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CLASS FIELD THEORY SUMMARIZED
DENNIS GARBANATI

1. Introduction. A good starting point is a quote from M. J. Herbrand
of which the following is a translation.

“There is perhaps no theory in science where at the same time the proofs
are so difficult and the results of such perfect simplicity and of such great
power.” [11, p. 2].

Hopefully this summary will communicate the simplicity and power of
the results of class field theory even though no proofs are presented—a
fact which is bound to eliminate to some extent the sharp precision found
in a complete course.

The first part of this summary will be a very classical presentation of
class field theory such as it can be found in the work of Hasse, i.e., pre-
World-War II class field theory. The second part will re-summarize class
field theory in a more modern fashion using ideles, i.e., Chevalley’s formu-
lation.

2. Goals. What are the goals of class field theory? To answer this we
need some definitions.

Let K be a finite extension of the rationals Q. In fact, unless stated other-
wise all fields discussed in this summary will be finite extensions of Q. Let
0 = Ok be the ring of algebraic integers of K. A fractional ideal, a, is a
nonzero finitely generated @-module where the generators are in K. So we
can write a = (a3, ..., @,) where the a's are the generators of a. If b =
By, - - By), we define the product ab = (..., a;3;, -..) as the ¢-mod-
ule generated by the products of the various generators of a and b. Under
this multiplication the set of fractional ideals forms a multiplicative
group, A = Ag, with @ = (1) as the identity element.

Although nobody seems to want to define ““the arithmetic of K, the
following description seems to work in the present context. The arithmetic
of K is the study of A4, subgroups of A4, factor groups of subgroups of 4,
groups isomorphic to these groups and certain ideals in A4.

We can now state the three-fold goal of class field theory.

(I) “Describe’ all finite abelian extensions of K in terms of the arithmetic
of K. (L is an abelian extension of K if the Galois group G(L/K) is abelian.)
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(IT) Canonically realize G(L/K) in terms of the arithmetic of K whenever
G(L/K) is abelian.

(I1I) Describe the decomposition of a prime ideal from K to L in terms
of the arithmetic of K whenever G(L/K) is abelian.

3. Some terminology. Let L be a Galois extension of K of degree n. Let
0Ok(0;, resp.) be the ring of algebraic integers of K (L resp.). It is known
that if p is a prime ideal in O, then

Oy = ($1 e ng)E

where 9, . . ., 5, are distinct prime ideals in @;. The integer e is called the
ramification index of p. (If L is any finite extension of K, then

po = P ... By,

i.e., the powers of the various §3’s do not have to coincide.) Let “P divides
p”, B|p, mean that  occurs in the factorization (above) of p. If P|p, then
Ok/p is a field which can be thought of as a subfield of ¢,/F, and f =
[0L/B: Ok/p] is called the residue class degree of p or the residue class
degree of . It is also known thatefg = n = [L: K].

We say p splits completely from K to L if g = n. Why look at primes
which split completely? An answer is given by the following theorem.

THEOREM 3.1.[13, p. 136]. Let L, and L, be Galois extensions of K and S|,
So be the sets of primes which split completely from K to L,, L, resp. Then
S, © S, (with finitely many exceptions) if and only if Ly © L,. So S; = S,
ifandonly if Ly = L,.[13, p. 136].

Thus the primes which split completely “‘capture’ the Galois extension.

4. The historical setting for class field theory. Histories of class field
theory can be found in [11], [12], pp. 479-518], [5, pp. 266-279], and [7].)
Gauss (1777-1855) tried to decide when x2 — @ = 0 mod p has a solution
(here p } aand p is a prime). He came up with his law of reciprocity—one
formulation of which is the following theorem.

THEOREM 4.1. (Gauss’ Quadratic Reciprocity). [1,p. 122]. If p and q are
odd primes not dividing a and p = q mod 4a, then x2 — a = 0 mod p has
a solution if and only if x2 — a = 0 mod q has a solution.

In other words, whether or not there is a solution to x2 — ¢ = O mod p
depends only on the arithmetic progression mod 4a to which p belongs.
But the following can also be shown.

THEOREM 4.2. [4, p. 236). Let L = Q(+/d ) where d is a square free integer.
Then an odd prime p splits completely from Q to L if and only if x2 — d = 0
mod p has a solution and p { d.
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ExaMpLE 4.1. Let us find all the primes which split completely from Q
to Q(4/2). Here d = 2. Any odd prime is congruent to 1 (which is con-
gruent to 17 mod 8), 3, 5, or 7 mod 8. Now x2 — 2 = 0 mod 17 has the
solution x = 6 and x2 — 2 = 0 mod 7 has the solution 3. Whereas x2 —
2 = 0mod 3 and x2 — 2 = 0 mod 5 do not have solutions. Since it turns
out that 2 does not split completely (cf. Example 6.2), it follows from 4.1
and 4.2 that a prime p splits completely from Q to Q(4/2) if and only if
p=1=17mod 8 or p = 7 mod 8; that is, p is in the arithmetic progres-
sionl,1 + 8,1+ 2-8, 1+ 3-8, ... or in the arithmetic progression 7,
7+8,7+2-8,....The field Q(4/2) determines these primes and these
primes (3.1) determine this normal extension Q(4/2).

So Gauss had in essence made a statement about the decomposition of
primes and had done so in terms of congruence conditions. He had set the
tone for a decomposition theory based on congruences.

Let R, C, Z resp. denote the reals, the complexes, the rational integers
and let gcd denote the greatest common divisor.

Dirichlet (1805-1859) worked with Dirichlet L-series, i.e.,

(o]

L(s,x)=ZX(n , seR

n=1 ns

where y is a character, i.e. a homomorphism from the multiplicative
group of units of Z/mZ into C where m is some positive integer. If
ged(n, m) > 1, then we define y(n) to be 0. Using this analytic tool
Dirichlet showed the following theorem.

THEOREM 4.3. (Dirichlet’s). If gcd(a, m) = 1, then there are an infinite
number of primes p congruent to a mod m.

Weber’s attempt to generalize this result led to some of the results of
class field theory.
Riemann (1826-1866) worked with the Riemann zeta function

L(s) = Z_: %, seC.
n=1

Thus analytic number theory blossomed under Dirichlet and Riemann
and the fruit of their work was ripe for those in pursuit of a class field
theory.

Kummer (1810-1893) tried to solve Fermat’s last theorem, i.e. x* + y»
= z» has no solution in integers x, y and z such that xyz # 0 if n = 3.
Since this equation can be rewritten as

x*=(z — )z — w)z — w?y) - (z — w*ly)

where @ = €27/, Kummer was led into some very exciting studies of the
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cyclotomic field Q(w). In particular, Kummer studied the structure of
% = A/(K*), the ideal class group of K where (K*) denotes the principal
fractional ideals of A = Ax and K = Q(e2/?) (p is an odd prime). The
reason he did this is because if the order of this &, the class number of K,
is 1, then Fermat’s last theorem holds for x? + y? = z»,

Kummer knew the following result.

THEOREM 4.4. [5, p. 87). Let L = Q(e27/?) where p is a prime. Let q be a
prime not equal to p. Let f be the smallest positive integer such that qf = 1
mod p. Thenq O, = P, -+ P, whereg = (p — )[fandp — 1 = [L: Q].

(Kummer did not formulate his ideas in this fashion, however, for the
concept of an ideal as we know it came from Dedekind.) Hence if ¢ = ¢’
mod p, then g and ¢’ decompose in the same way (g and ¢’ are primes not
equal to p).

ExaMpLE 4.2. Let L = Q(e27/5), It turns out that 5 does not split com-
pletely from Q to L (cf. Example 6.2). So a prime ¢ splits completely from
Qto Lifand onlyif ¢ = 1 mod 5; thatis, g = 11, 31,41, ...

Again we see a decomposition theory stated in terms of congruence
conditions.

