
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 12, Number 1, Winter 1982 

EXTENSIONS OF MAPS DEFINED ON CONVERGENCE SPACES 

ROBERT A. HERRMANN1 

ABSTRACT. This is a foundational study of the extendibility of 
various continuous type maps defined on a dense subspace X of a 
preconvergence space Z. A minimal property (weak-admissibility) 
for such extensions is established and is applied for the case where 
the remainder R = Z - X is (/-principal. Major results include 
necessary and sufficient conditions for the extendibility of continu
ous [resp. weakly-continuous] mappings, a general Taimanov type 
characterization for extendibility and a general result which shows 
that a weakly-admissible map defined on X can be extended to a 
weak-w-continuous map on Z where Z is any extension of X. Finally, 
numerous examples are given which show that the major results 
obtained are nontrivial and have many well-known propositions 
as corollaries. 

1. Introduction. In their paper [24], the Steiners make the following 
remark relative to topological spaces, "Our point of view is that one of 
the most important kinds of information a structure on a space A" provides, 
besides a topology for X, is a topological extension of X." The Steiners' 
philosophy can obviously be applied to the more general concept of the 
convergence structure on a set X as introduced by D. Kent in his founda
tional papers [10], [11] and [12]. 

Various types of extensions for a convergence space J^have been recently 
investigated. The majority of these extensions are compactifications of one 
type or another (see [18], [19], [20], [21] and [27]). Once these extensions 
have been obtained, then, as in the case for topological spaces, the most 
useful investigation appears to be in the general area of the extendibility 
of continuous maps onto these space extensions. Indeed, with respect to 
the Steiners' paper [24], D. F. Wooten initiated such a research project for 
semi-uniform spaces in his paper [28]. Other results relative to the exten
sions of maps on semi-uniform spaces can also be found in [6]. 

The major goal of this present investigation is to add to what is an ap
parent void in the theory of extensions for maps on convergence spaces. 
This present research is a foundational study of such concepts, where the 
maps we wish to extend have a minimal property necessary for extendibil-
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ity. Most of the major results apply readily to space extensions of a very 
simple type which we have termed " [/-principal" and "discrete." Indeed, 
throughout general topology many " {/-principal" extensions such as 
«-point compactifications, near-compactifications and the famous Katëtov 
type extension have been vigorously investigated (see [4], [5], [7], [9], [14], 
[15], [16], [17], [22] and [23]). 

As a second goal, we also launch a foundational study of map exten
sions, where the space extension is completely general in character and the 
basic map once again satisfies only the minimal condition necessary for 
extendibility. 

2. Preliminaries. Throughout this paper F(X) [resp. U(X)] denotes the 
set of all filters [resp. ultrafilters] on a set X, while 0>(X) denotes the power 
set. In 1964, D. Kent [10] introduced a generalization of Fischer's [3] 
"limitierung" in the following manner, where for each x e X, [X] denotes 
the principal filter generated by {x}. 

DEFINITION 1.1. A function q: F(X) -> &>(X) is a convergence function if 
CS (I) : for each x e X, x e q([x]) and 
CS(2): whenever &9&e F(X), & <= ^ , then q{^) c q{&). 

In his 1967 paper [11], Kent adjoins to CS(\) and GS(2) the following 
additional axiom. 

CS(3) : If x e q{&)9 (&) e F(x)9 then x e q(& f| W)-

The pair (X, a) where q satisfies axioms CS(1), CS(2)and CS(3) is called 
a convergence space and q is a convergence structure. Many results in this 
paper only depend upon axioms CS(\) and CS(2). Indeed, many only 
depend on CS(2). Hence for this reason, we call a pair (X, q) where q 
satisfes CS(\) and CS(2) a preconvergence space and q is a convergence 
function. We shall assume that the reader is familiar with the basic concepts 
associated with convergence space, many of which can be located in the 
cited references. However, we shall modify the concepts to the extent that 
in most cases (X, q) will be assumed to be a preconvergence space. Thus, 
for example, the preconvergence space (X, q) is compact if and only if 
every ultrafilter ^-converges. Moreover, unless otherwise indicated, q, 
q\ q'\ p denote convergence functions and {X9 q') = X,(Y,p) = Y, (Z, q) 
= Z, etc. denote preconvergence spaces. If tF e F(x), then SF -• x means 
that x e q(S^) or we say something like <F is q-convergent to x. 

The following additional notation will also be helpful. Let A c X. 
Then 

U(X, A) = {*|[* e U(X)] A 3y[[y e A] A [x -> y]]} 

[resp. F(X, A) = {x|[x e F(x)] . . . } ] . If A = {x}, then we simply write 
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U(X, {x}) [resp. F(X, {x})] as U(X, x) [resp. F(X, x)]. For & G F(X), A a 
X, let !F H A mean that F f| A =£ 0 for each F e « f and J^ J_ y4 means 
that there exists some F e , f such that F f| A = 0. If ^ Ç) A, A Œ X, 
then let <F Adenote the filter generated on A by {F f] A\Fe^}. If j / <= 
0>(X) and j ^ has the finite intersection property, then \sé]x or simply [stf] 
denotes the filter on X generated by j / and if A c X, then [A] denotes the 
principal filter generated by A. For A, B a Xlet 

UB(X, A) = {0UB\{% e J7(*)] A \% fi *] A 3j[[j e ^ A [« - y]]}. 

