
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 7, Number 4, Summer 1977 

UNIFORM FINITE GENERATION OF LIE GROUPS 
LOCALLY-ISOMORPHIC TO SL(2,R) 

RICHARD M . KOCH AND FRANKLIN LOWENTHAL 

ABSTRACT. Let G be a connected Lie group with Lie 
algebra g, (Xi, •••, X^} a minimal generating set for g. The 
order of generation of G with respect to {Xi, •••, XÄ} is the 
smallest integer n such that every element of G can be written 
as a product of n elements taken from exp(fXi), •••, exp(fXJl); n 
may equal » . We find all possible orders of generation for 
all Lie groups locally isomorphic to SL(2, R). 

1. Introduction. A connected Lie group G is generated by one-
parameter subgroups exp(tXi), * • -, exp(fXA) if every element of G can 
be written as a finite product of elements chosen from these subgroups. 
In this case, define the order of generation of G to be the least positive 
integer n such that every element of G possesses such a representation 
of length at most n; if no such integer exists, let the order of generation 
of G be infinity. The order of generation will, of course, depend upon 
the one-parameter subgroups. 

Computation of the order of generation of G for given Xi9 • • •, XA is 
equivalent to finding the greatest wordlength needed to write each 
element of a finite group in terms of generators g1? • • -, gv In both 
cases it is natural to restrict attention to minimal generating sets. From 
now on, therefore, suppose that no subset of {exp(fXx), • • -, exp(fXÄ)} 
generates G. 

It is easy to see that exp(tXi), * • *, exp(tXt) generate G just in case 
Xiy • • •, X% generate the Lie algebra g of G. If a is an automorphism of 
G, the order of generation of G with respect to X1? • • -, X% is clearly the 
same as the order of generation of G with respect to <r*(Xi), • • •,a*(X1). 
Call two generating sets {Xi, • • ',XÄ}and{Yi, • • -, Y t) equivalent if it is 
possible to find an automorphism a of G, a permutation T of {1,2, • • •,£}, 
and non-zero constants X1? • • -,A£ such that X{ = \jj*(YTii)); the order of 
generation of G depends only on the equivalence class of the generat
ing set. 

In a series of previous papers [2, 3, 4, 5, 6] , the possible orders 
of generation for all two and three dimensional linear Lie groups were 
found. The remaining nonlinear groups are 
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and SL(2, R)lkZ for k = 0, 3, 4,5,6, • • -, where SI (2, R) is the universal 
covering group of SL(2, R). The first of these groups, however, is 
easily handled by the methods of [2] (see remark A at the end ofthat 
paper). We wish now to finish the calculations for Lie groups of 
dimension S 3 by discussing SL(2, R)lkZ. 
^2. Results. The group SL(2, R)JkZ is locally isomorphic to 
SL(2, R)/2Z = SL(2, R); we always identify its Lie algebra with ±1(2, R), 
the set of 2 X 2 real matrices of trace zero. 

THEOREM. The following is a list of all minimal generating sets for 
SL(2, R)lkZ up to equivalence, and the corresponding orders of genera
tion of§L(2, R)lkZ. When a group has order of generation n, the last 
column lists those expressions of length n which give the entire group 
(for instance, XYX means that every element of the group can be 
written in the form exp(^X) exp(£2Y) exp(£3X)). 

PROOF. We can suppose k ^ 1^2, for FSL(2, R) = SL(2, R)\Z was 
considered in [3] and SL(2, R) = SL(2, R)/2Z was considered in [6]. 

In [2] we classified minimal generating sets for SL(2, R). This 
classification remains valid for SL(2, R)/kZ since each automorphism of 
the Lie algebra ±1(2, R) comes from an automorphism of SL(2, R)lkZ. 
Indeed if a* is an automorphism of i£(2, R), o* induces an automor
phism a of SL(2, R) which takes the center Z of SL(2, R) back to itself; 
hence a takes fcZ to kZ and induces an automorphism of SL(2, R)lkZ. 

It is easy to dispose of the first three generating sets on our list. 
Consider first the elliptic-elliptic case. There is a canonical map 
SL(2, R)/&Z-» SL(2, R)/Z = FSL(2, R), so the order of generation of 
SL(2, R)lkZ must be greater than or equal to the corresponding order 
of generation of PSL(2, R); this order is oo by [3]. 

Consider next the elliptic-parabolic and elliptic-hyperbolic cases. 
Expressions of the form YXY do not give all of PSL(2, R) [3], so they 
cannot give all of SL(2, R)lkZ. It suffices to show that every element 
of SL(2, R) can be written in the form XYX. Let g E Sl(2, R) and call 
the natural map from SL(2, R) to FSL(2, R) V . Then ir(g) can be 
written in the form exp(^X) exp(£2Y) exp(£3X) by [3]. Of course exp 
is the usual map from ±Z(2, fl) to PSL(2, R); if by abuse of notation 
we let it also denote the map from ± 1(2, R) to SL(2, R), then ir(g) = 
7r(exp(£XX) exp(t2Y) exp(t3X)) and so g = n exp(^X) exp(f2Y) exp(f3X) 
where n G Ker n. However, we will show in the next paragraph that 
every element of Ker TT can be written in the form exp(fX) for some t, 
so g = exp(fX) exp(^X) exp(£2Y) exp(£3X) = exp([t + £i]X) exp(£2Y) 
exp(*3X). 

If G is an arbitrary connected Lie group with universal covering 
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group G and covering map TT : G —» G, there is a canonical isomorphism 
^ : TT^G)-^ Kern; ifpj [0,1] -+ G represents £ G TTX{G) and î> : [0,1] 
-* G is the lift of v to G, ̂ Cf) = ì>(l). In our case the injection 

r / c o s * - s i n o X W ± / ^ p S L ( 2 R ) 

IV sino coso / / ' 

induces an isomorphism of fundamental groups, so vn(t) = exp(7rntX) : 
[0,1] -» FSL(2, fl) represents n G Z = TT^PSL^, fl)); by the same 
abuse of notation used in the previous paragraph, exp(7rnX) equals 
n £ Z = Kern-. 

The remaining cases require more thought. Recall that PSL(2, fl) 
acts on the projective line P1 = R U {°° } by z—» (ax + &)/(cx + d). 
Call an ordered triple (xl9 x2, x3) in P1 X P1 X P1 oriented if there is 
a cyclic permutation a such that — <» < a (̂1) < a (̂2) < a (̂3) g oo. 
Whenever (xu x2, x3) and (yu y2, t/3) are oriented triples, FSL(2, fl) 
contains a unique element mapping ocf to y{. 

