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SEPARABILITY AND FACTORING POLYNOMIALS
RAY MINES AND FRED RICHMAN

ABSTRACT. The basic facts about separable extensions of discrete
fields and factoring polynomials are developed in the constructive
spirit of Errett Bishop. The ability to factor polynomials is shown to
be preserved under finite separable extensions, while the ability to
factor separable polynomials is preserved under arbitrary finite
extensions. A method is given for converting any procedure that
finds roots into one which finds arbitrary factors. Thus the rational
root test gives rise to an effective procedure for factoring polyno-
mials over the rational numbers, providing a new proof of a well
known theorem of Kronecker.

0. Introduction. This paper contains a constructive development of the
basic facts about separability and factoring of polynomials over discrete
fields. The point of view is that of [1] and we build on the results of that
paper. We summarize the main results in [1] upon which we shall draw.

Every set comes equipped with an equality relation = and an inequality
relation # with the usual properties. A set is discrete if for every pair x
and y, either x = y or x # y. A field is a set with distinguished elements
0 and 1, and binary functions + and x satisfying the usual axioms of a
field. In addition we require that 0 1 and the peculiarly constructive
axioms:

1) For each positive integer n, if a* = 0, then a = 0;

2) Ifa+ b #0,thena # 0or b #0; and

3) If ab # 0, then a # 0.

The characteristic of a discrete field is the infimum, in the one point
compactification of the positive integers, of the set {n: n x 1 = 0}. The
field of rational numbers has characteristic infinity. A prime field is a
field in which every element is equal to an element of the form (n x 1)/
(m x 1) where n and m are integers and m x 1 # 0. Every discrete field
contains a unique prime field. A discrete field & is factorial if every poly-
nomial with coefficients in k is equal to a product of irreducible poly-
nomials. We will have occasion to use the following characterization
of integral elements, whose statement is similar, and proof is identical,
to that of [1; Theorem 3.1].
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THEOREM A. Let E be a field, R a subring of E, and o an element of E.
Then the following are equivalent.

1) « satisfies a monic polynomial of degree n with coefficients in R.

2) Rla] is generated by n elements as an R-module.

3) E has a faithful R-submodule M, generated by n elements, such that
aM < M.

We also will use the following remark concerning inverses in an alge-
braic extension, which appears after [1; Corollary 3.2].

REMARK B. Let « be integral over a discrete field R. Then Rla) is a field.

ProoEF. If 0 # 0 € R[a], then there is a monic polynomial fin R[x] such
that f(#) = 0 and f(0) # 0. So f(0) = f(0) — f(6) = A6 for some A in R[6],
whence A/f(0) = 0-1 e R[f].

In the first two sections we develop the theory of separable extensions
and perfect fields. The construction of the perfect closure differs from the
standard one. The heart of the paper is section three. Here we define a
separably factorial field as one for which each separable polynomial is a
product of irreducible polynomials. We prove that a simple extension of
a separably factorial field is separably factorial, and that a separable
extension of a factorial field is factorial. This theorem has a history dating
back to Kronecker. In [2] Kronecker proved that algebraic number
fields are factorial. Van der Waerden showed that separable extensions
of factorial fields are factorial and included the result in [5]. His proof
relies on the norm of algebraic elements and there are constructive
problems in defining the norm. Seidenberg overcame these problems by
defining a norm map by means of a generic splitting field [4]. Our method
is to show that a field is (separably) factorial if and only if for each
(separable) polynomial f either there is an element a with f(a) = 0 or
else f(a) # 0 for all a. Thus the rational root test shows that the rational
number field is factorial. This allows us to avoid the norm entirely.

1. Separability. If & is a discrete field, and f € k[x], then f'is a separable
polynomial if f can be written as a product of polynomials g with (g, g') =
1. An element in an extension field of k is separable over k if it satisfies a
separable polynomial in k[x]. We shall show that if E is a field containing
the discrete field &, then the elements of E that are separable over k form
a subfield.

THEOREM 1.1. Let k be a discrete field of finite characteristic p, let a € k,
and let g = p*. If x9 — a is reducible in k[x], then a = b? for some b in k.

