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COUNTABILITY PROPERTIES OF FUNCTION SPACES
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ABSTRACT. A study is made of those function spaces which have
such properties as first and second countability, separability, the
Lindelof property, and the properties of 8,-spaces and cosmic
spaces.
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The purpose of this paper is to organize and extend results concerning
countability properties of function spaces. The term ‘“‘countability
properties’” refers to those topological properties which involve some
countable set in their definitions, such as first and second countable spaces,
separable spaces, or Lindelof spaces.

We shall be concerned with function spaces having topologies which are
of “closed-open’” form. That is, if X and Y are topological spaces, and if
C(X, Y) denotes the space of continuous functions from X into Y, then a
topology of “closed-open’” form is one generated by the sets of the form
[C,V]= {feC(X,Y)|f(C) € V}, where C is from some predetermined
collection of nonempty closed subsets of X, and V is open in Y. We will
call I" a closed collection from X (compact collection from X, respectively)
if it is a family of nonempty closed (compact, respectively) subsets of X;
and we will use the notation Cp(X, Y)to denote the space C(X, Y) with
the topology generated by the subbase {[C, V]| Ce I and Vis openin Y}.
When " consists of the singleton subsets of X, then the topology on
Cr(X, Y) is the topology of pointwise convergence and will be specifically
denoted by C.(X, Y). The symbol 7 will then be used to mean the family
of all singleton subsets of X. Also when /" consists of the nonempty
compact subsets of X, then the topology on Cn(X, Y) is the compact-open
topology and denoted by C,(X, Y), and £ will be used to mean the family
of all nonempty compact subsets of X.

The range space Y can naturally be embedded in Cr(X, Y) by associat-
ing points of Y with the constant functions; and if Y is a Hausdorff space,
then this is a closed embedding. Therefore, for a hereditary property (or a
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closed hereditary property, if Y is a Hausdorff space), it is necessary that
Y have this property in order that C.(X, Y) have the property. This fact
will then pertain to many of the properties which we will investigate.

A collection £ of subsets of X is called a /"-network for X if whenever
C e [ and U is open in X with C & U, then there exists a P € £ such
that C & P & U. A n-network is generally called a network, We will
call I" a proper closed collection from X if /" is a closed collection from X
which is a g-network for X; and we will call I” point-proper if I is a net-
work. All spaces will be T-spaces.

1. First and second countable spaces and metric spaces. The following
two facts can be established in a straightforward manner (see for example
[5, page 121]).

ProrosiTioN 1.1. If I' is a point-proper closed collection from X, then
Cr(X, Y) is a Hausdor{f space if and only if Y is a Hausdor(f space.

PROPOSITION 1.2. If I is a point-proper compact collection from X, then
(@) Cp(X, Y)isregularif and only if Y is regular, and
(b) CH(X, Y)is completely regular if and only if Y is completely regular.

There is no corresponding result for normality. In fact, Borges has given
an example in [2] of a paracompact Hausdorff (and hence normal) space
Y such that neither C,(I, Y) nor C,(I, 8Y) are normal, where I is the
closed unit interval in the real numbers R. If Y is a regular Hausdorff
space, then whenever Cr(X, Y) is second countable, Y is necessarily a
second countable metric space. Conversely, if X is a locally compact
second countable space and Y is a second countable metric space, then
Cr(X, Y) is a second countable metric space whenever /" is a proper com-
pact collection. This follows from 1.1, 1.2, and the following easily proved
fact (see [7, page 152]).

PROPOSITION 1.3. Let I' be a proper compact collection from a locally
compact Hausdorff space X. If both X and Y are second countable, then
Cr(X, Y) is second countable.

If Cp(X, Y) is to be first or second countable, then it will be necessary
for X and I” to have certain properties. This will be illustrated by the next
theorem. We will say that /" has the countable covering property if there
exists a countable subset /" S I' such that for every Ce [, there exist
Cl’ ceey Cne I"withC & Cl U cee U Cn‘

THEOREM 1.4. Let X be a completely regular space, let Y contain a non-
trivial path, and let ' be a closed collection from X. If C(X, Y) is first
countable, then I' has the countable covering property.

