35) are determined (cf. 

d a u e r t and Lighthill [3] ; Lagerstrom and Cole [4] ) to be 

(4.36) F 0 = - | E 0 ( £ ) ; 

(4.37) Fl=\(l-2n)[]og£E0(t) 

+ {log(l/{) - y}E0(Ç) - 2El(;)] 



AXIAL INCOMPRESSIBLE VISCOUS FLOW 543 

+ i[2E0(2t)-El(t) 

- Eo(C){\Eo(C) - log(l/C) 

+ e x p ( - C ) + (l + 2 y - l o g 4 ) } ] . 

The functions Eo(£) and Ei(£) introduced in these equations are de
fined by 

(4.38) E0(0 = - £ < ( - £ ) = f " (l/i/) exp( - v) dv, 

(4.39) £,(£) = r (llv)E0(v)dv. 

From these solutions, it is found that 

(4.40a) C 0 = - | { l o g £ + ( l o g 4 - y ) } , 

(4.40b) A, = - \ {(1 - 2n) log € + (log 4 - y)}; 

/xx, ^ C1 = i { l o g ^ - r ( l o g 4 - y ) } { ( l - 2 n ) l o g ^ 4 - ( l o g 4 - 7 ) } 
(4.41a) 

-\ {(3-4n) ^-+log4 }, 

(4.41b) A2 = | {(1 - 2n) log f + (log 4 - y) }2 

- Ì{ (3-4») -g-+log4-} . 
(Here, y = Euler's const. = 0.577 • • \ ) (The presence of the term con
taining log £ in equation (4.37) introduces nonuniformities for £ —» 0 
and f —» oo .) 

To complement the solutions of equations (4.36) and (4.37), it is 
determined that the normal velocity functions are 

(4.42) (4&)'/2G0 = 1 - exp(-C); 

(4.43) (4#)" 2 G, = - \ (1 - 2n)[log €{l ~ exp(-£)} + E0(£) 

- { l o g ( l / f ) - y } « p ( - C ) ] 

+ 1 [2E0(2£) + {log(l/0 + (log 4 - y)} exp(- f ) 

- E 0 ( £ ) { l + (2 + £)exp(-£)}] 

+ | [ { y - e x p ( - £ ) } { l - e x p ( - £ ) } ] -

In turn, the pressure functions are found to be 
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(4.44) Ho = / o = H 0 ; 

(4.45) H1 = / l - Ü Z ^ [ l o g ( l / £ ) - l o g | - l o g 4 ] 

+ -^r[{Eo(2£) + l o g 2 - E 0 ( m 

- ± ( l / £ ) { l - e x p ( - £ ) } * ] . 

Here, / 0 and / ! are functions of f, namely: 

/o = ßo + ^ | ; 
(4.46) 

h = B, - ^ {(1 - 2n) log f + (1 - n)(log .4 - y)}. 

Based upon the solutions obtained here for F0, G0, H0 and F l5 Gl5 

H l5 at the 'outer edge' of the outer viscous layer, it is found that 

(4.47a) u ~ \ - \ e{(l/£)exp(-£)(l + • • • ) } X 

{l + € [ ( l - n ) l o g { + A , ' + • • • ] + • • • } 

= 1 - \ e{(y2l4x)-1 exp(-f/2/4x)(l + • • •)} X 

{l + e [ 2 ( l - n ) l o g i / + A 1 + • • • ] + • • • } . 

(4.47b) v~±ke(m)ll2{[l+ •••] + e [ i y + • • • ] + • • •} 

= ke(lly){[l+ • ••] + e [ I \ + •••] + • • • } , 

(4.47c) p~\*e | S o » + e | - ( l ^ ) l o g £ + s / + . . . j + . . . j 

where 

A / = ± {(1 - 2n)log(l/£) + 1 - (log4 - (3 - 2n)y))}, 

(4.48a) , 
A4 = Ì {(3 - 4n) log(l/x) + 1 - (3 - 2n)(log4 - y)}, 

r / = i { ( l - 2 n ) l o g ( l / | ) + y } , 

(4.48b) 
r \ = ± { ( l -2n ) log ( l / x ) + y}, 
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(4.48c) H 0 ' = B o + i 

B, + ^ {(1 - 2n) log(l/£) - (log 2 - 2(1 - n)y)}, 

* o — Bo + J_ 
2x' 

— l = Bi + ~ {(1 - 2n) log(l/x) - (1 - n)(log 2 - y)}. 

From inspection of (3.13b) and/or (3.14b) and (4.48b), it follows 
directly that the exterior region-interior region matching for v is ac
complished if r 0 = S0 = 1, r , = Si = i{(l - 2n) log(l/x) + y}, • • •. 
Similarly, inspection of (3.13c) and/or (3.14c) and (4.48c) indicates that 
such matching for p is accomplished if H 0 = {1 + 2Q(n — i)}/2x 
and/or B0 = Ç)(n — ^)/x, • • •. It is noted that, based on the foregoing, 
the pressure at the 'power-law' body surface is 

(4.49) Pb^Q(l + <?)A2log-i(l/A) { [ { ^ - ^ ] + } , 

with n0 = Ç/2(l + Ç). 