Dedekind (1831-1916), basing his work on the results established by his
predecessors, gave a systematic presentation of algebraic number theory.
He introduced the idea of a Dedekind domain @, i.e., an integral domain
in which each ideal n in @ is a unique product of powers of prime ideals.
The ring of algebraic integers of K, (O, is the primary example of such a
domain. (It is also true that each fractional ideal 11 in A4 is a unique product
of powers of prime ideals. Of course, the powers can be negative.) His
book exposed clearly the problem of describing the decomposition of
a prime, i.e., of describing the ¢’s and g in

POy = B - By

5. The beginnings of class field theory. Kronecker (1821-1891) looked at
Abel’s work and saw that certain equations in one variable arising from
elliptic curves give abelian extensions of imaginary quadratic fields. (An
elliptic curve can be thought of as given by y2 = x3 + Ax + B and the
point at infinity.) (An equation in one variable a,x* + a,_;x"71 + -+ +
ag = 0 over K gives rise to the extension of K obtained by adjoining all its
roots to K.) He wondered if such a procedure would give all abelian
extensions and because of this he set forth the problem of “finding” all
abelian extensions of a given algebraic number field. Kronecker had posed
one of the major questions of class field theory. Furthermore, he stated
the following which was proved completely by Weber (1842-1913).
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THEOREM 5.1. (Kronecker-Weber, 1886-1887). [13, p. 165]. Let K be a
finite abelian extension of Q. Then there exists a positive integer m such that
K < Q(ezmi’m),

The quote in §1 from Herbrand certainly applies to this theorem.

Consider f(z) = 272, Lett:z —» z + 1. Let T = {z). Since f(z) = f(z2),
it turns out that f(z) is an automorphic function with respect to 7. (Defini-
tion of an automorphic function: Let /" = {(¢%)| a, b, ¢, de Zand
det(@) =1}. Let H= {x+iy|x, yeR and y > 0}be the upper half
plane. Let y € " act on H via y(z) =(az+b)/(czt+d),ze H. LetTbea
subgroup of I'. An automorphic function for T is a meromorphic function
on H such that

(i) f(r(2)) = f(z)forally € T, and

(ii) f(2) has a Fourier series of the form

f(2) = X2y a2 where N may possibly be negative.) So there exists
an automorphic function such that each abelian extension of Q is a sub-
field of a field obtained by adjoining to Q a special value of this automor-
phic function. Kronecker’s Jugendtraum (dream of his youth) was to show
that abelian extensions of imaginary quadratic fielders are subfields of
fields obtained by adjoining to them special values of automorphic func-
tions. Kronecker’s Jugendtraum was fulfilled later by Weber (1908) and
Fueter (1914) who partially proved this and then by Takagi (1920) who
gave a complete proof with class field theory.

Hilbert’s 12-th problem presented at the International Congress of
Mathematicians at Paris in 1900 asks for a generalization of Kronecker’s
Jugendtraum. This is still a major open problem but Shimura has made a
good deal of progress on this problem.

To Kronecker and Weber class field theory meant ““finding” all abelian
extensions of K and generalizing Dirichlet’s theorem. Although they
conjectured and proved some of the key results of class field theory, it
was Hilbert who saw the big picture—who saw class field theory as a
theory of abelian extensions.

Hilbert’s Zahlbericht (1887) gave a systematic account of the work
done in algebraic number theory up to that time. Chapter IIT was on
quadratic fields, Chapter IV on cyclotomic fields and Chapter V on Kum-
mer fields (i.e., fields of the form K( ¥a ) where e27/7 € K). All of these
fields are abelian extensions. Hilbert was, indeed, blessed by a great deal
of knowledge about abelian extensions. With this background and es-
pecially with the background of his own work on relative quadratic ex-
tensions, Hilbert presented some conjectures in 1898-1899 which capture
the broad outlines of class field theory in an ungeneralized form, i.e.,
Hilbert’s conjectures concern the existence and properties of what is now
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called the Hilbert class field of K as it relates to the ideal class group ¢
of K. (The Hilbert class field of K is the maximal abelian unramified ex-
tension of K.)

In 1900 Hilbert went on to present two key problems in class field the-
ory: problem 12 (already discussed) and problem 9 (i.e., generalize Gauss’
law of quadratic reciprocity).

It was Furtwangler who established the validity of most of Hilbert’s
conjectures on the Hilbert class field by 1907. One of the conjectures—
the Principal Ideal Theorem—he was not able to prove until 1930.

However, it was basically Weber during the period 1891-1909, Takagi
during the period 1920-1922, Artin in 1927 and Hasse during the period
1926-1930 who gave the world class field theory in its general “classical”
form which we present now.

6. Class field theory over Q. (A summary of class field theory over the
rationals is given in [10, p. 4-6].) The statements of class field theory are
particularly simple and concrete when the ground field K is the rationals
Q. So we start there. But first we adopt a convention. Let Q,, = Q(e2%/m)
where m is a positive integer. We shall always assume that m is not of the
form 2a where a is odd. Why? Because then Q,, = Q,. (If a is odd and
{ = e?mi/a_then —{ is a primitive 2a-th root of 1.) So we are not elim-
inating any cyclotomic fields by this restriction.

The attainment of the first goal of class field theory (i.e., describing all
abelian extensions of Q in terms of the arithmetic of Q) is an immediate
benefit of the major theorem of class field theory over Q, namely, the
Kronecker-Weber theorem which says that if Lis any finite abelian exten-
sion of Q, then there exists a positive integer m such that L = Q,,. We
say such an m is a defining or admissible modulus of L.

Throughout this section unless stated otherwise L is an abelian exten-
sion of Q.

DEerFINITION 6.1. The conductor of L, denoted f;, is the smallest defining
modulus of L.

ExAMPLE 6.1. The three most commonly investigated abelian extensions
of Qare: (1) L = Q,, and here f; = m;i2) L =QC+ 1) where { =
e27i/m and here f; = m; and (3) L = Q(4/d) for which we have the follow-
ing theorem.

THEOREM 6.1. [13. p. 198]. Let L = Q(+/d ) where d is a square free
integer. Then

7= |dl ifd=1mod4
L= 14d| if d = 2 or 3 mod 4.

where | | denotes absolute value.
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Note that fq(,2 = 8 and fo, = 5. These were the numbers used in Ex-
ample 4.1 and Example 4.2 for determining which primes split completely
in L = Q(4/2)and L = Q5. At the end of this section it will be clear why
this happened.

It can be shown that Q,,, | Q,,, = Qqeiomy,my from which the follow-
ing is immediate (from the definition of f7).

THEOREM 6.2. If m is a defining modulus of L, then f;|m.

If m is any positive integer let C,, be the multiplicative group of Z/mZ,
i.e., the integers relatively prime to m under multiplication. Let m be a
defining modulus of L. Since G(Q,,/Q) = C,,, L is the fixed field of some
subgroup of C,, which we denote by I; ,,. Thus we have that

(I) Each abelian extension L of Q is given in terms of the arithmetic of Q.

Whit m as before let gcd(a, m) = 1. Then a € C,,. Let (L/a), the Artin
symbol, be the automorphism on L given by restricting { — {¢ (where
{ = e%n/m) to L. Then (L/ ) maps C» onto G(L/Q) and has kernel I, ,,
i.e., we have the following theorem.

THEOREM 6.3. (Artin’s Law of Reciprocity). If L is an abelian extension
of Q with defining modulus m, then the following sequence is exact

1 — 1, < C, %), G(L/Q) — 1.

Thus (L/ )induces anisomorphism between C,,/I; ,, and G(L/Q). Another
way to put this is

(I1) G(L/Q) has been canonically realized in terms of the arithmetic of Q.

DEeFINITION. Let L be a Galois extension of K. If the ramification index
e of p equals 1, then we say p is unramified in L. If e > 1, then p ramifies
in L.

If a € Z let (@) be the principal ideal aZ. If p is a prime number, we iden-
tify p and the prime ideal (p).

THEOREM 6.4. (Conductor-Ramification Theorem). If L is an abelian
extension of Q, then p ramifies in L if and only if p | f..

Again the quote from Herbrand applies to this result. This theorem has
the following as an immediate corollary.

THEOREM 6.5. If L # Q is an abelian extension of Q, then at least one
prime p ramifies in L.

ExaMPLE 6.2. By Example 6.1 p ramifies in Q,, if and only if p|m. By
Theorem 6.1 p ramifies in Q(4/2) if and only if p = 2. This is the reason
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2 did not split completely in Example 4.1 and 5 did not split completely
in Example 4.2.