PROOF. Let «: I — Y be a continuous function such that a(0) # a(l).
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Let f be the constant function from X onto {a(0)}. So f has a countable
base { W}, where each

Wi = [Cila Vil] ﬂ ﬂ [Cz'k,-’ Vz'k,']'

Define I = {C;;|i 2 1 and 1 £j < k,}, which is a countable subset of
I'. Now suppose that there exists a C € [ such that for every i, C &€ C,
U -+ U Ca,. Let ¥ = Y\{a(1)}, and note that [C, V] is a neighborhood
of f. To get a contradiction, we will show that no W, is contained in [C, V].
"Let i be a fixed natural number. Since X is completely regular, there exists
a ge C (X, Y) such that g(x) = a(1) and g(C; U -+ U Cy) = {a(0)},
where x is some element of C\(C; U -+ U Cy,). Then ge W,, while
g ¢ [C, V]. With this contradiction, we see that /" must have the countable
covering property.

If ' consists of the singleton subsets of X, then /" has the countable
covering property if and only if X is countable. Also, if /" consists of the
nonempty compact subsets of X, then /" has the countable covering prop-
erty if and only if X is hemicompact. This concept of hemicompactness
was introduced in [1] and means that there exists a countable family of
compact subsets such that every compact subset of the space is contained
in some member of this family. These facts, along with the fact that first
countability and metrizability are countably productive properties, can be
used to establish the following corollary of 1.4.

COROLLARY 1.5. Let X be a completely regular space, and let Y contain a
nontrivial path. Then

(@) C.(X, Y) is first countable if and only if Y is first countable and X is
countable,

(b) C(X, Y) is metrizable if and only if Y is metrizable and X is countable,
and

(©) if CAX, Y) is first countable, then Y is first countable and X is hemi-
compact.

Part (c) of 1.5 appears in [1] for the case where Y = R. An alternate
proof of part (b) of 1.5 is given in [4, page 273] making strong use of a
metric on Y; however, part (a) of 1.5 does not appear there.

There is no converse to 1.4 using first countability. However, there is a
converse using metrizability, but only for certain kinds of /"—which we
introduce with the following definition. A closed collection /" from X will
be called hereditary if every nonempty closed subset of a member of /" is a
member of /. The following theorem and its proof are then generaliza-
tions of Theorem 7 in [1] and its proof.

THEOREM 1.6. Let [' be a hereditary compact collection from X which has
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the countable covering property. If Y is metrizable, then Cp(X, Y) is metrt-
zable.

PrOOF. Let /" = {C;} be a countable subset of /" such that for every
Ce ', there exits an n such that C < C; |J --- U C,. Let d be a com-
patible metric on Y which is bounded by 1. For each i, define p; by o,(f, g)
= sup {d(f(x), g(x)) | x € C;}. Define p by

olf,8) = ;‘f{ 2 oA £, 9).

Now p is a metric on C(X, Y).

To see that p is compatible with the topology on C,(X, Y), let fe
Cr(X, Y)and let B = [Dy, V1] N --- N [D,, V,] be a basic open subset of
Cr(X, Y) containing f. Then there exists an integer m such that

DU UD,cC U UG,

Also, since each D, is compact, there exists an ¢ > 0such that N,(f(D,))
€ V,;foreach 1 < i < n. Now suppose that o(f; g) < ¢/2». Then for each
1 <iZn,

o f, 8 = 2o(f, 8 = 2%(f, &) < e.

Let i be between 1 and #n, and let x € D;. Then for some j between 1 and m,
x € C;. Thus

d(f(x), g(x) = p/(/; 8) <,

so that g(x) € V;. Hence, g(D;) < V, for each i, and thus g € B. This means
that N,/ f) < B.