PROOF. Let x¢ — a = f(x)g(x). By passing to the field generated by the
coefficients of fand g we may assume that & is countable. By [1; Theorem
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3.8] there is a discrete extension field E of &, and an element a € E, such
that a? = a. Then x? — a = (x — a)? does not admit relatively prime
factors in k[x], so by [1; Lemma 3.5] we can write x¢2 — a = h(x)" for
some & in k[x] and m > 1. Note that m is a power of p since m divides p”.
As h(0)” = —a, we can set b = — h(0)"'2.

The following is an improvement of (1; Theorem 4.1] in that the
element « is not required to be separable over k.

COROLLARY 1.2. Let E be a field and k a discrete subfield of E. Suppose
p € E is algebraic over k, and o € E is separable over k[p]. Then k[a, p] =
k[6] for some @ in E.

PrOOF. By [1; Theorem 3.1] the element « is algebraic over k. By [1;
Lemma 3.3] and [1; Lemma 3.5] we can find a separable polynomial
g in k[x] such that g(a9) = O where either ¢ = 1 or k has finite charac-
teristic p and ¢q is a power of p. Then k[a?, p] = k[0] for some § € E by
[1; Theorem 4.1]. If ¢ = 1 we are done, so we may assume that k£ has
finite characteristic p and ¢ is a positive power of p. The GCD of x4 — a7
with the separable polynomial over k[g] satisfied by « is a proper factor
of x1 — a7 over k[0]. Hence by Theorem 1.1 we have a#/? € k[6] so x9/?—
a?? is a polynomial with coefficients in k[0] satisfied by «. Continuing in
this manner we get a € k[0] so k[a, p] = k[0].

CoOROLLARY 1.3. If « and p are algebraic over a factorial field k, and
either o is separable over k[p] or p is separable over k[c], then p satisfies an
irreducible polynomial over klca).

ProoF. We have k < k[a] < k[a, p] = k[0] by Corollary 1.2. As k is
factorial, k[«] and k[6] are finite dimensional over k by [1; Theorem 3.7].
Hence k[q, p] is finite dimensional over k[a] by [1; Corollary 2.3]. By [1;
Theorem 3.7] we can find an irreducible polynomial over k[a] that is
satisfied by p.

The next theorem provides a method for checking the separability of
an element in an extension field. The fact that we may be unable to find
an irreducible polynomial for an element prevents us from proving that
a finitely generated algebraic extension E/k is separable if and only if
E = k(E?),[6; Theorem 8, page 69]. The theorem is true if the extension
E/k is finite dimensional.

THEOREM 1.4. Let E be a field of finite characteristic p. Let k be a discrete
subfield of E and o € E. Then « is separable over k if and only if « € k(a?).

ProoF. If «a € k(a?), then o is algebraic over k, so a € k[a?] = k(a?)
by Remark B. This gives a polynomial fe€ k[x] such that /' = 1 and
f(a) = 0. Hence ¢ is separable over k. Conversely, suppose fe k[x] is
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a separable polynomial such that f(a) = 0. Let g(x) be the GCD of f(x)
and x? — a?in k(a?). Since f is separable g(x) # x? — a?, and since
f(a) = 0 we have g(x) # 1. Thus g is a proper factor of x? — a? so a €
k(a?) by Theorem 1.1.

THEOREM 1.5. Let 0 be separable over a discrete field k. Then every
element of k[0] is separable over k.

Proor. If o € k[0], then « is algebraic over k, so by [1; Lemma 3.5]
either « satisfies a separable polynomial over k or k has finite characteristic
p. So we may assume the latter, and by Theorem 1.4 it suffices to show
that o € K = k[a?]. Since 0 is separable over K we can find a separable
polynomial fe k[x] of degree n > O such that f(§) = 0. We proceed by
induction on n. If n = 1, then § € K so o« € K and we are done. If n > 1
let o = g(0) where g € k[x] and deg g < n. Then a? = h(6?) where /1 € K?[x]
and deg h = deg g. If deg 4 = deg g = 0, then a € K. If deg & > 0, then
h(x) — a? is a polynomial in K[x] of degree less than n satisfied by 62.
Hence K(0) = K(0%) can be generated by fewer than » elements as a
vector space over K, so we can obtain a polynomial in K[x] of degree
less than »n that is satisfied by . Taking the GCD with f we can make
this polynomial separable, and by induction we are done.