[resp. /^(X, ^) = {&B\ \& e F(X)]...}]. Let ^ be a collection of filter bases 
on X and any mapg: (X, q) -*{Y,p). Theng(^) = { g ( ^ ) | ^ e ^ } , where 
g(F) = [{g[F] | Fe J^}]. For & e &, let C(«F) = {x|[x e X] A [& -> x]}, 
where «F -> x if and only if [J^] -* x and / (^) = f]{C(^) \ & e ^ } . Notice 
that if 0 ^ ^ c £/(T), then I{&) = f]{aq(^) \^e&}, where a ^ ) is 
the adherence of J^ and if (X, #) is Hausdorff, then the cardinality of / (^ ) , 
| I(&)\, is less than or equal to one. 

3. U-principal extensions. Throughout the remainder of this paper the 
space (X, q') = X is a dense subspace of (Z, q) = Z and Z — X = R ^ 
0 . Moreover, (/?, #") is the remainder subspace of Z with the induced 
convergence function #". Recall that X is tìfejwe in Z if for each z e Z, 
there exists some ^ e £/(Z, z) such that <fy [\ X (i.e., l e tyì). A map g: 
(X, q) -• (F, /?) is weakly-continuous [resp. continuous] if for each x e l 
and each ^ e £/(X, x) [resp. J^ e ,F(X, x)] it follows that g(W) [resp. g(J^)] 
converges to g(x). Observe that if Y is pseudotopological and g: X -> Fis 
weakly-continuous, then g is continuous. Obviously, in general, continuity 
implies weak-continuity. We now give the fundamental minimal property 
a map must possess in order that it be extendible. 

DEFINITION 3.1. A map g: X -> Y is weakly-admissible if for each r eR, 
the set I(g(Ux(Z, r))) ^ 0 . The map g is admissible if for each r e i ? there 
exists >> e Y such that g{Fx{Z,r)) <= F(F,;/). 

The following three properties are easily established : 
(i) admissiblity implies weak-admissibility ; 

(ii) since X is dense in Z, then for each r e R, UX(Z, r) ^ 0 ; and 
(iii) if 7 is Hausdorff and g weakly-admissible, then \I(g(Ux(Z, r)))\ = 1 

for each r e R. 

THEOREM 3.1. Let g : X -> Y. If there exists an extension G: Z -+ Y which 
is weakly-continuous [resp. continuous] at r e R, then I(g(Ux(Z, r))) ^ 0 
[resp.g(Fx(Z,r))c:F(Y,G(r))]. 

PROOF. Assume that G extends g and arbitrary °U e U(Zy r), r e R and 
<% C\ X. Weak-continuity at r implies that G{fll) -> GO). Now G(fy) = 
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g{%x\ since Wx G U(X), <?(#) e U(Y)9 g(®x) e U(Y) and g(fttx) c G(#). 
Thus g(^x) -^ G(r), Since ^ is an arbitrary member of UX(Z, r), then 
G(r)eI(g(Ux(Z,r))). 

For continuity,let ÏF eF(Z,r), reR and J^ H ^ Continuity at r im
plies that G(^) -+ G(r). Now J^ c [&x] implies that G(J^) c G([^x]) 
= kC^*)] = g O z ) . Consequently, g(^x) -> G(r) implies that g ( J ^ ) 
eF(y,G(r)) . 

COROLLARY 3.1.1. Let g: X -> Y. If there exists an extension G: Z -> Y 
of g which is weakly-continuous [resp. continuous] on R, then g is weakly-
admissible [resp. admissible]. 

The major investigation in this section is an attempt to obtain a converse 
or partial converse to Theorem 3.1. In order to accomplish this in the most 
expedient manner, we restrict the extension space to various proper sub
classes of the class of all extensions of X. The remainder space (R, q") 
is said to be U-principal if the only # "-convergent ultrafilters on R are the 
principal ultrafilters. The space (R, q") is discrete if the only # "-convergent 
filters in F(R) are the principal ultrafilters. Thus (R, q") is a discrete space 
if and only if q" is equivalent to convergence for the discrete topology on 
R. Recall that a convergence function q" with the property that r G 
q" (J*0 if and only if !F a [r] is called a principal convergence function. 
Clearly, a principal or discrete space is a {/-principal space. 

DEFINITION 3.2. An extension Z of X is U-principal [resp. discrete] if 
R is {/-principal [resp. discrete]. The space R is separated from X if for each 
reR,q/e U(Z, r) implies that % $ U(Z, x) for any x e X. 

As mentioned in the introduction many {/-principal extensions have 
been investigated for topological spaces. Moreover, the "Hausdorff except 
for X" topological extension [14] as well as any Hausdorff preconvergence 
space extension has a remainder which is separated from X. For a precon
vergence space the one-point compactification, which shall be shortly 
defined, is a discrete extension. The following theorem is a simple but 
useful characterization for {/-principal extensions. 

THEOREM 3.2. The following statements are equivalent for any extension 
ZofX. 

(i) The space (R, q") is a U-principal subspace. 
(ii) If nonprincipal % G U(Z, r), reR, then <% f) X. 

PROOF, (i) -> (ii). Assume that for nonprincipal fy G {/(Z, r), r G JR, we 
have that W ± X. Then X $ fy implies that Re<%. Thus <%R G U(R). By 
definition of subspace convergence, ^UR is # "-convergent to r. Hence {r} 
G <%R implies that {r} G %. This contradiction yields the result. 