Going in the other direction, let ¢ > 0 be arbitrary. Let i be temporari-
ly fixed. For each x e C;, there exists a neighborhood U(x) of x such
that f(U(x)) & N,,(f(x)). Since C; is compact, there exist xy, ..., x;, € C;
such that C; < U(x;) U -+ U U(xy,). For each j between 1 and k;, let
Cx'f = U(xj) ﬂ Ci? and let Vif = s/4(f(xj))-

Now let m be such that 332, 277 < ¢/2,and let

m ki

W= ﬂ m [Cx'j’ Vx'j]-

=1 j=1

First, note that f € W by construction. Next, if g€ W, then foreach 1 < i
< mand for each z € C;, z € C;; and hence g(z) € V;; for some j. But

Vt“ = s/4(f(xj)) g Ne/Z(f(Z))

since f(z) € N, ,4(f(x;)). Therefore d(g(z), f(2)) < ¢/2,s0 that p,(, ) < ¢/2.
Then 37, 2~p(f, &) < ¢/2, and thus o(f, g) < e. Therefore W < N.(f).
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We now have the following corollary of 1.6.

COROLLARY 1.7. Let X be a completely regular space, and let Y contain a
nontrivial path. Then C (X, Y) is metrizable if and only if Y is metrizable
and X is hemicompact.

Corollary 1.7 has no analog for first countability as suggested by 1.5.
This can be seen by letting X and Y both be the unit square in the plane
with the order topology gotten from lexicographic ordering. This space,
call it Z, is a first countable compact Hausdorff space which contains a
nontrivial path. However, C(Z, Z) is not first countable. To see this, let
e € C(Z, Z) be the identity, and let { W;} be a sequence of neighborhoods
of e, where each

W; = [C;‘la Vil] n...nN [Cik,-’ Vik,-]'

Since each C;; is compact, we may assume that each V;; is the finite union
of basic open sets. So foreachiand j, theset S;; = {seI|V;; N ({s} x I)
is a nonempty proper subset of {s} x I} is finite. LetS = U {S;;|i=1,2,
...and j =1, ..., k;},which is a countable subset of /. Therefore, there
exists an sp € I\S. Let /; be the interval (0, 1/3) in 7, and let V' = {so} x I,
which is an open subset of Z. For each i and j, either ¥ < V;;or V (| V;
=(@. Now let p: I — I be a continuous function such that ¢(0) = 0, ¢(1)
= 1 and ¢(1/3) = 2/3. Define fe C(Z, Z) by taking f(<s, D) = (s, (1))
if s = 5o and f(<s, D) = (s, t) if 5 # 50. If we define W = [{<so, 1/3)},
V], then e € W. But fe W\W for each i, so that W; &€ W for each i. There-
fore, since { W;} was arbitrary, e has no countable base, and hence C(Z, Z)
is not first countable.

This example raises an interesting problem. Find necessary and suffi-
cient conditions for C(X, Y) (and in particular for C(X, Y)) to be first
countable for a large class of spaces X and Y, such as X being completely
regular and Y containing a nontrivial path. We do not have a complete
answer to this problem, but there is an interesting analog of Theorem 1.6
for first countability of Cr(X, Y), where we weaken the metrizability of ¥
to Y having a point-countable base. This is a generalization of a theorem
in [13], and it has a similar proof. Therefore, we omit its proof, but merely
note that it hinges on the fact that f(C) is second countable for each f'e
Cr(X,Y)and Ce[.

THEOREM 1.8. Let I' be a hereditary compact collection from X which has
the countable covering property. If Y has a point-countable base, then
Cr(X, Y) is first countable.

Therefore, if X is completely regular and if ¥ has a point-countable base
and contains a nontrivial path, then C/(X, Y) is first countable if and
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only if X is hemicompact. However, it is not necessary for Y to have a
point-countable base in order that C,(X, Y) be first countable. This can
be seen from the following example. As above, let Z be the unit square
with the lexicographic ordering topology. Since we have already shown
that C(Z, Z) is not first countable, then we know that Z cannot have a
point-countable base because of Theorem 1.8. But C,(Z, Z) is first count-
able since the image of each element of C,(I, Z) lies in a vertical slice of Z.
That is, if fe C(I, Z), then f(I) is actually second countable; so an argu-
ment like that in the proof of Theorem 1.8 will work to construct a count-
able base for f.