Fix a point A G P1. The map g-> g(A) from PSL(2, R) to P1 induces 
an isomorphism of fundamental groups; indeed it is well known that 

IVsinÖ c o s o / J ' 

induces an isomorphism of fundamental groups, and 

lAsinfl COS0/J7 

is a homeomorphism. 
Recall the isomorphism Ker|> : SL(2, R) - • PSL(2, fl)] = TT1 

(PSL(2, R)) discussed earlier. Combining it with the above isomor
phism, we find a canonical isomorphism Ker7r = n\(Pl) = Z- If î> is 
a path in SL(2, fl) starting at the identity and ending at n G Ker n, 
(TT ° v)(A) goes around P1 n times. 

The universal covering space L of P1 is, of course, homeomorphic 
to the real line. Without describing the covering map T : L —* P1 in 
detail, let us imagine it so chosen that T_ 1(<» ) consists of all integers 
and x —> x + n is a covering map whenever n is an integer. 

Fix an oriented triple (A, fl, C) G P1 X P1 X P1 and a point AL G L 
over A. Whenever v : [0,1] —> SL(2, fl) is a path starting at the 
identity, TT ° i^(l) maps (A, B, C) to a unique oriented triple (a, b, c), 
and (TT ° i>(£))(A) is a path in P1 from A to a; this path uniquely lifts 
to a path in L from AL to a point aL over a. Occasionally we write 
aL(v) to indicate the dependence of aL on v. 

Suppose /üt : [0,1] -» SL(2, fl) is a second path starting at the 
identity. Then TT ° *>(!) = TT ° /ut(l) if and only if i> and /u, are asso-
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ciated with the same triple (a, b, c). In this case v(l) = n/u,(l) where 
n G. Ker7T, and aL(v) = aL(fi) + n; we claim n = n. In fact, let a(t) 
be the path in SL(2, R) obtained by tracing v(t) and then tracing 
n^i(t) backward; a starts at the identity and ends at n. Therefore 
(n ° a(t))(A) goes around P1 n times and its lift to L starts at AL and 
ends at AL + n. But (ir ° a(£))(A) is just (TT ° u(f))(A) followed by 
(7T ° n/x(£))(A) traced backward. The lift of the first path begins at 
AL and ends at aL(v); the lift of the second path begins at aL(fx) and 
ends at AL. Equivalently we can lift the second path so that it begins 
at aL(v) — aL(iL) + n and ends at AL + n, so n = n. 

Consider the expression exp(f1X1) • • • e x p ^ X J in SL(2, R), where 
Xx, • • •, X£ are elements of i£(2, R), not necessarily distinct. There is 
an obvious path from the identity to this element obtained by setting 
t T = • • • = tl = 0 initially, then gradually changing t% to its final 
value, then changing t%_x from 0 to its final value, etc. Therefore, 
exp(f1X1) • • • exp(££XJ is associated with an oriented triple (a, b, c) 
and a point aL Œ L. Indeed, (A, B, C) is mapped to (a, fo, c) by moving 
it first via XA to a triple ( a ^ , &£_!, c ^ ) , then moving ( a ^ , fca_i, c^-i) 
to (al_2, bz_2, c%_2) by X^.^ and so forth, until finally (Ö1? bi9 cx) is 
moved to (a, b, c) by Xx. Moreover, AL is simultaneously moved to 
aL by the lifted actions of the exp(£X;) on L. 

Ifwe are given a family of expressions {exp(f1X1) • • • exp(£tXt), • * } 
every element of SL(2, R)/fcZ can be written in one of these forms just 
in case (A, B, C) can be carried to any oriented triple (a, b, c) by a 
series of motions "X£, then XÄ_!, • • -, then X/', etc., in at least k ways 
so that the resulting points aLl, • • •, aLfc are inequivalent modulo fcZ. 

After these general remarks, let us turn to a specific example to see 
how everything works out in practice! Consider the parabolic-
parabolic case: 

Since 

exp(«)=(o
1 [), 

exp(tX)(p) = p + t; similarly exp(tY)(p) = pl(pt + 1). Notice that 
exp(fcX) leaves oo fixed and acts transitively on R; exp(fY) leaves 0 
fixed and acts transitively on P1 — {0}. Choose the covering map 
r : L - ^ P 1 s o t h a t T ( l / 2 ) = 0. 
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LEMMA 1. The order of generation ofSL(2, R) with respect to X, Y 
is » ; if fc s— 2 is even, the order of generation o/SL(2, R)lkZ with re
spect to X, Y is at least k + 2. 

X: 1 1 1 • 1 1 1 Y: 1 1 > « C 1 1 
- 1 1 - 1 1 

YX: | | ) . £ I I XY: 1 ) 1 - J C 1 
-1 1 -1 1 

XYX: 1 ) J J C 1 YXY: ) 1 | * J 1 C 
- 1 1 - 1 1 

Figure 1 

PROOF. We will show that it takes at least k + 2 terms to produce 
k points in ir~\e). Choose (A, B, C) = ( » , 0, 1), AL = 0; then (a, b, c) 
also equals (°°, 0, 1). The successive images of AL in L must belong to 
the shaded regions above. The only way we can get k integral points 
in the union of the shaded regions associated with expressions with 
fewer than k + 2 terms is to use at least one of the integral points at 
the extremes of the shaded region (— (k + l)/2, (k + l)/2) belong
ing to the expression Y • • • Y with k + 1 terms. However, neither of 
these points can come from an expression mapping (oo,0,1) to 
(oo,0,1). For instance, consider the point at the right of the region; 
let BL = 1/2 in L and watch BL move under the series of maps being 
considered. Each map preserves order in L, so BL must move even 
further to the right than kl2. But Y leaves BL fixed, XY moves it into 
(0,1) C ( - 1 , 1 ) , YXY moves it into ( -3/2, 3/2), etc., so the image of 
BL is in (-(& + l)/2, (k + l)/2) and there is no point in (Jfc/2, (k + l)/2) 
equivalent to 1/2. 

LEMMA 2. If k^ 3 is odd, the order of generation of SL(2, R)lkZ 
with respect to X, Y is at least k + 2. 