(ii) -* (i). This is obvious since % [\ X if and only if °U J_ R. Hence 



EXTENSIONS OF MAPS 27 

the only ^"-convergent ultrafilters are the principal ones and the proof 
is complete. 

For ^/-principal extensions, we have the following partial converse to 
corollary 3.1.1. 

THEOREM 3.3. Let g: X -* Y be weakly-admissible [resp. admissible 
and Y a convergence space] Z a U-principal [resp. discrete] extension of X. 
Then there exists an extension G: Z -> Y of g which is weakly-continuous 
[resp. continuous] on R. 

PROOF. For the weakly-admissible case, define G: Z -» Y as follows: 
for each r e R, let G(r) e I(g(Ux(Z, r))) and for each xeX, let G(x) = g(x). 
Let nonprincipal % e U(Z, r), reR. Then % f] X by Theorem 3.2. 
Hence tyx e UX(Z, r) implies that GifU) = g(Wx) -> G(r). Since G([r]) = 
[G(r)] -» G(r), then G is weakly-continuous on R. G is obviously an exten
sion of g. 

For the admissible case, define G: Z -> Y in the following manner. 
For each reR, let 

Mr = {y\[y e 7] A [g(Fx(Z, r)) cz F(Y, y)]}. 

Then for each reR, let G(r) e Mr and for each xeX, let G(x) = g(x). 
Observe that it must be the case that for &> e F(Z), either J^ f] X or 
^ fi Ä. Assume that J^ -» z G Z. If & f| X then it follows that [ J ^ ] 
^-converges to z since «^ c [J^l - L e t z — r eR. \î ^ [\ R, then we 
have that [ J^ ] is ^-convergent to r. Hence <FR is # "-convergent to r since 
(7?, q") is a subspace. Therefore, if <F f| 7?, then J*^ = [r]#. Assume 
that «^ J_ ^ and J^ n ^- Then it follows that R e &?. Hence ^ = 
WR\ = [M/?]z = Mz- Consequently in this case G{&) = G([^R]) = 
G([r]) = [(7(r)] -> C/(r). Now assume that & f| ^ and #" fl JR. Then 
^ = t ^x l fi WR\ implies that 

since J ^ and <FR are filter bases for [?FX] and [^Ä] respectively. Since 
g&x) -* G(r) by admissibility and the definition of G, then axiom CS(3) 
implies that G(J^) -> G(r) and the proof is complete. 

COROLLARY 3.3.1. Let g: X -> Y be weakly-admissible, Z a V-principal 
extension of X and Y pseudotopological. Then there exists an extension 
G: Z -» Y of g which is continuous on R. 

Recall that a subspace (X, q') of (Z, q) is open [resp. weakly-open] if 
whenever J^G F(Z) [resp. ^ G U(Z)] ^-converges to x e J , then XetF 
[resp. Xe<%], Hence JT is open in Z [resp. weakly-open] if and only if 
for each x e X if & e F(Z) [resp. ^ G U(Z)] is ^-convergent to x e X, 
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then & = [&x] [resp. [tyx] = <%]. Observe that [%x] = % if and only 
if % fi X, where ^ G U(Z). (See note added in proof.) 

THEOREM 3.4. Le/ g : X -> FZ?e weakly-continuous and weakly-admissible. 
If Z is a U-principal extension of weakly-open X, then there exists a weakly-
continuous extension G: Z -> Y of g. 

PROOF. Let G be defined as in Theorem 3.3. Let ^ be ^-convergent to 
xeX. Then fyy ^'-converges to x. Thus G(?ll) = g(^x) ^-converges 
to g(x) = G(x). 

COROLLARY 3.4.1 . Let g: X -> Y be weakly-continuous and weakly-
admissible . If Z is a U-principal extension of weakly-open X and Y is 
pseudotopological, then there exists a continuous extension G: Z -> y of g. 

The following example shows a pseudotopological extension of X 
such that R is separated from X, Z is (/-principal, but X is not open in Z. 

EXAMPLE 3.1. Let X and R be infinite disjoint sets. Assume that Z = 
X [j R. Let c e l , ^ b e a nonprincipal ultrafilter on X and f̂  a nonprinci-
pal ultrafilter on R. Define convergence on Z as follows: for 2F e F(Z) 
let <F be ^-convergent to x e X, x ^ c if and only if J^ = [x] ; let J^ be 
^-convergent to c if and only if [c] f| [ f ] c J£\ Finally let ZF be #-
convergent to r e R if and only if [r] f| [̂ r] c ^ . This pseudotopological 
structure has the properties that X is not open in Z, Z is separated from 
X, and Z is a {/-principal extension. 

THEOREM 3.5. Let g: X -+ Y be a weakly-admissible [resp. admissible 
and Y a convergence space] and continuous map with X open in the U-
principal [resp. discrete] extension Z. Then there exists an extension G: 
(Z, q) -* (Y, p) of g which is q-continuous on X and q-weakly-continuous 
[resp. q-continuous] on R. 

PROOF. Let <F e F(Z, x), x e X. Then !F = [!FX\ Now SFX ^'-converges 
to x. Hence g{^x) /^-converges to g(x). Since G(J^) = G([^x]) = 
[g&x)] = g&x), then G(^) is p-convergent to g(x) = G(x). Application 
of Theorem 3.3 completes the proof. 