THEOREM 1.6. Let E be a field and k a discrete subfield. Then the elements
of E that are separable over k form a (discrete) subfield.

PRrOOF. Suppose « and p are separable over k. Then by [1; Theorem
4.1] we can find 6 in E such that k[a, p] = k[0]. By Theorem 1.5 it will
suffice to show that @ is separable over k, and we may assume that k has
finite characteristic p. Then k[0] = k[a, p] = k[a?, p?] = k[0?] where
the second equality comes from Theorem 1.4. Discreteness follows from
[1; Theorem 3.6] since separable elements are algebraic.

Let E be a field containing a discrete subfield k. The separable closure
of k in E'is the subfield of E consisting of those elements that are separable
over k. The field k is separably closed in E if the separable closure of k
in E is k. The following theorem shows that the separable closure of k in
E is separably closed.

THEOREM 1.7. Let E be a field and k a discrete subfield of E. Suppose
p € E is separable over k, and « € E is separable over klp]. Then « is
separable over k.

Proor. By Corollary 1.2 we can write k[p, a] = k[0]. Applying Theorem
1.4 we have k[0?] = k[a?, p?] = k[p, a?] = k[p, a] = k[0] so 0 is separable
over k. Thus ¢ is separable over k£ by Theorem 1.5.
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2. Perfect fields. A discrete field k is perfect if each polynomial in k[x]
is separable.

THEOREM 2.1. A discrete field k is perfect if and only if for each prime
p and each element a € k there exists a b € k with either pb = a or b? = a.

Proor. Assume k is perfect and let p be a prime and aek. If p # 0 in
k, then p~l ek and b = p~1 a satisfies pb = a. If p = 0 in k, then x? — q,
being a product on polynomials which are relatively prime to their
derivatives, must be reducible and, by Theorem 1.1, there is a bek
with b? = a.

To prove the converse, let f€ k[x]. By [1; Lemma 3.5] we can assume
that f(x) = g(x9) where (g, g') = 1 and either ¢ = 1 or & has finite char-
acteristic p and g = pe. If ¢ = 1, then fis separable. If ¢ = pe, then each
coefficient of g is of the form b7 so f(x) = g(x7) = [A(x)]¢ for some A(x)
in k[x], and again fis separable.

COROLLARY 2.2. I k is a discrete prime field, then k is perfect.

DEFINITION. Let k be a subfield of a discrete field K. Then K is a perfect
closure of k if

a) Kis perfect

b) If a € K, then either « € k or k has finite characteristic p and o?* € k
for some positive integer e.

THEOREM 2.3. Every discrete field has a perfect closure.

PROOF. Let {p,: n < w} be an enumeration of the primes in increasing
order. For each n, define ¢,: k — k by ¢,(x) = x? if there exists j < n
with p = p; and p = 0 in k. Otherwise let ¢,(x) = x. Let K be the direct
limit of the system of maps {@,}. Suppose a € K and p is a prime. If p # 0
in K, then b = p~la satisfies pb = a. So assume that p = 0 in K and let
¢n = ¢nt1 ¢, be the embedding maps k — K of the direct limit. There
exists # and an element a in k so that ¢n(@) = a. Pick n large enough so
that p, 2 p, 50 that ¢,(a) = a?. Then @ = ¢,(@) = ¢, 1($,(@)) = ¢y(a?)
= [¢,(a)]?. Thus K is perfect. If a € K, choose n and a € k so that ¢,(a)
= qa.If py, ..., p, are not zero in k, then « € k. Otherwise there exists a
prime p = p; with j < n which is zero in k. Then @, ; coo ¢y(a) = a?"’
and 50 o’ = [ @ = (@) = (py 1 o0° pi(@)) = (@) =

ack.

THEOREM 2.4. If K and L are perfect closures of the discrete field k, then
there is an isomorphism of K and L over k.