PROOF. We will show that it takes at least fc + 2 terms to produce 
k points in 

- -«J "))• 
Choose (A, B, C) = ( » , 0,1), AL = 0; then {a, b, c) = (0, oo, - 1 ) . The 
only way we can get k half integral points in the union of the shaded 
regions associated with expressions with fewer than k + 2 terms is to 
use at least one of the half integral points at the extremes of the region 
(-(& + l)/2, (k + l)/2) belonging to the expression X • • • Y with k + 1 
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terms. Exactly as before, neither of these can come from an expression 
mapping (oo , 0,1) to (0, oo ? — 1). 

LEMMA 3. Let (a, b, c) be an oriented triple such that ay^<*>. 
There is an expression of the form XYX taking (oo y 0,1) to (a, b, c) and 
AL = 0 to aL G ( —1, 0), and a second such expression taking AL to 
«L G (0,1). 

PROOF. It is easier to work backward. Note that X applied to (a, b, c) 
given (a — X, b — X, c — X). If eventually (a, b, c) is to go to (oo, 0, 1), 
Y must take a — X to oo since oo is a fixed point of X. Therefore 

a — X 

and YX maps (a, b, c) to (oo, (a - X)(b - X)/(a - b\ (a - X)(c - X)/(a 
— c)). A final translation can carry this to (<», 0,1) just in case 

I (a - A)(b - X) (a - X)(c - X) I = 1 

I a — b a — c I 

(remember that all triples are oriented). So we want to choose X such 
that \a — X|2 |(& — c)l(a — b)(a — c)\ = 1; this is possible in exactly 
two ways. For one of the two ways a — X < 0, so aL G (0,1); for the 
o t h e r a - X > 0 andaL G ( -1 ,0 ) . 

LEMMA 4. Ifk = 2, every element of SL(2, R)/fcZ can be written in 
the form • • • XYX using k + 2 terms. 

PROOF. As usual let (A, B, C) = ( » , 0, 1), AL = 0. Let (a, b, c) be 
an arbitrary oriented triple. The earlier picture shows that we can 
map AL to k elements aL in L covering a, inequivalent modulo kZ, by 
expressions • • • XYX with at most k + 2 terms. Consider a typical such 
expression and assume that no term is the identity. Its inverse carries 
(a, b, c) to (oo, ß, v) and its last three terms XYX carry (oo? ßy v) to 
(<*i> ßi> vi)' The element aLtl in L over ax belongs to (—1,1). Note 
that cti ^ oo 9 for otherwise XYX carries AL back to itself and this 
would require Y to be the identity. Now by lemma 3 there is a second 
expression XYX carrying (oo ^0,1) to (aiy ßx, vx) and AL to aLtl; replac
ing • • • Y(XYX) by • • • Y(XYX), we obtain an expression that maps 
( oo 9 0,1) to (a, b, c) and AL to aL. 

LEMMA 5. Ifk^2, every element in SL(2, R)lkZ can be written in 
the form • • • YXY with k + 2 terms. 

PROOF. There is an automorphism a of i£(2, R) interchanging X and 
Y up to scalars; indeed cr(A) = — Ar. Thus lemma 4 implies lemma 5. 
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REMARK. Next consider the parabolic-hyperbolic case: 

"(l i)-'-(îi)-
Notice that exp(fY) leaves two points ± 1 in P1 fixed and acts transi
tively on each of the connected components of F1 — {±1}- We can 
suppose T(1/3) = - l , r (2 /3) = 1. 

LEMMA 6. The order of generation o/SL(2, R) withjrespect to X, Y 
is oo ; if k è 2 is even, the order of generation of SL(2, R)lkZ with 
respect to X, Y is at least fc + 2. 

PROOF. AS before, we will show that it takes at least k + 2 terms to 
produce k points in n~l(e). Choose (A, B, C) = (oo, — 1,1), AL = 0. 
The successive images of AL in L must belong to the shaded regions 
below. 

X: | | | | - | i | | Y: | | | ) • C | | 1 
- 1 1 - 1 1 

YX: | | | J , ( | | | XY: J ) M « { 1 C | 
- 1 1 - 1 1 

XYX: | ) i f . . . M ( | YXY: ) i 1 i • M i c 
- 1 1 - 1 1 

Figure 2 

The rest of the argument is exactly as in the proof of lemma 1. 

LEMMA 7. If fc = 3 is odd, the order of generation of§L(2, R)lkZ 
with respect to X, Y is at least k + 2. Indeed, even the expression 
Y • • • Y of length k + 2 cannot give all of SL(2, R)lkZ. 

PROOF. It suffices to prove the last statement, for any expression of 
length k + 1 can be made to look like the expressions Y • • • Y of length 
k + 2 by adding Y at the beginning or the end. Let (A, B, C) = 
( ~ l , l , o o ) , A L = l / 3 , and let g G PSL(2, R) map this triple to 
(1, - 1 , 0). Then Y(l/3) = 1/3, Y(2/3) = 2/3, YXY(l/3) and YXY(2/3) are 
contained in ( -1 /3 , 4/3), YXYXY(l/3) and YXYXY(2/3) are contained in 
(-4/3,7/3), etc., so Y • • • Y(l/3) and Y • • • Y(2/3) belong to a region D 
which contains exactly k points congruent to 2/3. However, the largest 
of these points cannot come from a map taking (—1,1, oo ) to (1, — 1,0) 
because Y • • • Y(2/3) would be larger than Y • • • Y(l/3) and congruent to 
1/3, and there is no such point in D. 
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REMARK. TO finish this case, it is enough to prove that whenever 
k ^ 2, the expression • • • YXYX of length k + 2 generates Sl(2, R)lkZ. 
Indeed if k is even and g G SL(2, R)/fcZ, write g"1 = Y(^)X(f2) • • • 
Y(tk+l)X(tk+2); then g ^X(- t f c + 2 )Y(- t f c + 1 ) • • • X(-t 2 )Y(-* 1 ) , so 
• • • XYXY also generates SL(2, R)/JfeZ. 

LEMMA 8. Let (a, fo, c) be an oriented triple with a ^ » and Ze£ 
a L £ ( — 1 , 1 ) cover a. 77iere is an expression of the form YXYX 
mapping ( » , — 1,1) fo (a, b, c) and AL = 0 to aL. 