COROLLARY 3.5.1. Let g: X -> Y be weakly-admissible, weakly-continuous 
with X open in the U-principal extension Z.IfY is pseudotopological, then 
there exists a continuous extension G: Z -> Y of g. 

REMARK 3.1. Since for Hausdorff Y and weakly-admissible [resp. 
admissible] g: X -• Y, \I(g(Ux(x, r)))\ = 1 [resp. \Mr\ = 1] for each r e R, 
then it follows that for Hausdorff Y the map G in Theorems 3.3, 3.4, 
3.5 and their corollaries is unique. 

Let (X, q') be noncompact, r $ X and X+ = X \J {r}. Define the 
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following map q: F(X+) -> 0>(X+). Let & e F{X+). If x e X, then x e q{&) 
if and only if Xe 3F and tFx ^'-converges to x. Now let r e q{^) if and 
only if there exists some ^ e F{X+) such that & Ç) X, aqf(<gx) = 0 
and ^ fi M c ^ - Note that 0 ^ 0 ^ ) is the set of ^'-adherence points 
of <&x. It is straightforward to show that if (X, q') is a preconvergence 
[resp. convergence] space, then X + is a preconvergence [resp. convergence] 
space. Moreover, X+ is compact, {r} is separated from X and 2 ^ is a 
discrete extension. We call X+ a one-point compactification of X. It is 
shown in [8] that X+ is pseudotopological if and only if X is pseudoto-
pological and if X is pretopological Hausdorff, then X+ is pretopological 
if and only if X+ is a projective minimum in the class of all pretopological 
compactifications of X. Obviously if g : X -> Y is weakly-continuous 
[resp. continuous], then g : X -> F + is weakly-continuous [resp. continuous] 
for noncompact 7 . The following result is an immediate consequence 
of our previous results. 

THEOREM 3.6. Let g: X -> Y be weakly-continuous [resp. continuous and 
Y a convergence space] and X, Y noncompact. Then there exists a weakly-
continuous [resp. continuous] extension G: X+ -> Y+of g if and only if g 
is weakly-admissible [resp. admissible]. 

A monoid (H, •) which is not necessarily Abelian is a, preconvergence 
[resp. convergence] monoid if there exists a convergence function [resp. 
structure] q such that the monoid operation is ^-continuous. Every 
noncompact preconvergence monoid can be imbedded into a one-point 
compactification. 

THEOREM 3.7. Let (H, -,q') be a noncompact preconvergence monoid 
and (K, q) any compactification of H. Then the monoid operation cannot 
be extended to a continuous monoid operation on K onto H such that H is 
a submonoid of K. 

PROOF. Let (//, -, q') be a proper submonoid and subspace of the 
compact preconvergence monoid (K, -, q). Since H is noncompact, then 
there exists some °ll e U(H) such that °U does not ^'-converge to any 
heH. Since K is compact, then [%] is ^-convergent to some k e K — H. 
Assume that the monoid operator g: (H x H) -> if has a continuous 
extension to G: (K x K) -» H. Let X = H x H and e be the identity 
in K. Then G([e] x [<%]) is q x ^-convergent to e-k = k e K and ([e] x 
[<%]) n X. Clearly, ([e] x [%])x = [e]H x [®]H = [e]H x % e UX(K x K, 
(e, k)). Since g is weakly-admissible, then g(([e] x %)x) = g([<?]# x fy) 
is ^'-convergent to some h0eH and A0 = G(e, k)) = e-k = k. The 
result now follows from this contradiction. 
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Let Z0 be any extension of X such that Z0 — X is separated from X. 

THEOREM 3.8. Assume that X is noncompact and [resp. weakly] open 
in Z0. Then there exists a [resp. weakly]-continuous surjection G: Z0 -> X+ 

such that G\X is the identity on X. 

PROOF . We only establish this result for the continuity case. Define 
G: Z0 -• X+ as follows : let G(Z0 - X) = {r}, where X+ = X (J {r}9 

and for each x e X set G(x) = x. Assume that ^ G F(Z0) and , f - > x e l 
Then J e . f . Consequently, J^ = [&x]. Hence G(J^) = [^x]x+

 w^ 
<7+-converge to x. Now let <F G F(Z0) and $F -» z e Z0 — X. Assume 
that & ± X. Then Z0 - Xe & implies that {r} e G(^). Consequently, 
G[&] = [r]x+. Now assume that J^ fl ^ Observe that for any fy e 
C/(Z0, z), the fact that ^ >̂ x for any x e l implies that aqf(jFx) — 0-
If R = Z0 - X and <r fl ^ , then 

w = Gam v ̂ ) n (m v )̂) 
= G([R] V ^ ) fi G(CT V ^ ) 

If J*7 _L TV, then G(J^) = [^x]x+. In either case G(^) is #+-convergent 
to r. 

COROLLARY 3.8.1. Let Y be noncompact, g: X -> F&e weakly-continuous 
[resp. continuous and Y a convergence space] and X weakly-open [resp. 
open] in Z0. Then there exists a weakly-continuous [resp. continuous 
extension G:Z0-+ Y+ if and only if g is weakly-admissible [resp. admissible]. 

REMARK 3.2. In Corollary 3.8.1, if X is compact, then there does not 
exist a proper extension Z of X such that Z — X is separated from X. 