H. Hasse gave a more precise version of 6.4 for which we need the
following definitions. Let L be a Galois extension of K = Q where G(L/Q)

={o1, ..., 0,}. An integral basis of L is a set {a;, ..., a,} = O where
each a € ¢, can be written uniquely in the form « = bja; + -+ + b,
where b; € Z.

DerINITION. If @, ..., @, is an integral basis of L (an integral basis

always exists), then the discriminant of L is defined to be d;, = det(o,a;)?
where g,a; is the (7, j)-th entry in the n x n-matrix (o, ;).

The following was well known before class field theory.
THEOREM 6.6. A4 prime p of Q ramifies in L if and only if p\d;.

Let C,, be the set of characters on C,, i.e., homomorphisms from C,,
into the complex numbers C. If gcd(a, m) > 1, then let y(a) = 0 for any
x€C,.

DEFINITION. A positive integer c is a defining modulus of y € C,ifa=1
mod c implies y(a) = 1.

DEFINITION. The conductor of y € C,,, denoted f;, is the smallest defining
modulus of .

If m is a defining modulus of L, let
Xpm={xeC,|X(h)=1forallhel,,},
the character group of L mod m.

It can now be seen from Theorem 6.6 that the following result of Hasse
is a more precise version of Theorem 6.4.

THEOREM 6.7. (Conductor-Discriminant Formula) Let m be a defining
modulus of L. Then

Jo = lem {fxlx € XL,m}
and

ldl = I £

XeXLym

(Ilcm = least common multiple).

In particular f;, |d;, and so we always have the tower Q = L = Qy, <
QIdLI'

ExaMpPLE 6.3. Let L = Q(4/5, +/— 3). Wewill show |d;| = 52-32 and
f. = 5-3. By Theorem 6.1 we have
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Y Q5:Q; = Q5
Qs Q;

\ CEREEIA "

QV'3) /Q( V=7

Q

Now G(Qs/Q) = Cs which is cyclic generated by say a; and G(Qs3/Q)
=~ (Cy which is also cyclic generated by say a,. Then

Ci5 = G(Q15/Q) = G(Q5/Q) x G(Q3/Q) = {a; mod 5) x {azmod 3).

Define characters y; and y; on <{a; mod 5) x <{a; mod 3) as follows:
yi(a) = o/ = 1, yi(az) = 1 and yz(a)) = 1, ya(az) = — 1. Then we can take
{(y1) % {x2y to be the character group of Cis. Since G(Qs/Q(4/5)) =
<a? mod 5) and Q(4/— 3)= Qs, we get G(Q5/L) = <(a? mod 5 x
{1 mod 3). Thus X} j5={y> x {x2>. Now the following proposition
can be shown.

PROPOSITION. The defining moduli of y € C,, are precisely the multiples
of -

Thus since 5 is a defining modulus of # = »§, f, = 1 or 5. But clearly 1
is not a defining modulus of y}. So f, = 5. Similarly f,, = 3, f,5, = 15
and f;, = 1 where yo = 1 is the principal character. Therefore by the
Conductor—Discriminant formula |d;| = 52-32andf;, = 5-3.

Let m be a defining modulus of L. If p f m then by Theorem 6.2 p f f;
and so p does not ramify in L (Conductor-Ramification theorem). We
can now state the generalization of Example 4.1 and Theorem 4.4.

THEOREM 6.8. (Decomposition Theorem). Let m be a defining modulus
of L. If p | m then the order of pI; , in C,[/I; ,, is f, the residue class degree
of p.

Let L be a Galois extension of K. Let Spl(L/K) denote the set of all
prime ideals of K which split completely in L.

Let m = f;. Then, since efg = n = [L: Q], p € Spl(L/Q) if and only if
e=1land f=1 ifand only if p ffrand pe [l ;. If welet I} =
{ay, ..., a;} where the a; are integers (necessarily relatively prime to f;),
then p € Spl(L/Q) if and only if p = a; mod f; for some i, 1 < i < 5. Thus
the primes which split completely are given by congruence conditions.
This is the realization of

(III) Describing the decomposition of a prime in terms of the arithmetic

of Q.
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DeFINITION. If p is an odd prime, a € Z, and p [ a, the Legendre
symbol (afp) is given by

<a> { 1 if X2 = a mod p has a solution
p

—1if X2 = a mod p has no solution.

If b is an odd positive integer where b = pft ... p% and ged(a, b) = 1,
the Jacobi symbol (a/b) is given by

(5)-GT -

b 2 b/

Let L = Q(+/ d). Identify G(L/Q) and the multiplicative group of order
2 generated by — 1 by mapping the generator of G(L/Q) to — 1. Under this
identification if p is an odd prime not dividing f;, then (L/p) = (d/p).
This follows from Theorem 4.2, the Decomposition theorem and Artin’s
law of reciprocity which say (d/p) = 1 if and only if p € Spl(L/Q) if and
only if (L/p) = 1. Since (L/ ) is a homomorphism, if b is an odd positive
integer and ged(d, b) = 1, then (L/b) = (d/b). Thus the Artion symbol
is a generalization of the Jacobi symbol which is a generalization of
the Legendre symbol.

REMARK 6.1. Not only does the Artin symbol generalize the Legendre
symbol but Gauss’ law of quadratic reciprocity (4.1) can be deduced from
Artin’s law of reciprocity (6.3) as follows. Let p and ¢ be odd primes not
dividing a and let p = g mod 4a. Then the following six statements are
equivalent.

1) x2 = a mod p has a solution.

2) x2 = d mod p has a solution where a = d - square and d is square
free.

3) pe Spl(Q+/ d)/Q). (By Theorem 4.2.)

4) (Q(+/ d)/p)) = 1. (By 6.8 and Artin’s law of reciprocity.)

5) (Q(+/d)/q)) = 1. (Sincep =gmodda=p=gmoddd=p=gq
mod fqvay=>(Q(+v/ d)/p)) =(Q(+/ d)/q)) by the definitionof (Q(+/ d)/p)).)

6) x2 = a mod g has a solution.

ExaMmPLE 6.4. Let L = Q(4/5, 4/ — 3). We will show p e Spl(L/Q)
if and only ifp = 1l mod 150rp = 4mod 15. Leta; = 3and a, = 2.
Then as in Example 6.3 under the natural isomorphism we have

G(Q15/Q) = {ay mod 55 x <a, mod 3}
= {3 mod 5) x {2 mod 3)

and
G(Qq5/L) = <32 mod 5 x <1 mod 3).
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Therefore
1,7, = G(Q5/L) = {4 mod 15}.
The result follows from 6.8.

7. Classical global class field theory. (Classical presentations of class
field theory are found in [9], [13], and [14].) In order to state the results
of class field theory for an arbitrary ground field K we need to

(a) replace m with something more general,

(b) generalize the concept of congruence,

(c) replace C,, with something more general,

(d) generalize 7, ,,

(e) generalize “‘the conductor of L and “a defining modulus of L”,

and

(f) replace Q,, with something more general.

The insight needed to do this is to say the least nontrivial because the
Kronecker-Weber theorem simply does not hold for an arbitrary ground
field K.

In this section K is always an arbitrary finite extension of Q.

(a) In dealing with Q one can get away with avoiding a discussion of
infinite primes but they must be introduced now. Let gy, ..., o, be the
isomorphisms from K into C which fix Q where ¢ = [K: Q]. With each ¢
such that ¢K = R we associate a formal symbol p, referred to as a real
infinite K-prime. If 6K ¢ R, then & (¢ followed by complex conjugation)
is another isomorphism from K into C. With each such pair {s, ¢} as-
sociate a formal symbol p, = p; referred to as a complex infinite K-prime.
In this context a prime ideal of @ is also called a finite K-prime. So “a
K-prime” will refer to a finite or infinite K-prime.

Let L be a Galois extension of K. Let {3(resp. p) be an infinite L-prime
(resp. K-prime). Then $§|p means that if ® = P, and p = p,, then 7 is
an extension of g to L.

DEFINITION. A modulus of K (or K-modulus), denoted m, is a formal
product of an ideal my = Ok and a set of real infinite K-primes. Thus
m = my - some real infinite K-primes. All the infinite primes are raised
to the first power here.

