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A UNIVERSAL EXAMPLE OF A CORE-FREE
PERMUTABLE SUBGROUP

FLETCHER GROSS AND T.R. BERGER

Introduction. Let H be a core-free permutable subgroup of the group G.
This means that there is no non-identity normal subgroup of G contained
in H and that HK = KH for every subgroup K in G. (The term quasinorm-
al has been used instead of permutable, but we feel that permutable,
Stonehewer’s word, is preferable since it is more descriptive.) In proving
results about the structure of H, a reduction often is made to the special
case when G is a finite p-group and G = HC for some cyclic subgroup C.
As examples of the sort of results obtainable in this way, we mention two:
(1) H is residually finite nilpotent ([1] and [8]). (2) If n is any integer, then
the set {x € H|x" = 1} is a nilpotent subgroup of H and the class and
derived length of this subgroup are bounded from above by functions of
n ([2]; the best-possible bounds are given in [3]).

The study of the special case G = HC with C cyclic and G a finite p-
group has also led to the construction of counter-examples. Thus, although
It6 and Szep [6] showed that H is nilpotent if G is finite, H need not be
solvable if G is infinite. This follows from applying Theorem 3.3 of [1]
to the finite groups constructed by Stonehewer in [9]. Stonehewer’s groups
all have the special structure referred to earlier. A study of Stonehewer’s
examples suggested that there might be a ““universal” example. The main
result of this paper then is the following.

THEOREM, Let p be any prime and n a positive integer. Then there is a
group G = H{x) such that:
(i) H is a core-free permutable subgroup of G and x has order p*.
(ii) If G* = H*{(x*) where H* is a core-free permutable subgroup of
G* and x* has order p*, then there is one and only one monomorphism
¢ of G* into G such that ((x*) = x and $(H*) < H.

The group G in this theorem is a finite p-group which will be constructed
as a transitive permutation group with H being the stabilizer of a point.
This procedure was suggested by Stonehewer’s work although his groups
are not the same as ours.

Originally, it was our intention to use the above theorem to try to prove
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that, in general, a core-free permutable subgroup must be locally nilpotent
or locally solvable. However by using an infinite analogue of our groups,
one of the authors of this paper succeeded in constructing an example
in which H is not locally solvable [4]. This example depends heavily on the
properties proved in the present paper about the groups of the theorem.
In particular, in the groups in the above theorem, H decomposes as a direct
product in a nice way.

After some preliminary results in §2, we construct the groups in §3 and
derive some of their properties. The “universal” property (part (ii) of the
theorem) of these groups is proved in §4.

This work was done while the authors were attending a Group Theory
Conference at the University of Warwick. We are deeply appreciative to
Trevor Hawkes (who organized the conference) and to everyone else at the
University of Warwick for their warm hospitality. We are particularly
grateful to NATO and the Science Research Council for financial support
during our stay at Warwick. We should also like to acknowledge some
very useful discussions with Stewart Stonehewer.

2. Preliminaries. With a few exceptions, our notation is standard. If
x and y are elements of a group G and m is a positive integer, then

L, ysml=[xyy -..,)]

where y occurs m times. We also use this when x and y are subgroups of
G. The lower central series {L,(G)ln = 1,2, ...} is defined by L;(G) = G
and L,1(G) = [L.(G), G]. If G is nilpotent (solvable), then c(G) (d(G))
denotes the class (derived length) of G. If H is a subgroup of G, then Hg,
the core of H in G, is the intersection of all conjugates of H in G. The set
of primes p such that G contains an element of order p is denoted by
7(G) Z is the additive group of integers while Z(G) is the center of G.

We now prove some preliminary results. One of these, Corollary 2.3,
surely is not new, but the authors have not found a reference in the litera-
ture. Thus, for the sake of completeness, we have included a proof.

LeMMA 2.1. Let G = HC where C is cyclic and H is a core-free permutable
subgroup. Then G is nilpotent, H is finite, and 7(G) = 7(C).

Proor. If |C| = oo, then C normalizes H by either Theorem 4.1 of [1]
or Lemma 2.1 of [8]. It follows from this that H = 1 and then the lemma
certainly is true. Now suppose C has finite order. Since H; = 1, |G| =
|G: H|! and so G is finite. Then H is contained in the hypercenter Z.(G)
[7]. Since G/Z.(G) then must be cyclic, we conclude that G is nilpotent.
If g is any prime not dividing |C|, then H must contain a Sylow g-subgroup
of G. The nilpotence of G and the fact that H; = 1 now combine to imply
that g does not divide |G|. Thus 7(G) = #(C).
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LEMMA 2.2. Let p be a prime, n a positive integer, m = p*, and G a sub-
group of the symmetric group S,,. Assume that G contains an m-cycle x and
that Z(G) # 1. Let x; be an element of order p in {x), letI'y, ..., I', be
all the orbits of {x;), andlet K = {geG|[',g = I'; for 1 < i < r}. Then
the following are true:
(1) x1€Z(G) = Co(x) = <{x).
(2) r = p*1, G transitively permutes I'y, . . ., I', among themselves, and
K is the kernel of this permutation representation.