2. Separable and Lindelof spaces. Characterizations of a function space
being separable or Lindel6f have been given for certain classes of topolo-
gical spaces. For example, Vidossich has shown in [10] that if X is a com-
pletely regular space and Y is a nontrivial separable convex subset of a
locally convex Hausdorff space, then the following are equivalent.

(1) C.(X, Y)isseparable.

(2) C.(X, Y)is separable,

(3) Xis submetrizable and has a dense subset of cardinality less than or
equal to 2%,

Also, Warner showed in [11] that C,(X, R) is separable if and only if the
topology on X is stronger than a separable metrizable topology on X;
for example, if X is the union of a countable family of compact metrizable
subsets.

As for the Lindel6f property, Corson and Lindenstrauss showed in
[3] that if X is metrizable, then the following are equivalent.

(1) C.(X, Rv)is Lindelof.

(2) C.(X, R®)is Lindelof,

(3) Xis separable.

Along the same lines, Zenor showed in [12] that if X is completely regular,
then the following are equivalent.

(1) C.(X, R®)is hereditary Lindelof.

(2) C.(X, Y)is hereditary Lindelo6f for every second countable space Y.

(3) X< is hereditary separable.

This was also shown to be true with the concepts of hereditary Lindel6f
and hereditary separable interchanged.

In this section we prove general results which include these latter two
results as corollaries. We will use the same basic tool which was used
in [12], and which we state as the following lemma.

LEMMA 2.1. Let X, Y, and Z be topological spaces with Y second countable,
andlet f: X x Z — Y be a function such that

(a) fis continuous on X, and

(b) Z has the weakest topology for which f is continuous on Z. Then,
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(1) if X is hereditary Lindeldf, Z is hereditary separable, and
(2) if Xv is hereditary separable, Z is hereditary Lindeldf.

For the next theorem, we will need to consider a closed collection [’
from X as a topological space. The topology on /" will be the Vietoris
topology (see for example [8]). Basic open sets in /7 will be those of the
form Uy, ..., U y={CelCc Uy U--UJU,and CNU;, # D
for each i}, where Uy, ..., U, are open in X. The notation ['(Y) will
refer to the space { f(C)|fe C(X, Y) and C € I'} with the Vietoris topology.
Finally, the notation /', I'*(Y), and C#(X, Y) in the following theorems
will be used to denote the countable infinite product spaces.

THEROEM 2.2. Let X and Y be topological spaces, and let I' be a point-
proper closed collection from X such that I'(Y) is second countable. Then,

(1) if I'* is hereditary Lindelof, C¥(X, Y) is hereditary separable, and

(2) ifI'e is hereditary separable, C¥(X, Y) is hereditary Lindelof.

PrOOF. Define @: ' x C(X, Y) - I'(Y) as follows. If Ce[" and
F = (f);e, € CH(X, Y), then take &(C, F) = (f(C)),=, Foreach Cel,
let @.: Cp(X, Y) — I'*(Y) be defined by O-(F) = @(C, F). Also for each
FeCyX, Y),let Or: ' > I'°(Y) be defined by @-(C) = &(C, F). Then
2.2 will be established if we show that @ satisfies the hypotheses of 2.1.

To see that each @y is continuous, let Ce/" and let B =
771 ({V1, ..., Vi) be a subbasic open subset of /'(Y) containing @x(C).
If F = (f))jcur then define W = (f7Y(V), ..., f7X(Vy)). It is straight-
forward to verify that C € Wand that O-(W) S B.

For each C € [', each i e w, and each open V in Y, the subbasic open
set z;7Y([C, V]) in C#(X, Y) can be written

7 ([C, V] = &G (@1 (KVD).