Let p., denote the real infinite prime on Q associated with the identity
map on Q.

(b) Let A, be the set of all fractional ideals a € A = Ay such that the
unique factorization of a and m into K-primes contains no K-prime in
common. Let K* = K — {0}. If a € K*, let () be the principal ideal
aOk. If (a) € A, then it turns our that @ =a/b where a, b € Ok and (a),
(b)e A4,,.
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DEerINITION. Let (@) € 4,,. Then @ = 1 mod m means a = b mod my
where o = a/b are as above and ga > 0 for each infinite X-prime p, occur-
ring in m.

This is a well defined concept, i.e., it makes no difference how « is
written as the quotient of two algebraic integers. We have generalized
the notion of congruence.

(c) Let Ry, the ray mod m, be the subgroup of 4, R, = {(a) € An|a =
1 mod m}.

Let K = Q and let m = (M)p.. If (@) € A, then o = +ab~1 where a
and b are positive integers relatively prime to m. Let 4,, - C,, via (a) —
ab~1. The kernel of this map is R,,. So this map induces an isomorphism
¢ given in the gollowing proposition.

PROPOSITION 7.1. Let K = Q and m = (m)p... Then A,/R, =~ C,, via
¢ (@R, — ab—1 where « = +ab™! as above.

Let C,, = A,/R,. Thus C, generalizes C,, and, in fact, C,, will play
the same role in the theory over K that C,, played in the theory over
Q. Note that if m = 1, then 4,, = 4 and R,, = (K*) and so C, = &,
the ideal class group of K. Thus C, is a generalization of the integers
mod m under multiplication and also of the ideal class group which
makes it a very interesting object.

(d) Generalizing I; , is not at all trivial since we do not have the
Kronecker-Weber Theorem. Let L/K be a Galois extension. Let P and
p be prime ideals of L and K (resp.) such that P|p. Let f be the residue
class degree of P. Define the norm of § via Ny, = p/. Extend this
definition to all fractional ideals A € A, of L via

Nyx¥d = U1 (N P

where
o =TT 9.

Let m be a K-modulus. Let 4, ,, be the set of all fractional ideals % € 4,
such that the unique factorizations of % and my@;, into L-primes contain
no L-primes in common. Let R, , = {(a) € A, .| @ = 1 mod my0,, and
za > 0 for all real P, such that §3,|p, where p, occurs in m}.

It can be shown that N, x(R;.) = R,. Let Cp, = Ap /Ry, Then
we extend the definition of N,k to Cp,, ie., if % € 4, ,, then
Np/k(URyw) = Npjx A+ Ry Let Iy = Np/x(Cpu), @ subgroup of C,.

If m is a defining modulus of L (an abelian extension of Q) and if m =
(m)p.., then it turns out that Ip,q, = Ir ,. So I k. generalizes I ,,
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and, in fact, Ik , will play the same role in the theory over K as I ,
played in the theory over Q.
Convention: Unless stated otherwise L is an abelian extension of K.
(e) To generalize the notion of “the conductor of L’ and “a defining
modulus of L” we need the following very deep theorem.

THEOREM 7.2. Let m be a K-modulus. Given L|K there exists a unique
K-modulus §,x such that (Cy: Ip k) = [L: K] if and only if f,,x | m.

DEerFINITION. The unique modulus f;,, given in Theorem 7.2 is called
the conductor of L/K and any K-modulus m such that f;,,|mis called a
defining modulus of L/K.

The proof of 7.2 consists of proving the following two statements.

@) (Cu: Ik,m) = [L:K] for every K-modulus m—the first inequality
of class field theory proved by Weber (1897-1898) using Dirichlet
L-series. (Chevalley using purely arithmetic means proved (a) which in
the new terminology is called the second inequality.)

(b) (Cu: Iyk,m) Z [L: K] for some K-modulus m —the second inequality
of class field theory proved by Takagi in 1920.

Let L be an abelian extension of Q. Then it can be shown that

if L <R
=[O0

(/)P if L & R
So f,,q is a generalization of f;.
In order to replace Q,, by something more general we need the follow-
ing theorem proved by Takagi (1920).

THeOREM 7.3. (Existence Theorem). Given a K-modulus m and a subgroup
I, of C,, there exists a unique abelian extension L of K such that

(a) m is a difining modulus of L/K, and

(b) ]L/K,m = NL/KCL,m = Im'

DEFINITION. Let I, be a subgroup of C,, and L an abelian extension of
K. We say L is the class field of I, if (a) and (b) of 7.3 are satisfied.

DEerINITION. Let I, = {1} = C,. Then the class field of I, denote
K(R,), is called the ray class field of K mod m.

There is a particular ray class field which is of fundamental importance,
the Hilbe_rt class field of K, denoted K. Why? Because, as we shall see
later, G(K/K) =~ C, the ideal class group of K.

DEFINITION. [13, p. 191]. The Hilbert class field of K is the ray class field
K(Ry)),i.e., K = K(Rq)).

If K = Q, it turns out that Q,, is the ray class field of Q mod m where
m = (m)p... So the ray class field mod m is what replaces Q,, in the general
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theory. But the analogy is even more stunning as the following theorems
indicate.

THEOREM 7.4. Given L/K there exists a K-modulus m such that L = K(R,,).

THEOREM 7.5. The conductor {;,x is the “‘smallest” K-modulus m such that
L = K(Ry,). “Smallest” means that if L = K(R,,), then f,x|m. Also m is a
defining modulus of L|K if and only if L = K(R,,).

Thus we have “found” all abelian extensions of K, i.e., they are the
subfields of the ray class fields of K, but we have not “constructed” them.
However, if K = Q(4/ d) (d square free) is an imaginary quadratic field,
then one can show in fact, that each abelian extension L of K is a subfield
of K(Ry,)for some positive integer N. Furthermore, by the fundamental
theorem of complex multiplication one can produce a finite set of auto-
morphic functions whose values at (1++/d) /2 if d = 1 mod 4or at /4 if
d = 2 or 3 mod 4 when adjoined to K yield K(R ). Thus in this case it is
possible to ““construct” the abelian extensions of K—Kronecker’s Jugend-
traum is fulfilled. (For more on this topic see [15], [3] and [18].

Getting back to the Existence Theorem the following is historically
interesting. Since C,, =~ 4,./R,, if m = (m)p.., one way of stating Dirichlet’s
theorem is that each coset of 4,,/R,, contains an infinite number of primes.
As mentioned before, Weber had set himself to the task of generalizing
Dirichlet’s theorem. He pointed out in 1897-1898 that the generalization
given below would follow from the Existence theorem which, it is safe to
say, he was convinced was true but could not prove.

THEOREM 7.6. (Dirichlet’s Theorem Generalized). Let I, be a subgroup of
Cy. Then I, = H,/R,, where A, > H,, > R,. There are an infinite number
of primes in each coset of A,/H,,.

There is a more precise way of stating this result using the concept of
density. (For more on this topic see [16, pp. 322-361].)

DEFINITION. Let M be any set of finite K-primes. Let Q be the set of all
finite K-primes. Let #( ) denote “‘the number of elements of”. The
natural density d(M) of M is the following limit (if it exists)

d(M) = lim #{pe M|Ngqp < x}

If K = Q, then

<
d(M) = lim #peMip = x :
xco #{p|pisaprime and p < x.}

A finite set of K-primes obviously has a natural density of zero.
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THEOREM 7.7. (Prime Ideal Theorem).

| = lim HpeQ|Ngqp < x} )
x—00 X

log x

(The prime number theorem is the prime ideal theorem in the case where
K = Q.) So we can redefine the natural density to be

d(M) = lim Hpe M|Ngp = x}
X—00 X
log x

The more precise version of Theorem 7.6 now reads as follows.

THEOREM 7.8. Let m be a K-modulus. Using the notation of Theorem 7.6,
let M be the set of K-primes in any fixed coset of A,/H,,. Then

1

AM) = 5g

So a more precise version of Dirichlet’s theorem is the following theorem.