Let £(X) [resp. $W(X)] be any class of extensions of X such that if 
Z G <f (X) [resp. Z G £W(X)], then X is open [resp. weakly-open] in Z and 
Z — Z is separated from X. A space Zm G <f(X) [resp. Zm e $W(X)] is said 
to be the [resp. weak] projective minimum if for each Z G <f (X) [resp. 
Z G ^ ( I ) ] there exists a [resp. weak] continuous surjection G: Z -> Zm 

such that G|Z is the identity on X. 

THEOREM 3.9. If X is noncompact and any X+ e g{X) [resp. X+
 G £W(X)\ 

then X+ is a [resp. weak] projective minimum. 

PROOF. This follows easily since the identity map from X into X+ is 
clearly admissible. 

The following example shows that theorem 3.9 is a considerable 
improvement over theorem 1.3 in [18]. 

EXAMPLE 3.2. This is an example of a pseudotopological convergence 
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space extension Z of X such that X is open in Z and Z — X is separated 
from Z . However, Z — Xis not discrete and Z is not compact. Let X 
and R be infinite disjoint sets. Let Z = X [j R, % be a nonprincipal 
ultrafilter on X and ^ a nonprincipal ultrafilter on R. Define ^-conver
gence in Z as follows : for SF e F(Z), let <F ^-converge to x e X if and 
only if tF = [x]z. Let r0 be a fixed point in R. Then «F ^-converges to 
reR — {r0} if and only if [r]z f] M z c <̂ S finally, «^^-converges to 
r0 if and only if [^] z f| [̂ olz fl M c ^ - The space Z has the indicated 
properties. 

In [25], Taïmanov gives the following famous characterization for 
continuously extending a continuous map / : X -± Y for topological 
spaces X and Y where Y is compact. There exists a continuous F: X -* 
y if and only if for each pair of disjoint closed subsets U, V of 7, 
olzif-'iU]) fi clz(/-i[K]) = 0 . Various authors (see [2], [23], [26] [28]) 
have studied and generalized this result and have given similar character
izations for other types of structures. We now briefly consider a Taïmanov 
type characterization for preconvergence spaces. 

Recall that for & e F(X), dx^ = [{dx(F) \ F e ^}] where "ciy ' is the 
{/-closure in X and {clx(F) \ F e J^} is a base for Q\X <F. If gß. is a base for 
& e F(X), then it follows that {clx(B) | B e &} is a base for Q\X&. 

THEOREM 3.10. Let Y be compact Hausdorff and g: X -+ Y. If whenever 
r , r' e U(Y\ <r fl gf.X], T' fi gl*l f -+y, r" -* y' and y*y it 
follows that clz(g_1(^)) J_ c\z(g~l(f"')), then g is weakly-admissible. 

PROOF. Let Wx, %'x e UX(Z, r), reR. Then g(Wx) -> y and g(¥x) -* y 
by compactness since g(<%x) = i^ eU(Y) and g(^x) = *T' e U(Y). 
Assume that y ^ y'. HausdorfTness implies that y _L V'> If V e if and 
VeV such that V f] K' # 0 , then g-^K] fi g - 1 t n # 0 implies 
that clz(g-i[K]) fl clz(g-1[^/]) 9* 0 . Now assume that V f] V = 0 . 
Clearly C/ fl g " 1 ^ ] ^ 0 for each U e <%x and £/' fl g~l[V] ¥> 0 for 
each U' eW'x imply that W f] g~l[V] ^ 0 for each P T e ^ a n d FF' fi 
g-i[K'] ^ 0 for each FF' e %'. Consequently, g~l[{V)] e ^ a n d g-l[V] e 
# ' imply that r e clz(g-i[F]) fl cl z(g-i[H) • Thus cl z(g-i«>) n 
clz(g -1(^ /))- This contradiction implies that y = / . Hence I(g(Ux)(Z, r)) 
= {y} and the result follows. 

We now weaken the definition of a Urysohn space as it appears in [13] 
and call (X, q) weakly-Urysohn if whenever tF -> x, <g -• x' with J^, ^ e 
F(X) and x # *', then clx J^ J_ cl z^\ Clearly a wealky-Urysohn space 
is Hausdorff. 

THEOREM 3.11. Let Y be compact weakly-Urysohn and g: X -* Y. If 
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whenever TT, ir' G £/(T), y Q g[X], V fi g[%l "T -* y9 and V -+ y' 
and y # y it follows that 

c\z{g-\c\Yr)) ± ciz(g-Hdrr')), 
then g is weakly-admissible. 

PROOF. Let ir -> ^, ir' -» y and >> ^ y as defined in the proof of 3.10. 
Then c l F f J_ c l r ^ ' . It now follows as the proof of 3.10 that 

clzfe-Kdrir)) fi c l z(g- i (cl^)) . 

The conclusion follows from this contracidtion. 

THEOREM 3.12. Let G:Z -* Y be a weakly-continuous extension of g:X -> 
Y.If^9^e F(Y), & fi gffl, ^ H g[*], flw/clr^ _L c l r ^ , fAe/i 

clzfe"1^)) ± clz(g-i(^)). 