PROOF. Notice that in L, YXYX(O) E (-4/3,4/3). Since every element 
of SL(2, R) can be written in the form YXYX [6], for each oriented 
triple (a, fo, c) there exist two expressions of the form YXYX mapping 
(oo, — 1, 1) to (a, fo, c) and taking AL = 0 to ax and a2 respectively, 
such that ax and a2 are inequivalent modulo 2Z. But points in 
[—2/3,2/3] are equivalent modulo 2Z only to themselves in ( — 4/3, 
4/3), so each element of [ — 2/3, 2/3] occurs in this way. We must investi
gate the intervals (—1, —2/3) and (2/3,1); by symmetry it suffices to 
study (2/3,1). 

We shall work backward from (a, fo, c) to (oo, — 1, 1); since elements 
in exp(fcX) are translations preserving oo 9 it suffices to find an expres
sion of the form YXY mapping (a, fo, c) to (oo, B, c) and aL to 0 such 
that \c — ß| = 2. We are already supposing aL G (2/3,1); it is easy 
to see that after application of a suitable expression in exp(£Y), we can 
also suppose that fo and c are represented by bL and cL in L such that 
0 < bL< cL< aL. Applying a suitable X, we can assume 0 < bL < 
CL < 0L < 1/3. Having now used the first Y and X available to us, we 
must show that whenever (a, fo, c) is an oriented triple covered by 
(*L> bu cL in L and 0 < bL< cL< aL< 1/3, there is an expression of 
the form YX mapping aL to 0 and (a, fo, c) to (oo, fo, c) such that 
|5 - c\ = 2. 

For each x G (0, 1/3), there is a unique ^ such that exp(^X) maps 
aL to x; let this element map bL and cL to foL(*) and cL(x) covering 
b(x) and c(x) in P1. Notice that 0 < bL(x) < cL(x) <x< 1/3, so 
-oo < b(x) < c(x) < r(x) < - 1 . For each x G (0, 1/3), there is a 
unique t2 such that exp(f2Y) maps x to 0; let this element map bL(x) 
and cL(x) to hL(x) and cL(x) covering T?(x) and c(x) in P1. Notice that 
- 1 / 3 < hL(x) < cL(x) < 0, so 1 < b(x) < c(x) < oo. Clearly |g(x) 
— h(x)\ is a continuous function of x. To complete the proof, it is 
enough to show that \c(x) — h(x)\ —> 0 as x -* 1/3 and |c(x) — &(x)| —> oo 
as x —> 0. 

Whenever a, fo, c and d are four distinct points in P1, the cross ratio 
(a, b; c, d) is by definition (a — c)la — d) • (fo — d)/(fo — c); recall that 
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the action of PSL(2, R) on P1 preserves cross ratios. Hence (1, — 1; 
r(x), C(X)> = <1, - 1 ; oo, c(x)) and (1 - r(x)/(l - c(x)) • ( - 1 - c(x)/ 
( - 1 - r(x)) = ( - 1 - c(x))/(l - c(x)). As x-> 1/3, T(X)-> - 1 ; more-
over c(x) — r(x) = c — a because exp(£X) is a translation so c(x) 
-*c — a— 1 ^ — 1. Hence (—1 — c(x))/(l — c(x))-> oo, so c(x)-> 1. 
Since 1 < b(x) < c(x) < oo, |g(x) - h(x)\ -> 0. 

Next we study the situation as x—»0. Then (1, —1; T(X), C(X)) = 
<1, - 1 ; oo, c(x)> so (1 - r(x))/( l- C(X)) • ( - 1 - c(x))/(- l - r(x)) = 
( - 1 - c(x))/(l - c(x)). If X-» 0, cL(x)-> 0 since 0 < cL(x) < x, so 
r(x) and c(x) approach oo, (1 — r(x))/(—1 — r(x)) • ( — 1 - c(x))/(l -
c(x)) = (—1 — c(x))/(l — c(x)) approaches 1, and thus c(x) approaches 
oo. Then (1, b(x); r(x), c(x)> = <1, b(x); oo, c(x)>, so (1 - r(x))/(l -
c(x)) • (&(x) - c(x))l(b(x) - T(X)) = (£(*) - c(x))/(l - c(x)). But each 
element of exp(JX) acts on P1 by translation, so (b(x) — c(x))l(b(x) — 
r(x)) is a non-zero constant independent of x. Similarly r(x) = r(aL) 
+ X(x) and c(x) = r(cL) + X(x) where X(x) —> oo as x-» 0, so (1 — T(X))/ 

(1 — c(x))—• 1 as x - » 0 . Consequently (ß(x) — c(x))/(l — c(x)) ap
proaches a non-zero constant as x—»0; since c(x) —> oo, |g(x) — ß(x)| 
- ^ oo . 

LEMMA 9. Let % ^ 3 . TTiere is an expression • • • YX u>i£ft fc + 2 
term« mapping ( » , —1, 1) to (a, &, c) and AL = 0 to aL provided 
aL E [-it/2, A/2] if fc is even, a^G (-(k + l)/2, (k + l)/2) if*: is odd. 
In particular • • • YX generates S L (2, R)/fcZ. 

PROOF. We prove this by induction on fc. Lemma 8 suffices to begin 
the induction because our proof of the step k —> k + 1 for & even will 
only require the induction hypothesis when aL G ( — fc/2, fc/2). 

Suppose the theorem is known for an even k; we prove it for k + 1. 
Let (a, fc, c) and aL G ( — (fc/2) — 1, (fc/2) + 1) be given. It is possible to 
map aL into the region ( — fc/2, fc/2) by an expression of the form 
Yi"lXi"1; suppose that aL goes to aL and (Ö, fo, c) goes to (5, ß, c). 
When k = 2, we can assume â ^ oo. By induction there is an expres
sion YX • • • YX of length k + 2 taking (oo, - 1 , 1) to (3, £, c) and AL 

to5L. Hence (X1Y1)(YX • • • YX) = X ^ Y J X • • • YX carries (oo, - 1 , 1 ) 
to (a, by c) and AL to aL. 

If the theorem is known for an odd fc, (a, b, c) is a given triple, and 
aLG [ — (fc + l)/2, (fc + l)/2], we can find Yx carrying aL to 5L in 
(-(fc + l)/2, (fc + l)/2) and (a, &, c) to (a, h, c); by induction there is 
an expression X • • • YX taking (oo, — l, 1) to (5, 5, c) and AL to aL, so 
YXX • • * YX carries (oo, - 1 , 1 ) to (a, &, c) and AL to aL. 