Therefore, part (b) of Lemma 2.1 will follow if we can show that each
@ is continuous. So with C fixed, let F = (f));c, € C#(X, Y) and let
B = n,{Vy, ..., Vu») be a basic open subset of ['¢(Y) containing
Oc(F). Then C & f7Y(V; U -~ U V,), and there exist xi, ..., x,€ C
such that x; e f;7Y(V;) for each j =1, ..., k. Since /" is point-proper,
there exist Cy, ..., C, € I' with x; € C; < f;74(V,) for each j. Now define

V=[G, N - NG Vil NIC Vi U - U Vil
Then Fez7(V), and O.(z;71(V)) € B.
We now give a partial converse of 2.2.

THEOREM 2.3. Let X be a completely regular space, let Y be a second
countable space which contains a nontrivial path, and let I be a point- proper
closed collection from X. Then,
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(1) if C¥(X, Y) is hereditary Lindelof, X is hereditary separable, and
(2) if C¥(X, Y) is hereditary separable, X© is hereditary Lindelof.

PrOOF. Define ¥': Cp(X, Y) x Xo — Yv as follows. If fe Cr(X, Y)and
x = (X);c, € X, then take U(f, x) = (f(x,));e,. For each fe Cp(X, Y),
let ¥y: Xo —» Yo be defined by ¥'s(x) = ¥(f, x). Also for each x € Xv,
let ,: Cp(X, Y) = Yo be defined by ¥,(f) = ¥(f, x). Then 2.3 will be
established if we show that ¥ satisfies the hypotheses of 2.1.

To see that each ¥, is continuous, let fe C(X, Y) and let B = z;74(V)
be a subbasic open subset of Y containing ¥ (f). If x = (x,);,, then
f(x;) € V. Since I' is point-proper, there exists a C €/ such that x;e C S
S~U(V). Then define W = [C, V], which contains f. It is now easy to see
that ¥ (W) € B.

Let S= {U(z;'(V))|fe Cp(X, Y), i€ w, and V is open in Y}. Each
member of S is open since ¥ (z;2(V)) = z;*(f (V). Finally, it remains
to show that § generates all the open subsets of Xv. So let x = (x;);c, €
Xo, and let B = z74(U) be a subbasic open subset of X containing x.
Let @: I — Y be a continuous function such that a(0) # a(1). Since X is
completely regular, there exists an fe Cp(X, Y) such that f(X) & a (1),
f(x)) = a(0), and fIX\U) = {a(1)}. Let V = Y\{a(1)}, and let W =
U (z7X(V)). Since x; € f~1(V) € U, thenxe W < B.

The next two statements are then corollaries of 2.2 and 2.3.

COROLLARY 2.4. Let X be a completely regular space, and let Y be a
second countable space with contains a nontrivial path. Then

(1) C«X, Y)is hereditary Lindelof if and only if X is hereditary separ-
able, and

(2) C«X, Y) is hereditary separable if and only if X¢ is hereditary
Lindelof.

COROLLARY 2.5. Let X be a metric space, and let Y be a second countable
space which contains a nontrivial path. Then the following are equivalent.

(1) Xis separable.

(2) C«X, Y)is hereditary separable.

(3) C«X, Y) is hereditary Lindelof.

(4) C«X, Y) is hereditary separable.

(5) Co(X, Y) is hereditary Lindeldf.

Proor. If X is a separable metric space, then the space of all nonempty
compact subsets of X under the Vietoris topology is a separable metric
space (see [8]).

Two questions are suggested by these results. First, if X« is hereditary
separable (hereditary Lindelof, respectively), is /'@ hereditary separable
(hereditary Lindelof, respectively)? Second, if Cn(X, Y) is hereditary
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separable (hereditary Lindelof, respectively), is C#(X, Y) hereditary separ-
able (hereditary Lindel6f, respectively)? The converses of these questions
are, of course, true.