PROOF. Assume that J% <g G F(T), ;F fl g[^L ^ fl gffl> c l r ( ^ ) J_ 
cl r(^), but c\z(g-l(^)) fl dz(g~K&))> Then there exist F e J ^ , H G ^ 
such that cl r(F) f| c l r (#) = 0 and some z G Z such that z G clz(g

_1[F]) 
H clzig-^H]). Then there exist $r, * ' G U(Z) such that ^r -* z, * ' -» z, 
g-i[Fl G * , and g-i[i/] G * ' . Hence G l r T O = ^ T 1 ^ ] e g ( ^ ) = G(#), 
and G[g~l[H]] = ££-*[#] e g((<tt')x) = G(«')- Thus F G Gip) G £/(F) and 
HeG(W) G C/(r). However, G W -> G(z) and G(< '̂) -> G(z) imply that 
clr(F) fl c l r (# ) # 0 . The result follows from this contradiction. 

COROLLARY 3.12.1. Let G: Z -» 7 òe A weakly-continuous extension of 
g\X -+ Y and Y is weakly-Urysohn. If&, <g G F(X\& fl Gffl> ^ fl g[*L 

^ - > j / ^ - > y w ^ y, rÂ /i ciz(g-W) ± cizig-1^)). 
If we now strengthen the structure of the codomain Y, then we obtain 

a result which is strongly similar to Taimonov's fundamental theorem. 
Recall that (X, q) is regular if J* G i^Z) and ZF -> Jt, then c\x{^) -• x. 
Notice that a regular Hausdorff space is Urysohn. 

THEOREM 3.13. Let G:Z -* Y be a weakly-continuous extension ofg: X -> 
Y and Y be regular Hausdorff. If &, <g e F[Y], & f| glxl & fi Sffl, 

"̂ -» J5 & -+ y «wrf j 7* y, ^ c^cg-^c^c^)) j_ ci^g-^cij^)). 
PROOF. Assume the hypothesis and that 

clzQrHclr^)) fl clz(g-i(clr^)). 

Let arbitrary F e « f and He&. Then 

0 * clz(g-i[clrF]) fl clz(g-i[clr//]). 

Since G is weakly-continuous, then 



EXTENSIONS OF MAPS 33 

0 * G[clz(g-i[clYF])] n G[clz(g-i[dYH])] 

<= clr(G(g-i[clrF]) fi clr(G[g-i[clFi/]]) 

<= cl r(cl rF) H cl r(cl r#). 

Now regularity implies that cl^cl*^)) -» y and clF(clr(^) -» / . Since 
cl r(cl rF)and cl r(cl r / /) are base elements for clr(clrJ^")) and cl r(cl r(^)) 
respectively, then there exists an ultrafilter ^ e U(Y) such that c\Y{c\YlF) 
c $f and cl r(cl r ^ ) <= ty. Hausdorffness implies that y = y', since 
^ -» y and ^r -> y . The result follows from this contradiction. 

4. General extension theory. In his paper "Extending maps from dense 
subspaces" [23] Rudolf discusses the philosophy of extensions of topolo
gical^ continuous maps. He writes, "The classical notion of (topological) 
continuity does not seem to be natural when nonregular spaces are in 
question, and it has often been replaced either from necessity or for 
convenience by the notion of 0-continuity." The same type of replacement 
appears to have merit for general extension theory on preconvergence 
spaces. This is especially true if we require only the minimal condition for 
extendibility of a map. There are, however, some special difficulties asso
ciated with preconvergences spaces. In particular, if (R, q") is non-f/-
principal, then there exists r e R and fy e U(Z, r) such that <*U \_X. Since 
there are important extensions of (X, q) such as the Richardson compacti-
fication [20] which are not {/-principal extensions, then this difficulty 
should in some manner be effectively overcome. One natural method to 
eliminate this difficulty and which is similar in content to the introduction 
of 0-continuity or weak-0-continuity for topological spaces is to introduce 
the following concept of "«-continuous" and "weakly-«-continuous" 
extensions. First, recall that for each x e X the neighborhood filter of x is 

jr(x) = f | { * | [ * G U(X)] A [# -> *]}. 

For any extension Z of X notice that for each z G Z, Jf(z) f] X. 

DEFINITION 4.1. A map g: X-+ Y is n-continuous if for each xeX, 

We now have the following two elementary properties for «-continuity. 

THEOREM 4.1. If g: X'-> Y is weakly-continuous, then g is n-continuous. 

PROOF. Let xeX. Then 

g(^(x)) = g(f) {®\[®e U(X)] A [# - *]}) 

= Ç]W)\WZU{X)]AW->X\} 

=> (Ç){r\[re u(Y)] A[r-+ g(x)]}). 
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Hence jr(g(x)) c g(jr(x)). 

THEOREM 4.2. If Y is pretopological and g: X -+ Y is n-continuous, then 
g is continuous. 

PROOF. Since Y is pseudotopological, we need only show weak-continu
ity. Let % -> x e X and ^ e U(X). Then Jf (x) c qi implies that g(JT(x)) 
c= g{%). By /7-continuity, J^(g(x)) a g{A\x)) a g{<%). Since Y is pre
topological, then Jf(g(x)) -> g(x). Thus gi^U) -* g(x) and the result fol
lows. 

Observe that if (X, q) is non-pretopological and q is the pretopological 
modification of q [10], then the identity map I: (X, q) -> (X, q) is «-continu
ous but not continuous. 