THEOREM 7.9. Let m = (M)poo, @ Q-modulus. Let M be the set of primes in
any fixed coset of A,/R,, = C,,. Then

1 1

M) =Ty = pom)

where ¢ is the Euler phi function.

We shall now canonically realize G(L/K)—Artin’s law of reciprocity.
Let m be a defining modulus of L/K. Let p be a finite K-prime such that
p/m. Then it can be shown that there exists a unique automorphism in
G(L/K), denoted (L/K/p), such that

(*) <L¥)K>a = oK/ mod po,

for all @ € 0;. The Artin symbol is the natural extension of this map as
follows. If

a=p'121 et p'szs’ aie Z’
then
a pl ps

The following proposition is immediate from the uniqueness of the map
given by (%).
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PrOPOSITION 7.10. Let M > L o K and let m be a defining modulus of
M|K and L|K. If a € A, then (L/K|a) is (M/K]a) restricted to L.

It can be shown that if («) € R,,, then (L/K/()) = 1 and so we can
define the Artin symbol on C,, = 4,,/R,, as follows. If c € C,, and ¢ = aR,,,
then let (L/K/c) = (L/K/a).

Let K = Q and let m = (m)p., be a defining modulus of L. It is not
difficult to show that (L/K/c) = (L/¢)(c)) where ¢ is the map given in
Proposition 7.1and (L/ ) is the map defined before 6.3. Thus this definition
of the Artin symbol is a generalization of that given before Theorem 6.3.

In 1927 Artin proved the following theorem.

THEOREM 7.11. (Artin’s Law of Reciprocity). The following sequence is
exact:

1 — I = Nyx(Crw) e Cp 8, G(L/K) — 1.

COROLLARY 7.12. Let m be a defining modulus of L|K. Then L = K(R,),
G(K(Rm)/K = Cma and G(K(Rm)/L) = IL/K,m'

Proor. Theorem 7.5 yields L = K(R,). Since (L/K): I, — 1€
G(L/K) and (L/K) is (K/R,)/K) restricted to L (7.10), (K(R,)/K)
maps Ipx . into G(K(R,)/L). This map is an isomorphism because
Ker(K(R,)/K) = 1 and is onto by a simple order argument.

Artin’s law of reciprocity thus allows us to give a Galois interpretation
to class field theory, i.e., the following picture gives the basics.

( K(Ry)
IL/K,m = NL/K(CL,m) II,

|
K

COROLLARY 7.13. If K is the Hilbert class field of K, then G(K/K) = C,
the ideal class group of K.

ProoF. Let L = Kand m = 1 in 7.11.

Because of this corollary extensive investigation has been made on
certain subfields of K which contain K because such research leads to
results about @—results desired ever since Kummer studied ¢ in
connection with Fermat’s last theorem. (See Appendix II for alist of
some articles on this topic.)

The Galois interpretation of class field theory afforded by 7.11 will
rather easily yield the following theorem.

THEOREM 7.14. Let mt be a defining modulus of L1/K and L,/K. Then
(a) m is a defining modulus of L, Ly/K and L, (| Ly/K,
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®) Irykm = Tyxm N Lyk,m Iyniyrm = Tukom * Toykom
and
(c) (The ordering theorem proved by Weber in 1897-98) L, < L, if and

only if It jg,m 2 Ipyk,m

DEerFINITION. Let L be a Galois extension of K. Let p, be an infinite
K-prime and %, an infinite L-prime such that .|p,. Then p, is ramified
in Lif K < R and 7L ¢ R. Otherwise p, is unramified in L. (Note that
if z and ¢’ are two extensions of ¢, then " = rp where p € G(L/K), and so
this definition is independent of the choice of the extension of ¢.)

TueoreM 7.15. (Conductor-Ramification Theorem, Takagi, 1920).
A K-prime p ramifies in L if and only if p|f., .

DErINITION. Let L/K be Galois. Then L is an unramified extension of K
if no K-prime, finite or infinite, ramifies in L.

THEOREM 7.16. The Hilbert class field K of K is the maximal abelian
unramified extension of K, i.e., if L is an unramified abelian extension of
K, then L < K which itself is an unramified extension of K.

Proor. Since K = K(R)), fg/x = (1) by 7.5. If L is an unramified
extension of K, then f,,x = (1). By 7.5, L ¢ K(Rq)) = K.

ExAMPLE 7.1. Let K = Q4/ —3-5. We will show K’ = Q(+/ =3, +/5).
Let K’ = Q(4/ =3, 4/75). Since K and K’ are both non-real abelian exten-
sions of Q, no infinite K-prime ramifies in K’. By Theorems 6.1, 6.4, and
Example 6.3 the finite Q-primes which ramify in K are the same as those
which ramify in K’, namely, 3 and 5. The ramification index of 3 in K is
two. Thus since 3 does not ramify in Q(4/°5 ), 3ramifies in K’ with ramifica-
tion index 2. Similarly, the ramification indices of 5 in K and K’ are the
same. So K’ is an unramified extension of K and hence X’ < K by 7.16.
Now the following result can be deduced without using class field theory
from facts about Dirichlet L-series.

THEOREM 7.17. Let K = Q(+/ 'd) where d < —2. Suppose fy is odd. Let
(a/|d)) be the Jacobi symbol. Then

1

(2] =, ()

ged(a,f) =1
(A similar but slightly more complicated result holds if fx is even [4, p.
346].) Thus if X = Q(4/=3-35), then fx = 15 by 6.1 and (2/|d]|) = (2/15)
= (2/3)(2/5) = 1. Therefore #(%) = (1/15) + (2/15) + (4/15) + (7/15)
=1+14+1-1=2andso K’ =K.

He) =

THEOREM 7.18. (Decomposition, Takagi, 1920). Let p be a defining modulus
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of L/K Let p be a finite K-prime such that p f m. Let p = pR, € C,,. Then
the order of pl;x v in Cy/l;/x  is f, the residue class degree of p.

COROLLARY 7.19. Let p be a finite K-prime. Then p € Spl(K/K) if and
only if p e (K*).

PrOOF. By 7.18, p e Spl(K/K) if and only if pe Iz q) = {1} if and
only lff) = R(l) = (K*).

COROLLARY 7.20. Let L/K be abelian and p a finite K-prime. Then
p € SpI(L/K) if and only if p [ §,x and (L/K[p) = 1.

Proor. By 7.15 and 7.18, p € Spl(L/K) if and only if pff,,x and
p € I/ 1, > Which is true by 7.11 if and only if p}f,,c and (L/K]/p) = 1.

DEerINITION. Let m be a K-modulus. If a, b€ 4,, then a = b mod m
means ab~! is a principle fractional ideal with generator o such that
a = 1 modm.

DEerFINITION. Let L/K be a Galois extension. Spl(L/K) is given by con-
gruence conditions if there exists a K-modulus m and ay, ..., a, € 4,, such
that p e Spl(L/K) if and only if p = a; mod m for some i with finitely
many exceptions (i.e., there are a finite number of p’s such that pe
Spl(L/K) and yet p # a; mod m for any i).

Let L/K be abelian with defining modulus m and let I, =
{a1Rys- - ., a,R,}. With finitely many exceptions, by 7.18, p € Spl(L/K) if
and only if p € I}k, if and only if p = a, mod m for some i. (If p/f x
and p|lm, then p could be an exception.) So if L/K is abelian then
Spl(L/K)is given by congruence conditions. But the converse is also true.

THEOREM 7.21. Let L/K be a Galois extension and let SpI(L/K) be given
by congruence conditions mod m. Then L is a subfield of K(R,,) and so L|K
is abelian.

Proor. Let Spl(L/K) = {p|p = a; mod m for some i} with finitely many
exceptions. On the other hand we know that by 7.18 Spl(K(R,)/K) =
{p|p € R,} with finitely many exceptions. Now suppose a, ¢ R,, for all 7.
Then

{plp = a; mod m} N {plpe R,}
is empty. Therefore
Spl(L-K(R,)/K) = Spl(L/K) (" Spl(K(R,)/K)

has only a finite number of elements which contradicts the following
theorem.