3. Cosmic spaces and 8j-spaces. The concepts of cosmic spaces and
No-spaces are strengthenings of the concepts of hereditary Lindel6f and
hereditary separable spaces. A cosmic space is a regular space having a
countable network, and an 8- space is a regular space having a countable
x-network (see [9]). Basic properties for these concepts include:

(1) every separable metric space is an &;-space,

(2) every §y-space is a cosmic space,

(3) every cosmic space is both hereditary Lindel6f and hereditary
separable, and

(4) every first countable 8y-space is a separable metric space.

Michael showed in [9] that if X and Y are cosmic spaces, then C,(X, Y)
is a cosmic space; and that if X and Y are 8j-spaces, then C.(X, Y)is an
No-space. In fact, when X is completely regular, the following are equiv-
alent.

(1) C.(X, R)is acosmic space.

(2) C.(X, R)is an ¥;-space.

(3) Xisan &y-space.

Also, when X is completely regular, C(X, R) is a cosmic space if and
only if X is a cosmic space. On the other hand, C,(X, R) is an 8)-space
if and only if X is countable.

In this section we consider closed-open topologies for more general
compact collections /I’. The key concept here is that of what we shall call
a ['-cosmic space, where [' is a compact collection from the space. By this
we mean a space X having a countable /-network. If I" is point-proper,
the concept of a ['-cosmic space is intermediate between the concepts of a
cosmic space and an Ry-space; but it may not be strictly intermediate.
For example, if 2 denotes the nonempty compact countable subsets of the
space, then Guthrie has shown in [6] that a regular space is a 3-cosmic
space if any only if it is an 8-space.

If I' is a compact collection from X, then /” will be called countably
full if whenever C € [” and D is a compact subset of X containing C such
that D\C is countable, then D € ['. Also, if X and Y are spaces and 4 is
a compact collection from Y, then the notation 4-1(X) will stand for the
compact collection {C|C is a compact subset of X such that f(C) € 4 for
every fe C(X, Y)}. The notation 4-! will be used for 4-1(X) if X is under-
stood.

THEOREM 3.1. Let I and 4 be compact collections from spaces X and Y,
respectively, such that I' S A=Y (X) and 4 is countably full. If X is a I'-
cosmic space and Y is a 4-cosmic space, then Cp(X, Y) is a cosmic space.
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PRrOOF. Let £ be a countable /-network for X, and let % be a countable
d-network for Y. We may assume without loss of generality that & is
closed under finite intersections. Let # = {[P, S]| Pe £ and Se &}.
Now let Ce ', let V be open in Y, and let f€ [C, V]. We shall find P e 2
and Se & such that CS P, S < V, and f(P) & S. Then fe[P, S] &
[C, V], so that & would generate a countable network for C,(X, Y).

Let {P,} be the members P of 2 such that C £ P < f~1(V), and let
{S,} be the members of & which are contained in V. Suppose that for
each n, there exists an x,€ Py ) --- [ P, such that f(x,) ¢ S,. Then
let A be the union of C and the sequence {x,}. It can be seen that {x,}
is eventually in each neighborhood of C, so that A is compact. Since 4 is
countably full, f(4) € 4; and since 4 € f~1(V), f(4) £ V. Thus for some
k, f(4) € S, & V.Butf(x,) ¢ S,, which is a contradiction. Therefore, there
exists an »n such f(P; N - N P,) & S,, so that P =P ) --- N P,
and S = §, are the desired elements of 2 and .&.

The converse of 3.1 is not true without some restrictions. For example,
let X be a connected space which is not a cosmic space (say not separable),
and let Y be a cosmic space which is totally disconnected (say the ration-
als). Then C,(X, Y) is homeomorphic to Y, and hence, is a cosmic space.

THEOREM 3.2. Let X be a completely regular space, let Y contain a non-
trivial path, and let I' be a compact collection from X. If Cp(X, Y)is a cosmic
space, then X is a I'-cosmic space.

