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CHOICE SETS AND MEASURABLE SETS 

F. S. CATER 

Call two real numbers equivalent if their difference is rational. Call 
5 c i ? a choice set if S is a set of representatives of the equivalence classes 
of R. J. A. Andrews [1] observed that the set {AS: S e ^} is dense in the 
unit interval [0, 1] where 1 denotes Lebesgue outer measure and fF denotes 
the family of all choice sets c[0, 1]. In this note we prove that in fact 
{XS: S e^} = (0, 1]. More generally we prove the following theorem. 

THEOREM 1. There exists a set E a R such that 
(i) X(E fi A) = X(A) where A is any Lebesgue measurable set, and 

(ii) E f| (r + E) = 0 where r is any nonzero rational number. More
over, if I is any interval in R, and S is any extension of the set E [\ 1 to a 
choice set Sal, then XS = XI. 

PROOF. Let Q be the field of rational numbers. Say that x, y G R\Q 
are g-equivalent if y G QX + Q. This divides R\Q into g-equivalence 
classes. Let W c (0, 1) be a set of representatives of the (^-equivalence 
classes. Now R\Q ^[}a^Q(aW -f b) and X(aW + b) = aXW. It follows 
thatO < XW ^ 1. 

We use the Vitali covering theorem to a.e. cover W with countably 
manypairwise disjoint closed intervals 7y with rational endpoints such that 
IIj < I-^IW for each j and SyA(/y) < (1 + 2~l) XW. For some index 

j , 1(1 j) < (1 + 2-l)l(Ij fi W). Let Kx be this /,, Then 

X{W\KÙ ^ XW- XKX £ XW - 2-1 XW > 0. 

We use the Vitali covering theorem to a.e. cover W\K1 with countably 
many pairwise disjoint closed intervals Jj with rational endpoints, and 
disjoint from Kx, such that XJj < 2~1(X(W\K1)) for each j and 2yA(/y) < 
(1 + 2~2)X(W\K1). For some index j , X(Jj) < (1 + 2-*)X{Jj H W). Let 
K2 be this interval Jj. Then 

X(W\KÙKà £ ; « > * W - XK2 > 2 - i A ( » W > 0. 

We use the Vitali covering theorem to a.e. cover W\K1\K2 with countably 
many pairwise disjoin closed intervals Lj with rational endpoints, and 
disjoint from Kx [j K2, such that XLj < 2~1X(W\K1\K2) for each j and 
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ZjXL; < (1 + 2^)X{W\K^K^. T h e n f o r s o m e i n d e x h *LJ < 
(1 + 2~3)A(Ly n W)- Let K3 be this interval Ly. Also 

W / ^ V Q ^ W * i \ * 2 ) - ^ 3 > 2-n(W\Kx\K2) > 0. 

We continue by induction on n to produce a sequence of pairwise disjoint 
closed intervals (Kn) with rational endpoints such that XKn < (1 + 2~n) 
X(Kn fi WO for each n. 

Now let (/„) be a sequence of closed intervals with rational endpoints 
such that if / is any closed interval with rational endpoints, I = ln for 
infinitely many indices n. Then for each n there is a unique increasing 
surjective linear function fn: Kn -> /„ of the form fn(x) = anx + bn 

(aH9 bn eQ,an* 0). Let E = \j^fH{Kn f] W). 
Suppose fH(x), fm(y) e E where x e Kn f) l¥,y e Km f) W, and fn{x) ± 

fm(y); then clearly x ^ y.lî n = m, then fn(x) - fm(y) = an(x - y)$Q 
since x, ^ e W. If « ^ m, then/w(x) - fm(y) = anx - amy + bn - bm$ Q 
since x, y e W. In either case,/w(x) — fm(y) $ Q. Thus E satisfies (ii). 

Now let I be any closed interval with rational endpoints. Say / = /„. 
Then 

A(E n DIU ^ ifn{Kn n w)\un = x(Kn n W)/XK„ > a + 2-0-1. 
Since I = In for infinitely many indices n, we have X(E f| /) = XL It follows 
that if / is any open interval, X(E f| / ) = XJ. (Just express / as the union 
of an expanding sequence of closed intervals with rational endpoints.) 
So if t/ is any open set, X(E f] U) = XU. 

Finally, let A cz R be any Lebesgue measurable set with XA < oo. 
There is an open set U ZD A such that X(U\A) < 1. Then X(E f| U) = XU. 
Since A is measurable, we obtain X(E n u) = X(E n A) + ^(£ ru^wo) = AC/ = ;w + ^(c/\^) < oo. 
It follows that X(E f| (^VO) = vl(tf\>4) and X(E f) A) = XA. Thus £ 
satisfies (i). 

If / is any interval in R, we extend the set E f| / to a choice set Sal, 
and then XI = X(E f] I) = XS. This completes the proof. 

E. Hewitt and K. Stromberg, J. Australia Math. Society 18 (1974), 
236-238, presented a set that can be shown to satisfy (i) but not (ii). H. W. 
Pu also presented a set satisfying (i) in the same journal, 13 (1972), 267-270. 

It is easy to see that no two elements in E are (^-equivalent. The field 
Q can be replaced by a larger subfield F of R provided only that X W > 0. 
The problem can be generalized to Rn, where E f| (r + E) = 0 for any 
nonzero vector r e Rn, all of whose coordinates are rational. The proof, 
however, is more awkward. 
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