REMARK. Consider next the hyperbolic-hyperbolic (fixed points 
interlacing) case: 
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Notice that exp(£X) leaves two points 0, oo fixed and exp(fY) leaves two 
points a ± (a2 + 1)1/2 fixed; both exp(fX) and exp(fY) act transitively 
on the connected components of the complements of their fixed point 
sets. We can suppose T(1/4) = a - (a2 + 1)1/2, r(l/2) = 0, r(3/4) = 
a + (a2 + 1)1/2. Although we will refrain from drawing orbit pictures 
from now on, the reader will often find it useful to do so. 

Since exp(tX)(p) = e^p, exp(tX)(p) approaches 0 as r-» — oo and 
oo as t-+ oo ; a similar statement holds for Y. 

LEMMA 10. The order of generation o/SL(2, R) with respect to 
X, Y is oo. If k^ 2 is even, the order of generation o/SL(2, R)lkZ with 
respect to X, Y is at least 2k + 4. 

PROOF. We will show that it takes at least 2k + 4 terms to produce 
k points in ir~l(e). Notice that any expression giving e in PSL(2, R) 
must act on L by x —> x + n, n E Z, since the lift to L of a motion of 
P1 is uniquely determined up to covering transformations and the 
identity on L is one lift of the identity map on P1. Any non-trivial 
motion of L induced by exp(fX) or exp(^Y) maps one of 0, 1/4, 1/2, 3/4 
left and one right; for instance exp(fX) for t > 0 acts as follows: 

• 4 • < • 4 

• ' • • • • 
0 1 1 3 2 

2 2 
Figure 3 

Suppose we are given an expression with fewer than 2k + 4 terms. 
Without loss of generality we can suppose that 0 is initially left fixed 
and then moved left. Thus the expression begins with X, and 
X(0) = 0, YX(0) < 0, XYX(0) < 0, YXYX(0) < 1/4, XYXYX(O) < 1/2, 
etc., so that eventually the image of 0 is smaller than fc/2. Hence the 
only translations of L, x —> x 4- n, that can be achieved are those with 
n < fc/2. Similarly n must be larger than — fc/2; there are only k — 1 
integers in the interval ( — fc/2, fc/2). 

LEMMA 11. If k^ 1 is odd, the order of generation o/SL(2, R)lkZ 
with respect to X, Y is at least 2k + 4. 

PROOF. We will show that it takes at least 2k + 4 terms to produce 
k points in 
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Notice that the map x —» — 1/x interchanges 0 and oo and also inter
changes a - (a2 + 1)1/2 and a + (a2 + 1)1/2. A little thought shows 
that we can choose the covering map r : L->Pl so that T(X + 1/2) 
= -1/T(JC); thus the lift of 

«ï -;» 
to L has the form x —• x + 1/2 + n for some integer n. 

The proof of lemma 11 is exactly like the proof of lemma 10. Given 
an expression with fewer than 2k + 4 terms, we can choose one of 
0, 1/4, 1/2, 3/4, say 0, so that the initial term of the expression leaves 0 
fixed and the next moves it to the left; then the final image of 0 is 
smaller than fc/2. Similarly, the final image of 0 is larger than — fc/2. 
The map on L thus has the form x - > x + l / 2 + n where 11/2 4- n\ < 
fc/2, and there are only k — 1 such integers n. 

LEMMA 12. IfbinP1 is not oo, there is an expression of the form 
YXY taking oo to oo and 0 to b. 

PROOF. There is an action of Y on L taking 1/2 to 3/8; denote the 
image of 0 by 8 and note that 0 < 8 < 1/4. For each t ^ 0, (exp tX)(8) 
belongs to the interval (0,8] Ç (0, 1/4) and there is a unique u(t) such 
that (exp u(t)Y exp tX)(8) = 0. Let (exp u(t)Y exp *X)(3/8) = bL(t); 
bL(t) is continuous in t and bL(0) = 1/2. Notice that as £-* oo, bL(t) 
-» 0. Consequently there is an expression YXY taking 0 to 0 and 1/2 to 
any bL G (0,1/2]. 

Similarly there is an expression of the form YXY taking 0 to 0 and 
—1/2 to any bL G [ —1/2,0). The lemma follows immediately by projec
tion of these results from L to P1. 

REMARK. The orbit picture shows that the expression YXY whose 
existence is guaranteed by this lemma preserves T-1(OO ) in L pointwise. 

LEMMA 13. Every element o/SL(2, R)lkZ can be written in terms of 
the expression YX • • • X with 2k H- 4 terms. 

PROOF. Choose (A, B, C) = (oo, 0, a 4- (a2 + l)1'2,), AL = 0. Let 
(a, b9 c) be an oriented triple, aL an element in [ — &/2, k/2] covering a. 
The orbit picture shows that there is an expression YX • • • XY with 
2k + 1 terms mapping AL to aL. Let the inverse of this expression 
map (ö, fo, c) to (oo? h, c). By the previous lemma, there is an expres
sion YXY mapping ( « , 0) to ( » , K). Hence the expression (YX • • • XY) 
(YXY) = (YX • • • X)(Y?)(XY) with 2k + 3 terms maps AL to aL and 
(oo, 0, 6) to (a, by c) for some è G (0, oo ). JTiere is an ^ taking a + 
(a2 + l)1'2 to ê; then (YX • • • X)(Yf) (XY)! takes AL to aL and 
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(oo,0, a H- ( a 2 * l)1'2) to (a, h, c). 

LEMMA 14. Every element ofSL(2, R)lkZ can be written in terms of 
the expression XY • • • Y with 2k + 4 terms. 

PROOF. If g G Sl(2, R)/fcZ, write g"1 = Y(OX(*2) ' * ' x(hk^)\ then 
g = X ( - * 2 f c + 4 ) . - - X ( - * 2 ) Y ( - * 1 ) . 

REMARK. Next we consider the hyperbolic-hyperbolic (fixed points 
noninterlacing) case: 

The fixed points of exp(fX) are 0, oo and those of exp(fY) are a ± 
(a2 - 1)1/2. We suppose T(1/4) = 0, r(l/2) = a - (a2 - l)1'2, T(3/4) 
= a + ( a 2 - l)1'2. 