This result indicates that, in order for pb to be non-negative to leading 
order of approximation, the analysis is applicable only to a 'power-law' 
body for which the exponent n satisfies 0 < n0 = Ç/2(l + Ç) § n â 1. 

From inspection of (3.13a) and/or (3.14a) and (4.48a), it is seen that 
the exterior region-interior region matching for u does not follow 
directly. It is suggested that, to accomplish this matching, it is neces
sary to consider the contributions of the terms of order \ 2 and higher 
in the outer viscous layer asymptotic representations (equation (4.5)) 
for the flow quantities. From such a consideration, it is determined 
that the governing equations for F0, G0 and Fly GY are 

(4.50a) _ i M > ) + ^ o L = o , 
dx dy 

1 a / dF0 \ dF0 dH0 d2F0 <"»> i r (^ ) 

(4.51b) 

y dy \ dy / dx dx dx2 

djyfij | djyÒJ = 0 

dx dy 

1 d ( dÊl \ dFx 

(4.51a) J Û A L + i û & U o , 
dx dy 

( ^ ) y dy \ dy I dx 

( ü f + c ^ 3 *. ^+C ). 
\ dx dx dx dlf I 

dHx d2Fx / dP0 dP0 dF0 . dF0 

dx dx- \ dx dx dx dy 
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In principle, equations (4.50) and (4.51) can be solved to determine the 
behaviors of F0, G0 and F1? Gx throughout the outer viscous layer. 
However, here, it is sufficient to determine the behaviors of F0 and 
Fx at the 'outer edge' of this layer. From inspection of the above 
equations, it is seen that these asymptotic behaviors are those that 
result from a velocity-pressure balance, namely: 

(4.52) ' . " - [ « . - - I » 

^ - [ ü ^ s W . , * . . . ] . 
With the introduction of these higher order contributions, the expres
sion for u at the 'outer edge' of the outer viscous layer becomes 

(4.53) « ~ 1 - | e{(l/£)exp(-£)(l + • • • ) } X 

{l + e [ ( l - n ) l o g £ + A / + •••] + • • • } 

-A*e { [ E o ' + • • • ] + * [ ( J ^ L ) l o g £ + H 1 ' 

= 1 - | e{(y2l4x)-1 exp(-(/2/4x)(l + • • •)} X 

{l + e [ 2 ( l - n ) l o g t / + A , + •••] + • • •} 

- A % { [ E o + • • • ] + « [ ( 1 ^ ^ y + S l 

+ - ] + . . . } + . . , 
Now, an examination of equations (3.13a) and/or (3.14a) and (4.53) re
veals that these higher order boundary layer contributions behave con
sistently with the leading order inviscid layer contributions. How
ever, a further examination of equation (4.53) reveals that this solution 
for u has a nonuniformity when \2£ exp(£) = O(l). This nonuniformity 
in the solution for u at the 'outer edge' of the interior region prevents 
direct matching of this solution with that for u at the 'inner edge' of 
the exterior region. How this matching is accomplished is discussed in 
the following section on the intermediate viscous region (or layer), 
which is introduced in order to treat the above-mentioned nonuni
formity in the interior viscous region solution. 

5. The Intermediate Viscous Region. The motivation (cf. Lee and 
Cheng [5] ) for the consideration of an intermediate viscous region 
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arises from the results of equation (4.53), which indicate that, while the 
leading order correction terms for the interior region velocity u decay 
exponentially near the 'outer edge', the higher order correction terms 
remain fixed near this 'edge'. Thus, near this 'edge', although the com
bined leading order-higher order boundary layer solution (of equation 
4.53)) has the proper behavior to match that of the inviscid layer, the 
leading order boundary layer solution (of equation (4.47a)) fails to be 
valid as a 'first approximation'. Indeed, it is seen from equation (4.53) 
that the given solution ceases to be the uniformly valid asymptotic 
solution for the interior region in a region where A2£ exp(£) = O(l). To 
treat this region, a new set of independent variables of unit order is 
defined as follows: 

s = £ = x, 

(5.1) t = A2£ exp(£) = X2(t/2/4x) exp(t/2/4x) 

= (r2l4x) exp(r2/4A2x). 