THEOREM 7.22. Let M|/K be a Galois extension. Then
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1
[M:K]"

Therefore for some i, a; € R, and so Spl(K(R,,)/K = Spl(L/K) with finitely
many exceptions. By Theorem 3.1, L = K(R,).

d(Spl(M/K)) =

REMARK. As Remark 6.1 illustrates, Artin’s law of reciprocity is the
solution for abelian extensions to Hilbert’s 9-th problem (generalize
Gauss’ law of quadratic reciprocity). Of course, the problem still remains
of finding a reciprocity law for non-abelian extensions L/K—a law which
will characterize those K-primes p which split completely in L as the law
of quadratic reciprocity does for quadratic fields (Example 4.1) and Artin’s
law of reciprocity does for arbitrary abelian extensions (Corollary 7.20).
However, Theorem 7.21 tells us that congruence conditions will not in
general characterize Spl(L/K). Something else is needed. Indeed, the
development of a nonabelian class field theory is certainly one of the
major problems in mathematics and such a reciprocity law is desired as
a key constituent in such a theory.

Let L/K be a Galois extension. If ae L, let Try,xa = X ,.c ca where
G = G(L/K). Let

0, = {ae L| Tryx(@0y) = O}

Then it can be shown that ¢; € A, is a fractional ideal and (¢;)~! is an
ideal in ;.

DEFINITION. The different of L/K is D,,x = (0;)~! The discriminant
of L/Kisdyx = Npg(Dr/k)-

Let C,, be the set of characters on C,. If m is a defining modulus of
L/K, let

Xpgm = {XE Cu X(IL/K,m) = 1},

the character group of L/K mod m. If y € X/, let I, = Ker y. Let L,
be the subfield of K(R,,) fixed by 7,. Then we have the following picture.

K(Rm))
IL/K,m Ix
Cal| |

LZ

|

K

Let f, be the conductor of L,/K and let (f,), be the finite part of f,.

THEOREM 7.23. (Conductor-Discriminant Formula). Let m be a defining
modulus of LK. Then
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frix = lem{ folx € X1/k,m}
and

dL/ K = H (fx)O'
XX L/Ksm
THEOREM 7.24. (Norm Limitation Theorem). Let L/K be a finite Galois
extension. Let Ly be the maximal abelian extension of K in L. Then

N L/KCL,m =N Lo/KCLo,m
where m is a defining modulus of Ly/K.

THEOREM 7.25. (Translation Theorem). Let L/K be a finite abelian ex-
tension. Let L be the class field of I, ., where m is a defining modulus of
L/K. Let F be an arbitrary extension of K. Then L-F is the class field over
Fof{ce Cpum| Np/x ¢ € I jgm}-

We end the statements of class field theory with Furtwangler’s result
of 1930 (Hilbert’s conjecture of 1898-1899) which he was able to prove
after Artin had reduced the problem (via his reciprocity law) to purely
group theoretic considerations.

THEOREM 7.26. (Principal Ideal Theorem). Each fractional ideal a € Ay
is principal in K, i.e. , a0g = a0z where a. € K.

This does not say that each ideal in @ is principal. Instead, “the class
tower problem” arises which was posed by Furtwangler and restated as
a major unsolved problem in Hasse’s Bericht (1926) [9]. Let K, = K and
let K; be the Hilbert class field of K;_; for i = 1. Does there exist a j such
that K; = K;_; oris the class field tower Ky « K; < K; — ... infinite?
If K; = K;_;, then the ideal class group of K;_; is 1 and so each ideal of
K;_, is principal. Golod and Shafarevich in 1964 showed there exist in-
finite class field towers [8]. In particular, any imaginary quadratic field
0(+/"d) where at least six primes divide d has an infinite class field tower
[5, pp. 231-249].

An appropriate conclusion would be an application to a diophantine
problem which we now present. Thanks go to George Cooke for the ideas
here.

Given a prime p do there exist x, y € Z such that

p=x2+xy+ 4?2

has a solution? We will show that there is a solution if and only if p = 1
mod 150orp = 4mod 15.

Let K = Q(4/ —=15). Then it can be shown that 1 and 1 + 4/ —15/2
is an integral base of (O, i.e.,
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Ok =Z® z(%ﬂ)

Also

x2+xy+4y2—(x+ ‘é )( 1— ‘15)

1+
= NK/Q<X+ ‘é 15 ).

Thus the question is: For which p is there an element of ¢ whose norm
is p? To answer this we have the following general definitions and the-
orem.

DEerINITION. Let K/Q be a Galois extension of degree n. Let oy, ..., a,,
be an integral base of K. The norm form associated with K (which is inde-
pendent of the integral basis chosen) is

Fr(xp .oy X,) = NK,Q@I x,-a,-).

The form Fy is homogeneous of degree n with coeflicients in Z. (Con-
cerning the followilgg theorem it can be shown that K/Q is a Galois ex-
tension and so Spl(K/Q) makes sense as we have defined it).

THEOREM 7.27. Let K be an imaginary abelian extension of Q. Suppose
Pl fx. Let Fg(xy, ..., x,) be the norm form associated with K. Then p =
Fy(xy, ..., X,) has a solution with x; € Z if and only if p € Spl(K/Q).

Proor. If ¢ is complex conjugation, then we can write G(K/Q) =
{T1s- - s Tus2s OT1, -+ -5 0Ty2}. Leta € K*. Then

n/2
Ngqa =[] (z2) - o(z,c) > 0.
Thus p = Fx(xy, ..., x,) has a solution if and only if p = Ny qa for some
a € O if and only if (p) = (N, a) if and only if there is a principal prime
ideal p of K having norm p. On the other hand p e Spl(K/Q) if and only if
there is a K-prime p having norm p; and p € Spl(K/K) if and only if p is
principal by 7.19.

Returning to the original problem it follows that if K = Q(4/ —15)and
p I fx = 15 by Theorem 6.1, then p = x2 + xy + 4y has a solution
by Theorem 7.27 if and only if p € Spl(K/Q), which is equivalent to p €
Spl(Q(+/ =3, 4/ 5)/Q) by Example 7.1, which in turn by Example 6.4 is
equivalent to p = 1 mod 15 or p = 4 mod 15. Now suppose p = 3. Since
3¢ Iysim,e = G(Qs/Q(4/5)) = (32 mod 5), the residue class degree
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of 3for Q(4/75)/Q is2 by Theorem 6.8. Since 3 does not ramify inQ(4/5),
3ramifies in Q(4/ =3, 4/ 5 ) = K with ramification index e = 2. Therefore,
the residue class degree of 3 for Q(4/ =3, 4/ 5)/Q is f = 2. Since egf =
[K: Q] =4, we getg = 1 and so if p is a K-prime and p|p, then p ¢
Spl(K/K). Therefore p ¢ (K*). Since Ngg p=(3),3=x2+ xy + 42
does not have a solution. A similar argument shows that 5 = x2 + xy +
42 does not have a solution. (Also note that if 5 = x2 + xpy + 4)2 =
[x + xy + (¥/2)2]—(¥/2)? + 4)% has a solution, then 20 = (2x + y)?2 +
152 has a solution which is not the case.)

8. Post World War II class field theory. (Presentation of class field theory
using ideles can be found in [5], [6], [7], and [14].) Suppose I,k ., and
I1,/k,m, are given and we want to know if L; = L,. We cannot directly
apply the ordering theorem because we do not have a common defining
modulus. Instead, the following ploy is used. Let I /xm = Hy /Ry,
where H,, is a subgroup of 4,, containing R,,,. The following proposition
can be shown.

PROPOSITION. Let my be a defining modulus of L|K. Let wy|lm. Let I}k .,
= H. /Ry, Then

]L/K,m = (Hm1 ﬂ Am)/Rm

So, if my|m and my|m, then by 7.14 L; o L, if and only if I} ., <
I,k which is equivalent to H,, N 4, = H,, (| A, where I k..,
= H,,/R,, Thus in order to compare L; and L, we have to compare
H, N A,and H,, | A,. Such considerations are aesthetically unpleas-
ing. The modern approach does away with the defining moduli in the
statements of most of the theorems. The price that one pays for this con-
venience is charged when C, and I ., which are finite groups, are
replaced by infinite groups Cx and I .