Proor. Define f from K to L as follows. Given « € K either ¢ €k, in
which case we set f(«) = a, or k has finite characteristic p and o?° € k. In
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this latter case, there is A € L such that A = o?°, by Theorem 2.1, and we
set fla) = A.

THEOREM 2.5. A discrete field k is perfect if and only if each algebraic
element of an arbitrary extension field of k is separable over k.

Proor. If k is perfect, then each polynomial in k[x] is separable, so
clearly every element algebraic over k is separable. Conversely let p be a
prime and a € k. Clearly we may assume that p = Oin k. Let K > k be a
perfect field and let b € K be such that b? = a. As b is separable over k it
follows that b € k. By Theorem 2.1 we conclude that k is perfect.

3. Separably factorial fields. Recall that a discrete field & is factorial if
each polynomial in k[x] can be written as a product of irreducible poly-
nomials. If each separable polynomial in k[x] can be written as a product
of irreducible polynomials, then the field & is separably factorial. In [1] it
was shown that a finite separable extension of a countable factorial field
is factorial [1; Theorem 4.2]. In this section we shall remove the countabil-
ity condition, and also show that a finite extension of a separably fac-
torial field is separably factorial. In so doing we reduce the problem of
factoring a polynomial to that of finding a root of another polynomial.

Lemma 3.1. If K|k is separable f € k[x] splits in K, then f is a separable
polynomial.

PRrROOF. Let a € K be a root of f. The element « satisfies a separable poly-
nomial g(x) € k[x]. Let A(x) = GCD(g(x), f(x)). Then i(a) = 0 and 4 is
separable. By induction f(x)/h(x) is a separable polynomial. This com-
pletes the proof.

The problem of constructing a splitting field for a polynomial over an
arbitrary field, which is very likely unsolvable, is avoided in the following
proof. Seidenberg uses a similar idea to define the norm [4].

THEOREM 3.2. Let k be a discrete subfield of the field E, and let h(x) € k[x]
be a monic (separable) polynomial. Then there exists a (separable) poly-
nomial q(x) € k[x] such that the coefficients of any monic factor of h in E[x]
are roots of q(x).

PROOF. Let & be of degree n > 1 and let {r;:i =1, ..., n} be a set of
algebraically independent elements over k. Define 4; € k[r{, ..., r,] and
H(X) € k[Ao, ey An—l’ X] by

Hx) = IIex = r) = x" + A, qxm 1 + -+ + 4,
As H(r;) = 0 for each i, it follows that the r; are algebraic over k[4,, ...,
A,_;]. Define Q(x) e k[rq, ..., 1, x] by Q(x) = II(x — A) where A ranges
over all the elementary symmetric polynomials in subsets of the r;. As the
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elements A, are the elementary symmetric polynomials in all the r; and the
coefficients of Q are symmetric polynomials in all the r; it follows that
Q(x) € k[A4y, ..., A,_1, x], see [S; page 81]. Now the coefficients of any
factor of H in k[ry, ..., r,, x] are elementary symmetric polynomials in a
subset of the r;. It follows that any such coefficient is a root of Q. Suppose
that A(x) = f(x)g(x) in E[x], with

S(x)=xm + by xm 1+ .. 4+ by

and
gx) = x5 + ¢ XL+ -0+ c.
Define
F()C) = H(x—-ri) =_xm+Bm_1xm—1 + .. +B0
=1
and

7
Gx) =l x=r)=x+Coyx 1+ .- +C,
i=m+1

The B; and C; are algebraically independent over k because the A4; are
algebraically independent, the extension k(C, B)/k(A) is algebraic, and the
theorem on invariance of transcendence degree holds [3; pages 200, 201].
So we can define a ring homomorphism from £[B, C] to E by B; — b; and
C; — c;. Under this map F goes to f, G goes to g, and 4, goes to a;. Define
g as the image of Q and note that g is independent of f and g. The coef-
ficients of F and G are roots of Q, so the coefficients of fand g are roots of
q.

It remains to show that g is separable if % is separable. Let k; be a coun-
table subfield of k containing the coefficients of 4. Let K be a splitting field
for h over ky. The polynomial ¢ splits in K as the roots of ¢ are combina-
tions of the roots of 4. By Lemma 3.1 it follows that q is separable.