LEMMA 15. The order of generation of SL(2, R) u;#/i respect to 
X, Y is oo. If k^ 2 is even, the order of generation of§L(2, R)lkZ with 
respect to X, Y is a£ least k + 2; indeed neither expression of length 
k + 2 can give all of §1(2, R)lkZ. 

PROOF. Let g in PSL(2, R) map (0, 1, oo ) to (a - (a2 - l)^2, 1, 
a + (a2 — 1)1/2). We will show that the expression YX • • • X with 
length k + 2 cannot produce fc points in 7r~ ^g). 

Notice that in L, X(0) = 0, YX(0) G (-1/4,1/2), XYX(0) G (-3/4, l), 
YXYX(0) G ( — 5/4, 3/2), etc., so the image of 0 under the expression 
with k + 2 terms is contained in ( —fc/2 — 1/4, k\2 + 1/2), a region with 
exactly k points equivalent to 3/4. However, the largest of these points 
cannot correspond to an expression giving g in PSL(2, R), since the 
image of 1/4 would also belong to the region described above, would 
be larger than the image of 0, and would be equivalent to 1/2, and 
there is no such point. 

Similarly we can find an element g G PSL(2, R) such that the expres
sion XY • • • Y of length k + 2 cannot produce k points in TT ~ l(g). 

LEMMA 16. If fc ̂  3 is odd, the order of generation of§L(2, R)lkZ 
with respect to X, Y is at least k + 2; indeed neither expression of 
length k + 2 can give all o/SL(2, R)lkZ. 

PROOF. Let g in PSL(2, R) map (oo, 0,1) to (0, oo, - 1 ) ; we will show 
that the expression X Y • • • X of length k + 2 cannot produce k points in 
^_1(g); 

Notice that in L, the image of 0 under the expression in question is 
contained in (— (k + l)/2 + 1/4, (k + l)/2); this region contains k 
points equivalent to 1/4. However, the largest of these points cannot 
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correspond to an expression giving g in PSL(2, R), since the image of 
1/4 would also belong to the region described above, would be larger 
than the image of 0, and would be equivalent to 0, and there is no 
such point. 

Similarly we can find an element« g G FSL(2, R) such that the 
expression YX • • • Y of length k + 2 cannot produce k points in it ~ l(g). 

REMARK. We now wish to show that the order of generation of 
SL(2, R)lkZ with respect to X, Y is exactly k + 2. As usual, we may 
assume k = 3. Whenever (a, b, c) is an oriented triple of points in 
P1, there is a unique fourth point d such that the element in PSL(2, R) 
which maps (oo, 0, a - (a2 - 1)1/2) to (a, b, c) maps a + (a2 - l)1'2 

to d. Notice that g in PSL(2, R) maps (oo, 0, a - (a2 - 1)1/2) to (a, b, c) 
just in case it maps one of the oriented triples obtained from (oo, 0, a — 
(a2 — 1)1/2, a + (a2 — 1)1/2) by omitting a point to the corresponding 
triple in (a, b, c, d). The following lemmas show that whenever (a, b, c) 
is an oriented triple, there is an oriented triple formed by omitting one 
of the points of (a, b, c, d), say for purposes of discussion (b, c, <i), and 
an expression of length k + 2 taking (b, c, d) to (0, a — (a2 — 1)1/2, 
a + (a2 — 1)1/2) in k ways so that the element bL in L covering b maps 
to k elements 1/4 + n^ • • -, 1/4 + nk covering 0 and if i ^ j , rii — n, 
(£ fcZ. This suffices to prove that SL(2, R)/fcZ has order of generation 
k + 2 for the inverses of the expressions in question map (0, a — 
a2 - 1)1/2, a+ {c?- 1)1/2) to (b, c, d) and 1/4 + n{ to bL or (by 
lifting in a different way) 1/4 to b^— n*; our previous remarks show 
that the resulting k elements of SL(2, R)lkZ are unequal and their 
projections to PSL(2, R) map (oo, 0, a - (a2 - 1)1/2) to (a, b, c). 

Notice that the interval (—°°,0) in P1 is an orbit of exp(fX) which 
excludes the fixed points of Y; the interval (a — (a2 — 1)1/2, a + 
(a2 — 1)1/2) plays the same role for Y. 

LEMMA 17. Let n be an integer and suppose aL and bL in L satisfy 
- 1/4 + n < aL < bL < n or 1/4 H- n < aL < bL < 1/2 + n. There is 
an expression of the form YX mapping aL to n and bL to 1/4 + n. 

PROOF. Without loss of generality, suppose —1/4 + n < aL < bL 

< n. For each « £ ( - 1 / 4 + n,n), there is a unique tx such that 
(exp t\X)(aL) = x; let (exp tiX)(bL) = bL(x) and notice that —1/4 + n 
< x < bL(x) < n. There is a unique t2 such that (exp t2Y)(x) = n; let 
(exp t2Y)(bL(x)) = J)L(x) and notice that n < lL(x) < n + 1/2. We shall 
prove that when x-+n, hL(x)—> n and when x-+ n — 1/4, hL(x)—> n 
+ 1/2; by continuity there is an x with T)L(x) = n + 1/4. 

We have 
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<T(X),T(MX)); a-(ce- l)1'2, a+ (c?- I)1'2) 

= <»,T(6 L (*) ) ;a- (ce- l ) 1 ' 2 , a + (a2 - 1)V2) 
so 

T(X) - (a - (a2 - 1)1/2) r(bL(x))- (a + ( a 2 - l)1'2) 
T(X) - (a + (a2 - l)1'2) ' r(foL(X)) - (a - (a2 - l)1'2) 

= T (£ L (x ) ) - (a+(a 2 - l ) ' / 2 ) 
T(h(x))-(a-(c?-iyi*)-

As x—» n, r(x)—» oo and the first factor on the left approaches 1. Since 
x < bL(x) < n, as x-> n, fciX*)-» w and r(foL(x))—» oo, so the second 
factor on the left approaches 1. It follows that as x—> n, T(6L(X))—> °° 
and 6L(x) —• n. 