Let Ke¢ be the maximal abelian extension of K, an infinite extension
of K. Looking at the following picture and realizing that all abelian

Kab
<II< (R

IL/K,m
Cu

|
K

extensions of K are subfields of ray class fields suggests replacing
{Cylm is a K-modulus} or, more precisely, lim C,, = G(K**/K) by some-
thing else isomorphic to G(K?/K) and {I / ,|m is a defining modulus
of L/K} or, more precisely, lim I} . =~ G(K?/L)(where lim is taken
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over m as m runs through the defining moduli of L/K) by something else
isomorphic to G(K2¢/L).

Let K, be the completion of K at p and K} = K, — {0}. If pis finite,
K, is the completion of K with respect to the valuation |a| = porde
where 0 < p < 1, and if a0k = [L,p*¥, then ord,a = a(p). If p, = p
is infinite, then K| is the completion of K with respect to |a|, = |oa|
where || denotes ordinary absolute value on C. Let U, be the unit group
of K, if p is finite, and K¥ is p is infinite. Let S be any finite set of K-primes.
Let

JE=T1 K} x [1 U, = ] K.
peS PES P
Let Jx = (Js/§ where S runs through all finite sets of K-primes. Ji is
called the idele (from ideale elemente) group. If j € J, let j, € Kf be the
p-component of j. There is a natural embedding K* — Jy, i, a — j
where j, = a for all p. So think of K* as a subset of J. Let Cx = Jg/K*,
the idele class group.

Let L be a Galois extension of K. There is a natural embedding Jx &
Ji, ie., j — j where jy = j, and p is divisible by 5. Think “Jx < J.”.
If 0 € G = G(L/K), there is a unique toplogical isomorphism also denoted
o mapping L, onto Ly which extends ¢ € G(L/K). (| |,~1q is defined via
| |g by mapping a € L to oa and then applying | |g, i.e., |a|,~1g = |oalg.
Soif P = P, is infinite, then |a|,-1p, = |oalg, = [ta ()], i-e., 071, = B,y
gives the action of ¢~1 on the infinite prime §3;.) To turn J; into a G-module
we define the P-component of ¢j where j € J;, as follows (g))g = 0(j,~1g)-

One also naturally embeds Cx in C; via jK* — jL* where je Jg.
Think “Cx = C,”. Make C; a G-module via ¢(jL*) = ¢j-L* and define
the norm map N ,x: C;, — Cg via

Ny x(JL¥) = al;[;O(iL*)-
TopoLoGy. Let K and U, have the valuation topology. Then
JR=11kr xIlU,
pES peES
is a topological group with the product topology. So we get in a canonical
way (since S < S’ implies J§ = J§) a topology on Jix = | JoJ%, the
idele topology. (A set is open if and only if its intersection with J§ is
open in J§ for all S.) A neighborhood basis of 1 in J is, in fact,
Inw, x1II U,
pes PeES
where W, runs through a neighborhood basis or 1 in K¥ and .S runs through
all finite sets of K-primes. It turns out that K* is a closed subgroup of
the topological group Jx and so Cx = Jx/K* is a topological group.
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Let Dy be the connected component of 1 in the topological group Ckg.
It can be shown that Dy is characterized algebraically as the set of all
infinitely divisible elements of Cg, i.e.,

DK = ﬂl C?(,

i.e., if @ € Dy, then given any positive integer n there is a b € C such that
a = b". Also Dy can be characterized externally via Dy = (| Np,Cy,
where L runs through all finite abelian extensions of K. It can be shown
that Dy is a closed subgroup of Cx and so Cy = Cg/Dy is a topological
group. It can also be shown that G(K¢5/K) = Cg. (This is true for a finite
extension K of Q, not for function fields.) So Cy will replace {C,,|m is
a K-modulus}.

Since N,xD; = Dg, we can extend Ny, x to Ny x: C; — Cx where
Ny,x(aD;) = Nyx a-Dg. Let I, = Ny xC;. It can be shown that
G(K*|L) = I;,x and so I}, will replace {I/x |m is a defining modulus
of L/K}.

If L is a finite abelian extension of K, then I;,x = N;,xC; is an open
subgroup of Cg. On the other hand we have the following theorem.

THEOREM 8.1. (Existence Theorem). Let I’ be an open subgroup of Cg.
Then there exists a unique finite abelian extension L of K such that I}, =
NyxCr=1T.

DEFINITION. Let I’ be an open subgroup of Cx and L a finite abelian
extension of K. Then L is the class field of I' if N;,xC; = I'.

DerINITION. Let j, ie Jx and let m be a K-modulus. Then j =i
mod m means ord,(ji-! — 1), = ord, m for all finite p occurring inm

and (ji-1), € K}? for all infinite p occurring in m. Write j = i mod m
if it is also true that (ji~1), e U, if p/m.

Let J,, = {jeJk|j = 1 mod m}. Let I,, = J,,- K¥/K* c Ck.

DEFINITION. Let L be a finite abelian extension of K. Then misa defining
modulus of L/K if I, =« N;,xC;.

DeFINITION. Let m be a defining modulus of L/K. The global norm
residue symbol—

( ,L/K):Jx - G(L/K)

is defined as follows. Let j € Jx. Then there exists « € K* such thatj =
mod m. (This follows from a “glorified”” Chinese Remainder Theorem.)
Define (j, L/K) via (j, L/K) = T1 {(L/K/p)*|n = ord (ja~'),, p finite K-
prime, p f m}.
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This is well defined and it can be shown easily from this definition that
if 8 € K*, then (8, L/K) = 1. Thus we can define ( , L/K) on Cg via
(JK*, L/K) = (j, L/K). It can also be shown that if jK* € Dy, then
(jK*, L|K) = 1. So we can define ( , L/K) on Cx = Cg/Dg via (], L/K)
= (j, LIK) where ] = jK*.- Dy € Cg. Artin’s law of reciprocity now
reads as follows.

THEOREM 8.2. (Artin’s law of reciprocity). Let L be a finite abelian exten-
sion of K. Then

1 - NL/KC[,, = II,,/K - C1’< LK), GILIK) - 1

is exact.

Define ( , K): Cx = G(K*¢/K) via (], K) = lim (J, L/K) € lim G(L/K)
= G(K</K) where lim is taken over L as L runs over all finite abelian
extensions of K.

It is not difficult to show using 8.2 that ( , K) gives an isomorphism
from Cg into G(K<¢/K). This isomorphism is onto if X is a finite extension
of Q which we are assuming. Furthermore ( , K) gives an isomorphism
from N,,xC; onto G(K¢/L) and so we have the following Galois inter-
pretation for the objects C;, and I; .

, , Kab
Iix = NuxCi (|
L |ck
|
K

It can be shown that Dg = ("),/,, where m runs over all K-moduli. So
we can let I;, = I,/Dx = Cp. Let m be a K-modulus. Then it can be shown
that Ix ek = Nkry/kCkry = Im- If m is a defining modulus of L/K,
then I, = I;,x and we have the following picture

ab
(X
| KR |k
Cx |
L

|
K

ExampLE 8.1. The following is a computation of (j, L/K) when K = Q
and L = Q(4/ =3, 4/ 5). Let j be given by jz = 32:2, j5 = 11, ji3 = 13,
Jp=11if p # 3, 13 or 5. (In particular j, = 1.) Since f,x = (15)pc,
the first step in computing (j, L/Q) is to find an o € Q* such that j = «
mod (15)p.., i.e., find an a € Q* such that
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ordz(ja—! —1); = ordy(32:2a~! —1) = ords(15)p., =1

and ords(1la™! —1) 2 1 and (ja),,, = a 1€ Q}?)i.e.,a > 0. Because
of the first inequality & = 32x where x € Z. So we must find an x € Z such
that 2 = x mod 3,1 = 11 = 9x = 4x mod 5 and x > 0. A solution is
x = 14. Thusleta = 32.2.7. Then

. _ ordiz(Ga~D13 / J, \orde(Ga=Nz/ J \ord7(ja=1)7
G20 = (5™ () (E)
-(H5X5) ()
13A\ 2 7
where (L/p) is given before 6.3. (One can easily show for example that

(L/2)7! = (L/2) sends 4/ —3to —4/—3and 4/5 to —4/5 and thus
one obtains a more concrete realization of (L/2).)