DEFINITION 4.2. A map g: X -± F is weakly-«-continuous if for each 
x e X9 c\Y(jr (g(x))) a g(^(x)). 

Clearly, «-continuity implies weak-w-continuity. 

THEOREM 4.3. If g: X -> Y is weakly-n-continuous and Y is a regular 
pretopological space, then g is continuous. 

PROOF. The result follows from the simple observation that for each 
x e X, c\Y(jr(g(x))) = JT (g(x)). 

REMARK 4.1. There are numerous examples of regular pretopological 
convergence spaces which are not topological [1, p. 495]. 

We now eatablish the major result in this section. 

THEOREM 4.4. Let g: X -> Y be weakly-continuous and weakly-admissible. 
IfZ is any extension of X, then g can be extended to a weakly-n-continuous 
map G: Z -> T. If Y is Hausdorff, then G is unique. 

PROOF. Let A, B a Z. Then it is straightforward to show that, in gener
al, if Nejr(z), zeZ, then A f| clz(#) = A f] c\z(B f| N). Hence let 
A = JVand B = X. It follows that N fi clz(JJf) = Nf]Z = N=Nf] 
clz(T fi N). Therefore, N c clz(N f| X). Define the map G in the usual 
manner as follows: if r e i ? , let G(r) e I(g(Ux(Z, r))) ; and if x e X, let 
G(x) = g(x). Now for M a Y, assume that r e R Ç] cl^g-^M]). Conse
quently, g~l[M] # 0 and there exists some °U e U(Z) such that °ii -• r 
and g~l[M] e %. Thus <fyx exists. Hence gg~l[M] a M e g(<%x) -* G(r) by 
weakly-admissibility. Since g(tftx)

 e ^(TX then this implies that G(r) e 
clY(M). Therefore, G[R fl cl^g-^M])] c cl rM. Now consider Jf(r), 
reR. Then U W ) * = Ç){<ttx\<tfxe UX(Z, r)}. Hence g((jV(r))x) = 
0 ( s ( ^ * ) | ^ * e ^xCZ, r)} a n d weak-admissibility imply that^T(G(r)) c 
g{{Jr(r))x). Let M e jr(G(r)). Then there exists some N H if e (^(r))*, 
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Nejr(r) such that N fi X c g~l[M]. Consequently, c\z{N f] X) c 
c l z G r W ) . Now 

G[iV] c G[clz(7V n AT)] c= G[clz(g-i[M])] 

= G[* fi cl^g-HM])] U G[X fi clzfe-^M])] 

cz clr(M) U * [ * fi clz(g-i[M])]. 

It is an easy exercise to show that, in general, for each A cz X, clxA = 
c\zA n X. Consequently, g[X f| c\z(g^[M])] = g[c\x(g-^[M])]. Since g 
is weakly-continuous, then 

gWxig-W)] e clx(gg-i[M]) e cl rM. 

This yields that G[7V] c cl rM. Hence clr(>r(G(>))) c GC/T(r)) implies 
that G is weakly-«-cotinuous on R. 

Let X G I . Thus if Jfxi*) is a neighborhood filter of x in (X, #')> then 
J^C*) = ((JT(x))x) since ^r e £/(J\f, x) if and only if % e t/^(Z, x). The 
weak-continuity of g implies that g is «-continuous on X. Consequently, 
^(g(x)) = ^(G(x)) c g{(Jf{x))x). Now letting M G JT(G(X)\ we have 
that there exists some N e ^ ( x ) such that N Ç] X cz g~l[M]. The same 
procedure as followed above for weak-«-continuity on R yields that 
G[N] c c\YM. Hence dY((Gjr(x))) c G(^(x)). Finally the uniqueness 
condition is obvious and this completes the proof. 

REMARK 4.2. Note that in theorem 4.4, G is weakly-zr-continuous when 
restricted to X and G\X = g. However this restriction is only shown to 
be weakly-«-continuous with respect to q and not weakly-continuous. 

COROLLARY 4.4.1. Let g: X -> Y be weakly-continuous and Y a regular 
pretopological space. Then g has a continuous extension onto any extension 
ZofX if and only if g is weakly-admissible. 

COROLLARY 4.4.2. Let Y be a compact regular Hausdorjf pretopological 
convergence space. Then a weakly-continuous map g: X-+ Y hax a unique 
continuous extension to any extension Z of X if and only if whenever ZF, <g e 
F{X\ & n g[*l & H A*], ^-+y,&->y' and y * y\ then 

c l z ( r t l r « r i ) JL clzfe-i[clr^]). 

REMARK 4.2. As shown in [21] a compact regular Hausdorff pretopolo
gical space is topological. 

Three of the major extension results for topological spaces are Taï-
manov's theorem, as previously stated; Velicko's result [26], which states 
that for topological spaces a map g: (X, T) -» (7, z) which is weakly-0-
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continuous into an //-closed Urysohn space has a weakly-0-continuous 
extension onto a topological extension Z of X if and only if for each 
pair Fl9 F2 of disjoint 0-closed subsets of Y, we have that clz(g~l[Fi]) f] 
clz(g-1F2]) = 0 and D'Aristotle's result [2], which states that a map g: 
(X, T) -» (Y, z) which is a omap into a Stone-Weierstrass space Y has 
a ocontinuous extension onto a topological extension Z of X if and only 
if for each pair F1} F2 of disjoint zero-sets in Y, we have that clz(g~"1[F1]) f! 
clz(g

_1[F2]) = 0 . It is known that a space (7, r) is //-closed Urysohn if 
and only if (7, T5), the semiregularization of 7, is compact HausdorfTand 
letting zw be the weak topology generated by C(7), that a space (7, r) is 
Stone-Weierstrass if and only if (7, zw) is compact HausdorfT. Consequent
ly, Velicko's and D'Aristotle's results follow as immediate corollaries to 
the basic Taïmonov extension theorem. On the other hand, we now show 
that corollary 4.4.2 is a nontrivial extension of Taïmonov's basic result 
for convergence space domains and topological codomains. 