Similarly 

<T(X), a - (ce - l)1'2; r(bL(x)), a + (ce - l)1'2) 

= (oo, « - (a2 - l)i/2; r(hL(x)), a + (a2 - l)1'2) 

so 

T(X) - T(bL(x)) - 2 ( a 2 _ X)l/2 

T(X) - (a + (a2 - l)1'2) " (a - (a2 - l)1'2) - T(6L(X)) 

- 2 ( a 2 - l)1 '2 

(a - (a2 - I)«2) - T(fit(*)) ' 

As x—• n, T(X)-» oo and the first factor on the left approaches 1. Since 
map, r(bL(x))lr(x) = r(foL)/r(aL). Therefore as x—• —1/4 + n, r(bL(x)) 
-»r(b L ) (a+ (a2 — l)1/2)MaL) and the cross-ratio approaches oo ; it 
follows that r(bL(x)) -+ a - (a2 - 1)1/2 and hence bL(x) -» n + 1/2. 

LEMMA 18. If k^ 3 is odd, the order of generation of SL(2, R)lkZ 
with respect to X,Yisk + 2. 

PROOF. Let (a, b, c, d) be a 4-tuple as described above. Choose aL 

and bL in L covering a and b and suppose for a moment that —1/4 
< aL< bL< 1/2. Let n be an integer satisfying \n\^ (k — l)/2. The 
reader can easily show that an expression with k — 1 terms of the 
form XY • • • XY exists mapping aL and bL to aL and hL where —1/4 
+ n < aL < hL < n or 1/4 + n < äL < hL < 1/2 + n. By lemma 17, 
there is an expression of the form YX mapping äL, hL to n, 1/4 + n; 
then (YX)(XY • • • XY) = Y(XX)(Y • • • XY) is an expression of length k 
mapping aL to n and (a, b) to (oo, 0). Since the image of c and a — 
(a2 — 1)1/2 belong to the same component of P1 — {0, °° } (because all 
triples are oriented), we can find an element of exp(fX) leaving oo and 



GENERATION OF LIE GROUPS 721 

0 fixed and mapping the image of c to a — (a2 — 1)1/2; thus we can 
find an expression of length k 4- 1 mapping (a, b, c) to («>, 0, a — 
(a2 — 1)1/2) and aL to n. By previous remarks, this proves the lemma; 
since only fc + 1 terms have been used, we have an extra term at our 
disposal with which to force the original assumption on aL and bL. 

Finally, suppose a and b are arbitrary. Choose aL and bL in [0,1) 
covering a and b. If aL < bL, an expression of the form exp(£X) exists 
mapping both into the interval [0,1/2) and the above argument takes 
over from there. If 0 â &L = 1/4 < aL < 1, an expression of the form 
exp(*X) exists leaving bL in [0,1/4] and mapping aL into (3/4,1); this last 
point is equivalent to a point in ( —1/4,0), so the previous argument 
takes over once more. We are done unless 0 ^ bL < aL â 1/4 or 
1/4 < bL < aL < 1. 

Similar arguments hold for the pair (c, d). In this case we choose 
cL, dL in ( — 1/4, 3/4] ; we are done unless —1/4 < dL < cL < 1/2 or 
1/2 S dL< cLê 3/4. But (a, b, c, d) is an oriented 4-tuple, so 0 § bL 

< aL â 1/4 implies 0 ê bL < cL < dL < aL ^ 1/4 and we are done; 
1/2 S d L < c L g 3/4 implies 1/2 g dL< aL< bL< cL^ 3/4 and we 
are again done. We can have trouble only if 1/4 < bL < aL < 1 and 
—1/4 < dL< cL< 1/2. In this case if cL < 0, dL + 1 and cL + 1 are 
the unique representatives of c and d in [0,1); then bL < cL + 1 < 
dL + 1 < aL, contradicting dL < cL. If dL è 0, cL and dL are the 
representatives of c and d in [0,1) and again cL < dL. Hence 
—1/4 < dL < 0 and 0 ^§ cL < 1/2; then cL and dL + 1 are the unique 
representatives of c and d in [0,1), so bL < cL < dL + 1 < aL, and 
bL G. (1/4, 1/2), aL G (3/4, 1). Therefore a has a second representative 
aL in ( —1/4,0) and the arguments given earlier apply to (a, b). 

LEMMA 19. If fc è 2 is even, the order of generation of SL(2, R)lkZ 
with respect toX,Yisk + 2. 

PROOF. Let (a, b, c, d) be a 4-tuple of the usual kind, and choose 
aL and bL covering a and b. Suppose for a moment that 1/4 < aL< bL 

< 1. Let n be an integer satisfying - i / 2 < n â k/2. The reader can 
easily show that an expression of the form XY • • • YX with length k — 1 
exists mapping aL and bL to äL and hL where —1/4 + n < äL < hL 

< n or 1/4 + n < aL < hL < 1/2 4- n. By lemma 17, there isjin expres
sion of the form YX mapping aL and hL to n and 1/4 + n; (YX)(XY * • • 
YX) = f(XX)(Y • • • X) is an expression of length k mapping aL and bL 

to n and 1/4 + n. From here on, the proof follows that given for lemma 
18. 

Suppose next that a and b are arbitrary; choose aL and bL in ( — 1/4, 
3/4] covering a and b. If aL < bLi an expression of the form exp(fY) 
maps both into the interval (1/4, 3/4] and the previous argument takes 
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over. If —1/4 < bL < 1/2 ^ aL ^ 3/4 an expression of the form 
exp(fY) leaves aL in [1/2, 3/4] and maps bL into ( — 1/4,0); this last point 
is equivalent to a point in (3/4,1) and the previous argument takes over 
again. We are done unless —1/4 < bL < aL < 1/2 or 1/2 ^ bL< aL 

^ 3 / 4 . 
Similar arguments hold for the pair (c, d). In this case we choose 

cL, dL G [0,1) and we are done unless 0 â d L < c L â 1/4 or 1/4 < dL 

< cL < 1. By an argument similar to that of lemma 18, both bad 
situations can occur only if aL G (1/4,1/2) and bL G (—1/4,0). But 
then b has a second representative bL G (3/4,1) and earlier arguments 
apply to (a, b). 

REMARK. Finally, consider the case 

* - ( i -Ï). *-G - î ) . *-(.l - ! ) • 
The fixed points of exp(fX) are 0, oo y those of exp(fY) are — 1, oo y and 
those of exp(*Z) are - 1 , 0 . We suppose T(1/3) = - 1 , T(2/3) = 0. 