For the interior region, with x, y fixed, t = 0 ( A 2 ) —> 0; while, for the 
exterior region, with x, r fixed, t = 0(exp(l/À2))—» °° . As £—» 1, 
C —> £*> where 

{*exp({*)= (1 /A 2 ) : 

(5,a, b - •** , [ ! - ™ > 

I 1 ~ log(l/\2) + " ' }J ~> °° • 
Equation (5.2a), thus, relates the small parameter X to a new large 
parameter £*. For future reference, it is appropriate to note that 

e = Q log- ' (1 /^)=2ÇC*- 1 (1+C*- 1 loge*)"1-

In turn, it is determined that 

(5.3) £=-£* + log t ( l - £ * - ' + • • • ) - * « > , 

such that 

(5.4a) y = 2 ( # ) " 2 - 2£* " V ' ^ l + J £*"« log * + • • •), 

log y - | {log £* - (log(l/s) - log 4) + £* - ' log t + • • •}; 

(5.4b) ( l / r )= i ( l /X) ( f t ) - 1 ' 2 

- I e x p ( k * ) ( l / * ) I / 2 ( l - U * - 1 l o g * + • • • ) . 
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log(l/r) - Ì {£* + (log(l/s) - log 4) - £* - * log t + • • • }. 

Introduction of equation (5.4a) into equations (4.53) and (4.47b,c) 
yields 

(5.5a) u ~ 1 - Qt*-2exp(-t*){[(llt) + 2H0] 

+ 0(£*-Hlog £* + !))}, 
(5.5b) u ~ ÇÇH=-2exp(- |^){[(l/S)"2] + 0(£*-'(log£* + 1))}, 

(5.5c) p ~ ÇC*- 2 exp( -^ ){ [2H 0 ] + 0(fe- ' ( log{* + 1))}, 

the boundary (or matching) conditions for the flow quantities at the 
'inner edge' (defined by t —» 0, s fixed) of this intermediate layer. In a 
similar manner, introduction of equation (5.4b) into equation (3.13) 
yields the 'outer edge' (defined by t —» o° , s fixed) boundary (or match
ing) conditions 

(5.6a) u~ 1 - <?£*-2exp(-£*){[2H0] + O ^ ^ l o g E * + 1))}, 

(5.6b) v~ Ç ^ - 2 e x p ( - i a ) { [ ( l / ^ ) 1 / 2 ] + 0(£*-Klog£* + 1))}, 

(5.6c) p ~ Ç£*- 2exp(-£*){[2E 0] + O ^ - ^ o g É * + 1))}. 

From the forms that the boundary conditions of equations (5.5) and 
(5.6) take, the following asymptotic representations for the flow 
quantities in this intermediate layer are suggested: 

(5.7a) u - 1 - Ç£*"2 exp(-£*)(LV 

+ £*-1log£*L/1
+

1 + £ * - 1 I / 1
+ + •••)> 

(5.7b) t ; - Ç £ * - 2 e x p ( - i £ * ) ( V 0
 + 

+ ifc-1log£*V1+1 + £ * - % + + • • ' ) , 

(5.7c) p - Ç £ * - 2 e x p ( - £ * ) ( P 0
 + 

+ £*-1log{*P1
+

1 + £*"1P1
+ + • • • ) • 

Substitution of equations (5.1) and (5.7) into equations (2.1) and (2.2) 
yields 

(5.8) i V a 0 > J V o l = 0 i ^ l + 2 i ü o l a 0 ; . . . 
dt dt dt2 t dt 

The Solutions for the zeroth-order quantities U0
+, V0

+, and P0
 + 

satisfying the boundary conditions are determined to be 
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(5.9) U0+ = 2 H0 + (1/*), V0+ = (llsyi\ P0
+ = 2Z 0. 

The details of the work needed to obtain higher order solutions for the 
flow quantities in such an intermediate layer are not presented here. 
It is important, however, to note how the technique outlined here is 
able to treat matching problems involving decaying exponentials. 

Appendix. The Local Skin Friction Coefficient. The local skin 
friction coefficient Cy, is defined by 

or, in terms of the previously-introduced nondimensional quantities, by 

(A.lb) 

It follows from the present analysis that, for Z = xn, with 0 < 
Ç/2(l + 0 g n § l , 

CfR"2 = 2e exp(l/e) \ — (1 + e Ay + e2A2 + • • •) + • • 1 , 
(A.2a) L *" J 

with 

Ao= 1 ,A ,= - § { ( l - 2 n ) l o g * + ( l o g 4 - y ) } , 

(A.2b) A2 = \ {(1 - 2n) log x + (log 4 - y). }2 

- Î {(3-4n) g +log4 } , . 

It is noted that this expression may be rewritten as 

(A.3a) C / R t "
2 -2exp ( | y ) ( l /X)exp ( ÌX)X 

[ l - {(3 - An) g + log 4 }(1/X)2 + 0((1/X)3) ] , 

where Rx = Rx(= p*u„*x*//x*), and 

X = log{4 exp(-y)T2x1-2"} 

(A.3b) = 2(l/e) + {(1 - 2n) log* + (log 4 - y)} 

= 2 { ( l / e ) - A 1 } . 
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Essentially this expression is presented by Glauert and Lighthill [3], 
Wu and Wu [9], and Mark [7]. 
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