COROLLARY 3.3. a) If k is separably closed in K and the monic separable
polynomial g € k[x] has a monic factor f € K[x], then f € k[x].

b) If k is algebraically closed in K and the monic polynomial g € k[x] has
a monic factor f € K[x], then f € k[x].

Proor. The coefficients of any factor of g in K[x] satisfy a monic (sepa-
rable if g is separable) polynomial in k[x]. As & is algebraically (separably)
closed in K, these coefficients must be in k.

THEOREM 3.4. A4 discrete field k is (separably) factorial if and only if for
each (separable) f € k[x], either there exists an o € k with f(a) = 0, or for
all aek,fla) # 0.
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Proor. If k is separably factorial, then we can determine the linear fac-
tors of f, so the condition is clearly necessary. To prove the converse let
q(x) € k[x] be a monic polynomial so that the coefficients of any factor of
fin k[x] are roots of g (Theorem 3.2). Using induction on the degree of ¢
and the condition of the theorem we can determine the finite set of ele-
ments of k which are roots of g. Thus we can obtain a finite set of poly-
nomials containing all the monic factors of fin k[x]. The elements of this
set can now be tested to see whichare the factors.

As a consequence of this theorem we are able to give a simple proof of
Kronecker’s theorem [2; page 77].

COROLLARY 3.5 (KRONECKER). The field of rational numbers is factorial.

PROOF. The usual rational root test is a method for deciding whether a
polynomial with rational coefficients has a rational root.

LEMMA 3.6. Let E be a field and k a discrete subfield. Suppose 0 € E satis-
fies the monic polynomial f € k[x] of degree n > 0, If « € k[0], then either
0 € k[a] or « satisfies a polynomial in k[x] of degree less than n.

PROOF. Write o' = Y72} a,;;0/ fori = 0, ..., n — 1. By row operations
we can put the matrix [a,;] into upper triangular form. One can now see if
there is a zero on the diagonal. If there is, then the set {1, a, ..., a*1} is
linearly dependent over k and so « satisfies a polynomial of degree less
than ». If all the diagonal elements are nonzero, then the determinant of
[a;;] is nonzero, and so 0 € k[a].

The following theorem is of classical interest in addition to setting the
stage for a purely constructive counterexample. In section four an example
will be given to show that it is necessary to assume that k is separably
closed in K.

THEOREM 3.7. Let k = K = E be fields with k discrete and separably
closed in K. Let o € E be algebraic over k. Then k() is separably closed in
K(a). Moreover if « is separable and k is algebraically closed in K, then
k[ is algebraically closed in K[a].

PRrOOF. Let p € K[a] be separable over k[a]. By Corollary 1.2 there is a
0 € kle, p] so that k[a, o] = k[0]. By [1; Lemma 3.5] 04 is separable over k,
where either ¢ = 1, or k has finite characteristic p and ¢ = p™. Then, by
Theorem 1.5, k(a?) is separable over k. Let a2 satisfy f(x) € k[x], a sepa-
rable polynomial of degree n. We proceed by induction on 7 to prove that
07 € k[a?). If n = 1, then a4 € k so §4 € K and thus 604 € k since k is sepa-
rably closed in K. Now suppose that n > 1. As 07 € K[a4], it follows that
04 satisfies a polynomial of degree = n over K. But 07 satisfies a separable
polynomial over k. Taking GCD’s of these two polynomials and using



SEPARABILITY AND FACTORING POLYNOMIALS 51

Corollary 3.3 one obtains a separable polynomial of degree < n in k[x]
which 04 satisfies. By Lemma 3.6 09 € k[a4] or else a7 satisfies a polynomial
of degree less than n and we are done by induction. Thus 67 € k[a4]. There-
fore @ is separable and purely inseparable over k[«] and so is an element of
klal.