For those familiar with cohomology we present here a definiton of
(j» L/K) without using a defining modulux. Let G = G(L/K). Let u;/x €
H%G, C)) = A/Bwhere A = {x: G x G - C|x(oz, p) + x(o, 7) =
ax(z, p) + x(o, 7p)} and B = {x: G x G = Cy|x(0, 7) = o¥(zr) —
Wot) + y(o) for some y: G — C.}. Let up, ) denote the map from G
into Ck/N;,xC which acts on g € G via

(g U)o = Z(:; ur,k(t,0) - Np,gCr.

(This map comes from the cup product given in the following picture
H%G, C) x H%G,Z) Y, HY(G, C;) = Cg/N.,xC,,
via
(urx, 0) Loup, kUG

where & is the image of & under a canonical isomorphism from G onto
H=%G, Z).) There is a canonical way of picking u;,x which makes a

G kY, Gg[Np,kCL

bijection. This canonically chosen u;,x is called the fundamental class.
Appendix I explains how u;, g is chosen. If u;,, is the fundamental class,
( , L/K): Cx — G is given by the inverse of the map u;,x . This in turn
determines the map ( , L/K): Jx — G via(j, L/K) = (jK*, L/K).

Returning to the statement of results, the Galois interpretation af-
forded by Artin’s law of reciprocity gives the following theorem.

THEOREM 8.3. (Ordering Theorem). Let L, and L, be finite abelian exten-
sions of K. Then Ly < Ly if andonly if I}, > I,/
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If p is a prime ideal let j(p) be the element of Jx where the g-th com-
ponent is given by
w ifg=1p
1 ifg+#p

where q is a K-prime and 7 is a prime of K. Let j(p) be the corresponding
element of Cy, i.e., j(p) = j(p)K*-Dg.

), = {

THEOREM 8.4. (Decomposition Theorem). Let L be a finite abelian exten-
sion of K. Suppose p is a prime ideal of K which does not ramify in L. Then
the residue class degree f of p is the order of j(p)/, x in Cg.

DEerINITION. The conductor f;,x of L/K is the greatest common divisor
of the defining moduli of L/K.

THEOREM 8.5. (Conductor-Ramification Theorem). A K-prime p ramifies
in L if and only if p|f,/ k-

APPENDIX I

The determination of the fundamental class u;,x. (The cohomology
groups here are all Tate cohomology groups.) Let K be a finite extension
of Q and let L be a finite Galois extension of K with G = G(L/K). We
seek to canonically define a bijection

inv,,x: HAG, C;) — % 7/Z

called the invariant map. Once inv;,x is defined, the fundamental class
u;,x 1s defined as follows.

DEFINITION. u;, ¢ is the unique element of H%(G, Cp)such thatinv;, g u;,x
= 1/n + Z.

A. The local invariant map. Let p be a K-prime and 5 and L-prime such
that P|p. Let Oy be the ring of integers of Ly and P the prime ideal of @y,
Let Ly = Oy/B, the residue class field of Ly. Define K, = 0,/p similarly.
Let g = #(K,).

Suppose Lg/K, is unramified. It can be shown that G(Ly/K,) is cyclic
with generator X — x? where x € Ly and also G(Lg/K,) = G(Lg/K,) via
o—d where G(x + P) = ox + P for x € Op. The automorphism gy €
G(Lg/K,) which in Ly induces x — x4 is called the Frobenius automorph-
ism of Ly/K,. Let Gy = G(Ly/K,) and let ny = [Ly: K,]. The following
maps can all be shown to be bijections.

(@) ordy: H%(Ggy, LY) » H%(Gg; Z) where ordg is the map induced
by ordg: L§ — Z. (If Ly/K, is unramified, ordg is a bijection because
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H9(Gy,Uyg) = 1 for all g where Uy is the unit group of 0y.)

(b) 3: Gy = HY(Gy, Q/Z) - H2(Gy, Z) where Gy is the character group
of Gy and ¢ is the “connecting homomorphism” arising from the exact
sequence 1 - Z - Q —» Q/Z — 1. (If 4 is a G-module, then

{x: G > A|x(o7) = ox(z) + x(0)}
{x: G - A|x(c) = o(a) —a for someae A}

HY(G, 4) =

(©) ¢: Gy — 1/ngxZ|Z where ¢: y — y(og). Let 1¥%® be a primitive
ng-th root of 1. Then {1Y"s> =~ 1/ngxZ/Z. So we can think of a char-
acter y as mapping an element of Gy into either {1V%) or 1/nyZ/Z.)

DEFINITION 1. Suppose Ly/K, is unramified. Let invy be the isomorphism
from H%(Gy, L§) onto 1/nyZ/Z given by

invg: HXGg, LE) ~% H2(Gy, Z) 25 Gz 2. nl_ Z/Z.
B

Let N o M o K, be finite Galois extensions of K,. Let G = G(N/K,),
g = G(N/M), and G = GJg= G(M/K,). It can be shown that
Inf: H%(G, M*)— H2%(G, N*) is an injection and so we can think of
H%(G, M*) as a subset of H2(G, N*).(Let u: G x G — M*. Define the in-
flation map, Inf: H%G, M*) —» H%G, N*), by the following prescription:
Inf p: G x G - N*via Inf u(oy, 02) = 10,8, 028).)If M and M’ are finite
Galois extensions of K, with G = G(M/K,), G' = G(M'[K,), then write
H%(G, M*)=H? (G', M'*) if HX(G, M*) and H%G', M'*) are the same
subsets of H%(G, N*) where N = MM’ and G = G(N/K,).

Let Ly/Ky be an arbitrary Galois extension. Then there exists an un-
ramified Galois extension M of K, such that [Ly: K] = [M: K]. It can
be shown that when this happen then H%(Gy, L§) = H%(G, M*).

DEFINITION 2. Let Ly/K, be a Galois extension. Let M be an unramified
extension of K, such that [Lg: K] = [M: K,]. Let invg be the bijection

invg: H%(Gg: L) = HA(G, M*) - nLZ/z
%
where H2(G, M*) - 1/ng Z/Z is given in Definition 1.
B. The global invariant map. Since
H%G,J;) = Il H(Gy, L)
p
where P is any prime on L dividing p, if c € H%G, J;), we can write c =

22.¢, Where ¢, € H%(Gg, LY).
Let L be a cyclic extension of K with G = G(L/K)and let n = [L: K].
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Then it can be shown that the canonical map 8: H2(G, J;) — H%G, Cy)
is onto.

DEerINITION 3. Let L be a finite cyclic extension of K. If ¢ € H%G, Cy),
let c € H¥(G, J)such that 8(c) = ¢. Let ¢ = X3 ,c,. Then the invariant map
is the bijection

inv,,: HAG, C;) — 311_ 7/Z

given by
invy, () = )] invge,
p

where B is any prime on L dividing p.

As in the local case if L and L' are two finite Galois extensions of K,
write H%(G, C;) = HG', C»)if

Im[Inf: H%(G, C;) » H2(G, Cy)] = Im[Inf: HX(G', C)) — H2(G, Cy)]

where N = LL' and G = G(N/K).

Let L be an arbitrary finite Galois extension of K. Then there is a cyclic
extension of L’ of K such that[L: K] = [L’: K]. When this happens it can
be shown that H%(G, C;) = H%G', C;)).

DEFINITION 4. Let L/K be a finite Galois extension. Let L’ be a’cyclic
extension of K such that [L: K] = [L’: K]. Let inv;,x be the bijection

invy,x: HAG, C;) = HXG', Cp) — % 7/Z

where H%G’, C;») — 1/n Z/Z is given in Definition 3.

DEFINITION 5. The fundamental class is u;,x = invjx(l/n + Z).
APPENDIX II
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T. Callahan, The 3-class group of non-abelian cubic fields, 1, II, Mathe-
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, On a method for the determination of class number factors in num-
ber fields, Mathematika 4(1957), 113-121.
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korpers, J. Number Theory 3(1971), 318-322.
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L. Redei and H. Reichardt, Die Anzahl der durch 4 teilbaren Invarianten
der Klassengruppe eines beliebegen quadratischen Zahlkirpers, J. Reine
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