Any two of X, Y, Z generate a two-dimensional subgroup; the order 
of generation of all two-dimensional Lie groups is two [5]. Conse
quently, if an expression equals g in SL(2, R) and contains three con
secutive terms from the same pair, there is a shorter expression which 
also equals g. A little thought shows that we can restrict attention to 
expressions in which X, Y, and Z appear cyclically. 

LEMMA 20. The order of generation of SL(2, R) with respect to 
X, Y, Z is oo. If ft ^ 2 is even, the order of generation o/SL(2, R)lkZ 
with respect to X, Y, Z is at least (3k + 6)/2. Moreover, no expression 
of length (3k + 6)/2 can give all o/SL(2, R)lkZ. 

LEMMA 20. The order of generation of SL(2, R) with respect to 
PROOF. Consider the expression YX • • • ZYX of length (3ft + 6)/2 - 1 

and suppose it gives e G PSL(2, H). In L, X(0) = 0, YX(0) = 0, 
ZYX(0) < 1/3, XZYX(0) < 2/3, etc., so the image of 0 is smaller than 
ft/2. Similarly ZYX(0) > - 1 / 3 , XZYX(0) > - 1 / 3 , YXZYX(O) > - 2 / 3 , 
ZYXZYX(O) > - 2 / 3 , etc., so the image of 0 is considerably larger that 
— ft/2. Hence the expression acts on L by x-+ x + n where \n\ < ft/2. 
The same result holds for any cyclic expression of length (3ft + 6)/2 
— 1. It follows that no combination of expressions of length less than 
(3ft + 6)/2 can give ft points in n~ l(e). 

Even the expression ZYX • • • ZYX of length (3fc + 6)/2 does not give 
every element of SL(2, R)/fcZ. Indeed the image of 0 in L under this 
expression belongs to the interval ( —ft/2 + 1/3, ft/2 + 1/3); this interval 
contains only ft — 1 points equivalent to 1/3. Thus if g G PSL(2, R) 
maps (oo, —1,0) to ( —1,0, oo), the expression • • • YXZYX of length 
(3ft + 6)/2 gives at most ft — 1 points in n~ l(g). 
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LEMMA 21. If k^ 3 is odd, the order of generation of SL(2, R)lkZ 
with respect to X, Y, Z is at least (3k + 5)/2. Moreover, no expression 
of length (3k 4- 5)/2 can give all of SL(2, R)lkZ. 

PROOF. Let g in PSL(2, R) map ( » , - 1 , 0 ) to (0, » , - 1 ) . Some 
thought shows that we can choose T SO the map from L to L given by 
x —» jc 4- 2/3 covers g. Consider the expression ZYX • • • ZYX of length 
(3k 4- 5)/2 — 1 and suppose it gives g in FSL(2, R). In L, the image of 
0 is contained in ( - (Jfc - l)/2 - 1/3, (k - l)/2 4- 1/3). Hence the 
action of the expression on L is x—> x 4- k where |X| < (k — l)/2 4-
1/3. A similar result holds for any cyclic expression of length (3k 4- 5)/2 
- 1. But there are only k - 1 numbers in ( - (Jfc - l)/2 - 1/3, (Jfc - l)/2 
4- 1/3) equivalent to 2/3. 

Even the expression XZYX • • • ZYX of length (3k 4- 5)/2 does not give 
k points in TT~ l(g), for in L the image of 0 is, in fact, less than (k — l)/2 
4- 2/3 and larger than — (fc — l)/2, and this interval contains only 
Jfc — 1 points equivalent to 2/3. 

LEMMA 22. Let (a, b, c) be an oriented triple, and let aL in L 
cover a. Suppose there is an expression of length & taking AL = 0 to 
av Then there is an expression of length £ 4 - 2 taking AL to aL and 
(oo, - 1 , 0 ) to (a, b,c). 

PROOF. Let the inverse of the expression in question map (a, b, c) 
to (oo, h, c); it is enough to find an expression with two terms fixing 
AL and mapping (oo, — 1,0) to (oo, h, c). 

If — 1 < c, there is an element in„exp(tY) mapping 0 to c. If this 
expression maps b to 5, it maps (oo, &, 0) to (oo, h, c); since all triples 
are^ oriented, & < 0 and there is an element in exp(£X) mapping — 1 
to S, so YX maps (oo, — 1,0) to (oo, h, c). 

I f d ^ i — 1, 5 < c < 0 and there is an element in exp(fX) mapping 
— 1 to h. Let this expression map c to c; then (oo? —1, g) maps to 
(oo, h, c), so — 1 < c. Hence there is an element in exp(tY) mapping 
0 to c and XY maps ( » , — 1,0) to ( » , 5, c). 

LEMMA 23. Let Jfc ^ 2 be even and let \aL\ â fc/2; there is an expres
sion of length 3kl2 4- 1 mapping AL = 0 to aL. Hence the order of 
generation ofSL(2, R)lkZ is (3k 4- 6)/2. 

PROOF. If aL > 0, the expression ZYX • • • YXZ suffices; indeed Z(0) 
can be any point in [0, 1/3), XZ(0) can be any point in [0, 2/3), etc. If 
aL < 0, the expression ZXY • • • XYZ similarly suffices. 

LEMMA 24. Let k S 3 be odd and let \aL\ S k/2; there is an expres
sion of length (3k 4- l)/2 mapping AL = 0 to aL. Hence the order of 
generation ofSL(2, H)/JfcZ is (3k 4- 5)/2. 
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PROOF. Exactly as for lemma 23. 
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0 ) oTaÉt (Î 
0 ) parabolic: ( ][ 

) hyperbolic 

hyperbolic: ( 

(I 

(fixed points 
non-interlac
ing) a > 1 : 

) hyperbolic 
(fixed points 
interlacing) 
a ^ O : 

- ! ) 

ô) 
i) 
Ô) 

I) 
J) 

hyperbolic: ( ) hyperbolic: ( i _ ) 

(r - i ) 

( i . î ) ( . °i) 

fc + 2 

fc + 2 

fc + 2 

Expressions 
Giving All 

of G 

XYX 

• • • XYX and 
• • YXY 

• • • XYX and • • YXY 
if k = 1 or k even; 
X • • - X i f f c ^ 3 
and kodd 

None 

2k + 4 • 

3fc + 5 , — — f o r 

fcodd; 
3fc + 6 , for 

2 
k even 

• • XYX and 
• • YXY 

None 
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