Now suppose that k is algebraically closed in K, and that « is separable
over k. Let 6 € K(«) be algebraic over k(). By Corollary 1.2 we may
assume that k(a, 0) = k[6]. Let a satisfy a monic polynomial of degree n
in k[x]. We proceed by induction on » to show that § € k(«). As 0 € K(«)
it follows that @ satisfies a monic polynomial in K[x] of degree less than or
equal to n. The element @ is also algebraic over k. Applying Corollary 3.3
to the GCD of the polynomials @ satisfies over k and K we obtain a poly-
nomial of degree less than or equal to » in k[x] satisfied by . By Lemma
3.6 either 0 € k[a] or else a satisfies a monic polynomial of degree less than
n. In the latter case induction shows that 6 € k[«].

LEMMA 3.8. Let k be a separably factorial subfield of a field E. Let a, p € E
be such that a is algebraic over k and p is separable over k(«) .Then p satisfies
an irreducible polynomial over k(c).

PRrOOF. By [1; Theorem 3.7], to prove that p satisfies an irreducible poly-
nomial over k[qa] is the same as proving that k[a, o] is finite dimensional
over k[a]. If @ is separable over k, then by Corollary 1.2 and Theorem 1.6
there exists 6 € k[a, p], separable over k, so that k[a, p] = k[0]. As k is
separably factorial, k[f] and k[a] are both finite dimensional over k.
Therefore, by [1; Corollary 2.3], k[0] is finite dimensional over k[«]. Thus
we may assume that k has finite characteristic p. As p is separable over
k[a], we can write k[e, p] = k[0] for some @ separable over k[a] by Corol-
lary 1.2 and Theorem 1.5. Choose ¢ = p” so that A = 09, and hence a9, is
separable over k. Then k[A}/k and k[a¢]/k are finite dimensional as k is
separably factorial [1; Theorem 3.7.] Therefore k[Al/k[ad] is finite di-
mensional. Let {1, 4, A%, ..., A} be a basis for k[2)/k[a?]. As A € k[, a]
and 6 is separable over k[a] we have k[0] = k[A, a] by Theorem 1.4. Thus
{1, A, ..., A5} generates k[0]/k[a]. Suppose Ya(i)A* = 0 with a(i) € k(a).
Then 0 = (X a(i)A)? = Ya(i)iAs, where a(i)? € k(a4). As A is separable
over k it follows that k(a?, 1) = k(a?, A9). Thus {A7a: i=1,...,s}isa
basis for k(a4, A) over k(a?). Therefore a(i) = 0 for all i.

We are now able to prove the results on preservation of (separable)
factoriality under extension. This theorem has a long history beginning
with Kronecker who proved it for algebraic number fields [2]. Van der
Waerden extended the result to finite separable extensions and included
a proof in [5]. This proof uses the norm of an element and it is unclear if
van der Waerden means the norm defined in terms of a splitting field and
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the conjugates of an element therein, as defined on page 178 of [5], or the
norm defined in terms of the field polynomial as defined on page 132 of
[S]. The proof also uses several properties of the norm which, while true,
are not at all obvious from the second definition. Seidenberg has read van
der Waerden’s proof as using the first definition which he properly points
out is nonconstructive [4]. Because of these difficulties, Seidenberg rede-
fines a norm using a generic splitting field, similar to the idea behind our
proof of Theorem 5.2, and then repeats van der Waerden’s proof. We
have given a proof of the theorem, via conjugates, for countable fields
in [1; Theorem 4.2]. The following theorem removes the countability
restriction.

THEOREM 3.9. Let K be a discrete field, k a separably factorial subfield,
and o € K algebraic over k. Then F = k[a] is separably factorial. Moreover,
if a is separable and k is factorial, then F is factorial.

Proor. Let f e F[x] be separable. Let k, be the separable closure within
k of the field generated by the coefficients of a nonzero polynomial satisfied
by a, together with the coefficients of all powers of ¢ which occur in the
coefficients of f. Then kj is a countable field. As we can determine whether
separable polynomials over k, have roots in k, and hence in k, it follows,
by Theorem 3.4, that k is a separably factorial field. To complete the proof
of the theorem it will suffice, by Theorem 3.4, to find the roots of f that
lie in k¢la] = F, since, by Theorem 3.7, we have k¢[a] is separably
closed in k[a], and the coefficients of f lie in Fj.