PRrOOF. Let & be a countable network for Cp(X, Y), and let a: I - YV
be a continuous function such that a(0) # a(1). Also let 4 = a([l), and
let F={feCpnX, Y)|f(X) S A}. Forevery Pe 2, let P* = {xe X|
a~1g(x) > 0 forevery g e P ) F}. To see that {P*|P € 2} isa ['-network
for X, let Ce " and let U be open in X with C & U. Since X is completely
regular, there exists a continuous function 3: X — I such that (C) = {1}
and B(X\U) = {0}. Let f = a - B,and let V = Y\{a(0)}. Now f€[C, V],
so that there exists a P € 2 such that fe P < [C, V]. To see that C & P*,
let xe C.If ge P () F, then g(C) & V () 4, so that g(x) e V' [} 4. Thus
g(x) € A\{a(0)}, so that a~1g(x) > 0, and hence x € P*. Finally, to see
that P* € U, let x € P*. Then, since fe P (| F, a™3f(x) > 0. Thus f(x) €
A\{a(0)} € V, so thatsince f(X\U) = {a(0)}, then x € U.

As a corollary of 3.1 and 3.2 we have the following.

COROLLARY 3.3. Let X be a completely regualr space, and let Y be an
Ro-space which contains a nontrivial path. Then

(1) C(X, Y) is a cosmic space if and only if X is an Ry-space, and

(2) C(X, Y) is a cosmic space if and only if X is a cosmic space.
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As in section 2, we can consider a compact collection /” from X as a
topological space by putting the Vietoris topology on it. Using this to-
pology, we have the following relationship.

THEOREM 3.4. Let ' be a compact collection from X. If I' is a cosmic
space, then X is a I'-cosmic space. Conversely, if I' is hereditary and X is
I'-cosmic space, then I is a cosmic space.

PROOF. Let 2 be a countable network for /7. To see that {JP | P e 2}
is a I'-network for X, let C € I" and let U be an open subset of X with C &
U. Then (U’ is an open neighborhood of the element Cin /7, so that there
existsa Pe #Zsuchthat Ce P € {U).ClearlyC & JUPand UP E U.

Conversely, let # be a countable /-network for X. For each Ry, ...,
R,e R, let (Ry,...,R)* = {C;U -+ UC,|for each | <i<n, C;el
and C; € R;}. To see that {(Ry, ..., R,)* | n is an integer and Ry, ...,
R, € #} is a network for I', let Ce [ and let (U, ..., U,) be a basic
open set in /" containing C. Then there exist closed subsets Cy, ..., C,
of C suchthateach C; € U;and C;J---U C, = C. Since [" is hereditary,
each C;e[". So for each i, there exists an R; € # such that C; € R; € U,.
Then Ce(Ry, ..., R,)*, which in turn is contained in {Uy, ..., U,).

A corollary of 3.4 is that X is an 8y-space if and only if the space of
compact subsets of X is a cosmic space.

If we use the Cantor set K, we can relate /” being a cosmic space to a
certain function space being a cosmic space.

THEOREM 3.5. Let I' be a hereditary compact collection from X. If
Cr-1(K, X) is cosmic, then I is cosmic.

PrOOF. Define F = {fe Cr-«(K, X) | f(K) el'}. Since Cp-1(K, X) is cos-
mic, then F is cosmic. Also define ¢p: F — I" by ¢(f) = f(K). Now since X
is cosmic (being a subspace of Cr-1(K, X)) and since a (locally) compact
cosmic space is a (separable) metrizable space, then each element of [ is
metrizable. Therefore ¢ must be onto. To see that ¢ is continuous, let f
€ F and let {Uj, ..., U,) be a basic neighborhood of ¢(f) in /". Then there
exist closed subsets C, ..., C, of f(K) such that each C; € U;and C; |J---
U C, = f(K). Since [ is hereditary, each C;e /", so that f~1(C;) e ['-1. Then
FNIU(C), U] N--NLFYC,, U,] is an open neighborhood of f in F
which maps into (U, ..., U,> under ¢. Therefore, ¢ is continuous; and
since the continuous image of a cosmic space is a cosmic space, then
I is a cosmic space.