EXAMPLE 4.1. Let (X, T) be a compact HausdorfT topological space and 
X an infinite set. Let q by any non-topological HausdorfT convergence 
structure on X and (X*, q*) the Richardson compactification of X(see and 
[20] [27]). The identity map / : (X, q) -» (X, T) is continuous. Since (X, T) 
is regular, there exists a unique continuous extension /*: (X*, q*) -> 
(X, T). The class of domains for which the Taïmonov type characterization 
of Corollary 4.4.2 holds is thus strictly larger than the class of topological 
domains. 

REFERENCES 

1. E. Cech, Topological Spaces, Interscience, New York, 1966. 
2. A. J. D'Aristotle, On extensions of mappings in Stone-Weierstrass spaces, Trans. 

Amer. Math. Soc. 208 (1975), 91-101. 
3. H. R. Fischer, Limesräume, Math. Ann. 137 (1959), 269-303. 
4. S. Fomin, Extensions of topological spaces, Ann. Math. 44 (1943), 471-480. 
5. R. A. Herrman, One point near-compactifications, Bull. Un. Mat. Ital. 14A(1977), 

25-33. 
6. , The nonstandard theory of semi-uniform spaces, Z. Math. Logik Grundlagen 

Math. 24 (1978), 237-256. 
7. , Maximum one point near-compactifications, Boll. Un. Mat. Ital. 16A(1979), 

284-290. 
8. , A nonstandard approach to pseudotopological compactifications, Z. Math. 

Logik Grundlagen Math. 26 (1980), 361-384. 
9. M. Katëtov, Über H-abgeschlossene und bikompakte Räume, Casopis Pest. Mat. 

69 (1939-40), 36-49. 
10. D. Kent, Convergence functions and their related topologies, Fund. Math. 54 (1964), 

125-133. 
11. , On convergence groups and convergence uniformities, Fund. Math. 60 

(1967), 213-222. 



EXTENSIONS OF MAPS 37 

12. , Convergence quotient maps, Fund. Math. 65 (1969), pp. 197-205. 
13. D . Kent and G. D. Richardson, Minimal convergence spaces, Trans. Amer. Math. 

Soc. 160 (1971), 487-499. 
14. C. T. Liu, Absolutely closed spaces, Trans. Amer Math. Soc. 130 (1968), 86-104. 
15. S. Ovsepjan, Bicompact and H-closed finite-point extensions of topological spaces, 

Akad. Nuak Armjan SSR Dokl. 59 (1974), 23-28. 
16. J. Porter, On locally H-closed spaces, Proc. London Math. Soc. 20 (1970), 193-204. 
17. J. Porter and J. Thomas, On H-closed and minimal Hausdorff spaces, Trans. Amer. 

Math. Soc. 138 (1969), 159-170 
18. C. J. M. Rao, On smallest compactification for convergence spaces, Proc. Amer. 

Math. Soc. 44 (1974), 225-230. 
19. , On the largest Hausdorff compactification for convergence spaces, Bull. 

Austral. Math. Soc. 12 (1975), 73-79. 
20. G.D. Richardson, A Stone-Cech compactification for limit spaces. Proc. Amer. 

Math. Soc. 25 (1970). 403-404. 
21. G.D. Richardson and D.C. Kent, Regular compactifications for convergence spaces, 

Proc. Amer. Math. Soc. 31 (1972) 571-573. 
22. L. Rudolf, O-continuous extensions of maps on zX, Fund. Math. 74 (1972), 111-131. 
23. , Extending maps from dense subspaces, Fund. Math. 77 (1972), 171-190. 
24. A. K. Steiner and E.F. Steiner, On semi-uniformities, Fund. Math. 83 (1973), 47-58. 
25. A.D. Taïmanov, On extensions of continuous mappings of topological spaces, Mat. 

Sb. 31 (1952), 459-463. 
26. N. Velicko, On extensions of mappings of topological spaces, Sibirsk, Mat. Z. 6 

(1965), 64-69 = Transi. Amer. Math. Soc. 92 (1970), 41-47. 
27. Vinod-Kumar. On the largest Hausdorff compactification of a Hausdorff conver

gence space, Bull. Austral. Math. Soc. 16 (1977), 189-197. 
28. D.F. Wooten, On the extension of continuous functions, Fund. Math. 83 (1973), 

59-65. 

MATHEMATICS DEPARTMENT, U.S. NAVAL ACADEMY, ANNAPOLIS, MD 21402 

(Added in proof.) I have recently realized the almost trivial fact that weakly-open is 
equivalent to open. This fact may be utilized to improve upon Theorems and Corol
laries 3.4, 3.4.1, 3.8, 3.8.1, and 3.9 Also, 3.7 has an obvious, trivial proof. 