As F, is countable, we can construct a splitting field L of f over F,
(see [1; Corollary 3.9]). Let rq, ..., r, be the roots of fin L. By Lemma
3.8 we can find irreducible polynomials g; € F[x] that are satisfied by the
r;. If g; is linear, then r; € F; and we have found a root of fin F,. If no g;
is linear, then fhas no roots in Fj,.

The second statement is proved in exactly the same way except ky is
replaced by the algebraic closure and we appeal to Corollary 1.3 rather
than to Lemma 3.8 in the last paragraph.

In [1; page 100] it was shown that even when a splitting field of a poly-
nomial can be constructed, it need not be unique. However splitting fields
for separable polynomials over separably factorial fields exist and are uni-
que. The proof proceeds along the usual classical lines, using Theorem 3.9.

COROLLARY 3.10. Let k be a separably factorial field, and f(x) € k[x] be
a separable polynomial. Then there is a separably factorial field K containing
k, such that f is a product of linear factors in K[x] and K is generated over k
by the roots of f. Moreover any two such fields K are isomorphic over k.
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4. Examples. In this section we give an example of a field that is separa-
bly factorial but not factorial. The same example also shows that in Theo-
rem 3.7 the field k£ must be separably closed in K. This example has been
used by Seidenberg [3] to show that a factorial field need not satisfy his
‘condition P’, and that an inseparable extension of a factorial field need
not be factorial.

THEOREM 4.1. Let F be the Galois field with two elements, and let K =
F(b, s, t) where b, s and t are indeterminates. Let k = F(a, b) = K, where
a = bs? + t2. Then k is algebraically closed in K.

PrOOF. Note that a and b are algebraically independent over F, as the
elements b, s and ¢ are algebraically independent over F. As K has tran-
scendence degree 3 over F,and k has transcendence degree 2 over F, while
K is algebraic over k(s) as K% < k(s), it follows that s is transcendental
over k. Now let « € K be algebraic over k, and let f € F[a, b, x] be a nonzero
polynomial with f(a) = 0. Let r € F[a, b] be the leading coefficient of f.
Then ra is integral over Fla, b]. Now (ra)? € k(s) is also integral over
Fla, b]. As s is transcendental and F[a, b] is integrally closed in F(a, b)
it follows that w = (ra)? € Fla, b]. Write ra = p/q + (u/v)t where p, q, u, v
€ Fla, b, s]. Then w = p?/q2 + (u%/v¥)(a + bs?) so

(*) P2 + u?q%(a + bs?) = wgv2.

Ifu =0, then ra = p/q is integral over F[a,b] and in F(a, b), so ra € Fla, b]
and hence a € k as desired. Otherwise, let n be the largest power of s
dividing u?g2. The coefficient of s” on the left hand side of equation (x)
contains only even powers of b and is nonzero as it contains an odd power
of a. Hence w, and so wq2v2, contains only even powers of b. But the
coefficient of s7*2 on the left hand side of (x) contains an odd power of b.
Thus u # 0 is impossible.

THEOREM 4.2. If F; < F, < - - - are factorial fields, and F; is algebraically
closed in Fy, for each i, then F = | JF; is factorial.

ProoF. We first note that each F; is algebraically closed in F. If f € F[x],
then f e F;[x] for some i. Since F; is factorial we can decide if f has a root
in F;. As F;is algebraically closed in F, this settles whether f has a root
in F. By Theorem 3.4 it follows that F is factorial.

EXAMPLE 4.3. Let {a;} be a nondecreasing fugitive sequence of 0’s and
I’s. Let F; = k of Theorem 4.1 if a; = 0, and F; = K of the same theorem
if a; = 1. Then F = (JF, is factorial by Theorem 4.2. Consider F[qa]
where a2 = a. The polynomial x2 — b has a root in F[a] if and only if
F = K, in which case (a + t)/s is a root. Hence if we could decide whether
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x2 — b had a root in F[a], we could decide whether a; = 1 for some j
or not. Thus F[a] is not factorial. However by Theorem 3.9, F[a] is separa-
bly factorial.

Theorem 4.1 also gives a classical example to show that the condition
of separability is needed in Theorem 3.7. For k is algebraically closed in
K and k() is not algebraically closed in K(«), since the polynomial x2 — b
has a root in K(a) but not in k().
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