Now as a corollary to 3.1, 3.4, and 3.5 we have the following.

COROLLARY 3.6. Let I' be a countably full hereditary compact collection
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from X. Then X is a I'-cosmic space if and only if Cp-(K, X) is a cosmic
space.

In order to determine when a function space is an 8y-space, we need to
introduce the idea of a ky-space, which is a strengthening of the concept
of a k-space. If I" is a compact collection from X, then X will be called
kr-space if the open subsets of X are precisely those sets Usuch that U | C
is open in C for every C e ['. For example, if /" consists of all compact
subsets, then a kp-space is precisely a g-space; if /7 consists of the singleton
subsets, then a xp-space is precisely a discrete space; and if /7 consists of
the compact countable subsets, then a kp-space is precisely a sequential
space (for Hausdorff spaces).

If I is a compact collection from X, and if X is not a k,-space, we can
enlarge the topology on X to turn it into a k-space as follows. Let kp(X)
be the set X with the topology consisting of those subsets W of X such
that W () Cis open in C (with respect to the topology inherited from X)
for every Ce['. Then it is easily seen that the elements of /" are compact
as subsets of k(X),and that k-(X) is a k-space. Now if k(X)) is a ['-cosmic
space, then X is a [-cosmic space. For certain [, the converse of this is
true.

THEOREM 3.7. Let I' be a countably full compact collection from X. If
X is a I'-cosmic space, then k(X)) is a I'-cosmic space.

The proof of 3.7 is the same as the proof of Proposition 8.2 in [9], and
involves an argument much like that used in proving 3.1.

THEOREM 3.8. Let I’ be a countably full hereditary compact collection
from X. If X is a ['-cosmic space and Y is an 8y-space, then Cr(X, Y), is
an 8y-space.

Proor. We outline where this proof differs from that of 3.1. First, let
2 be a countable ['-network for k(X) (whose existence is guaranteed by
3.7) and let & be a countable x-network for Y. Instead of taking f e [C, V],
take a compact subset D of Cr(X, Y) contained in [C, V]. In the second
paragraph, instead of using f~'(V), use the set {x € X'| f(x) € V for every
f€ D}, which can be shown to be an open subset of kp(X). Also instead
of using the compact set f(4), use the set {f(x) | fe D and x € 4}, which
can be shown to be a compact subset of Y by using the hypotheses that
I' is countably full and hereditary.

We can put all the above results together and make the following state-
ment.

THEOREM 3.9. Let X be a completely regular space, let Y be an ¥y-space
which contains a nontrivial path, and let I’ be a countably full hereditary
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compact collection from X. Then the following are equivalent.
(1) X is a I'-cosmic space.
(2) kp(X) is a I'-cosmic space.
(3) I is a cosmic space.
@) Cp-«(K, X) is a cosmic space.
(5) Cr(X, Y) is an Ry-space.
(6) Ci(X, Y) is a cosmic space.
(7) Cr(kr(X), Y) is an 8y-space.
(8) Cr(kp(X), Y) is a cosmic space.

Finally, we state another application of the k -space concept. This is
an Ascoli theorem for the more general closed-open function space to-
pologies. The proof is similar to that of the standard Ascoli theorem
involving the compact-open topology.

THEOREM 3.10. Let F be a subset of C(X, Y), and let I' be a compact col-
lection from X. Then the following are equivalent.
(1) Fis compact in Cp(X, Y).
(2) Fis compact in Cp(kp(X), Y).
(3) F is compact in C(kr(X), Y).
@) (i) Fisclosed in Cp(kp(X), Y),
(ii) F[x] is compact for every x € X, and
(iii) F is evenly continuous on every element of I

As a result, we see that if X is a kp-space, then Fis compact in Cx(X, Y)
if and only if it is compact in C, (X, Y).
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