(3) K is an elementary abelian p-group of order < pr.

@) If G is a Sylow p-subgroup of S,,, then |K| = p” and G/K is a Sylow
p-subgroup of S,.

(5) If the stabilizer in G of a point is a permutable subgroup of G, then
G is a p-group and K = Q,(G).

Proor. Since {x) is an abelian regular permutation group, Cg({x))
must be {x>. Then Z(G) £ {(x). Since {x) is a cyclic p-group and since
Z(G) # 1, this implies that x; € Z(G). Then {(x;> <] G and so G must
permute the orbits of (x;). Each orbit of {x;) has length p and so r =
p*~1. We now have proved (1) and (2).

Now suppose y and z are elements of K. Then [’; is fixed by x;, y, and z
and so x;, y and z will induce permutations a;, b;, and ¢;, respectively, on
I';. Now {a;) is a regular, abelian, permutation group on /’; and a; com-
mutes with both b, and ¢; (since x; € Z(G)). This forces b, and ¢, to belong
to {(a@;). Then b4 = [b,, ¢;] = 1 for all i. Therefore, y? = [y, z] = 1 and so
K is an elementary abelian p-group. There are at most p choices for each
b; and thus |[K| < p’.

Now suppose G is a Sylow p-subgorup of S,,. Then |G| = p¥ where
M = (p» — 1)/(p — 1). Since G/K is a subgroup of S,, we see that |G/K| <
pN where N = (p* ! — 1)/(p — 1). But then

P 2 K| = [GI/IGIK| Z p~ = pr.

This immediately implies that |[K| = pr and that G/K is a Sylow p-subgroup
of S,. This proves (4).

Now assume that H, the stabilizer in G of a point, is a permutable sub-
group of G. (We are no longer assuming that G is a Sylow p-subgroup of
S,..) Since {(x) is transitive, we conclude that G = H{x) and that, since
only the identity fixes everything, H is core-free in G. Lemma 2.1 now
implies that G is a p-group. Now HK/K fixes a point (HK/K fixes the I';
which contains the point stabilized by H) and HK/K is core-free in
G/K. This implies that (HK); = K. But K £ Q,(G) by (3) and obviously
Q1({x)) = {x1) = K. Hence, using [2, Lemma 3.1],

HK 2 0,(H)A:(Kx)) = 4(G) = K.
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Since (HK); = K, we obtain K = 0Q(G) and the lemma is proved.

COROLLARY 2.3. Let x be an m-cycle in the symmetric group S,, where
m = p* > 1 and p is a prime. Then there is one and only one Sylow p-
subgroup of S,, which contains x.

ProoF. If n = 1, the result is obvious. Now assume # > 1 and use induc-
tion on n. Suppose P and Q are both Sylow p-subgroups of S,, containing
x and let x; be an element of order p in {x). Let G be the centralizer of x;
in S,,. Then G contains both P and Q by Lemma 2.2(1). The lemma also
implies that G contains a normal elementary abelian p-subgroup K such
that G/K is isomorphic to a subgroup of S, where r = p» 1. K < P () Q
since K is a normal p-subgroup in G and P and Q are Sylow p-subgroups
of G. Then P/K and Q/K are both Sylow p-subgroups of S,. Since P/K
and Q/K both contain the r-cycle Kx, we may use induction to obtain
P/K = Q/K. Then P = Q and the corollary is proved.

LEMMA 2.4. Let G = H{x) be a p-group with H being a core-free per-
mutable subgroup. Then [G, Qo({x>);p — 1] = 1.

ProoF. Let A = Q,({x)) and let M denote the core of H in HA. By
Lemma 3.1(¢) of [2], HA/M hasclass < p — 1. Therefore, [H, A;p — 1] £
M < H.Since G = H{x) and [{x), A] = 1, this implies that

G, 4;p—1]=[H, A;p - 1] £ H.

Since x normalizes [G, A; p — 1] and since H; = 1, it follows from this
that [G, A;p — 1] = 1.

3. Construction of the groups. We fix some notation for the rest of the
paper. For the benefit of the reader a glossary is included at the end.

Letpbeaprime. If p >2,sete=1landr=p — 1. If p = 2,sete =
r = 2. Let n be a positive integer and let /', be the additive group Z/p*Z.
The permutation of ', given by

PL +a—pL +a+ 1

is denoted by x,. If 0 < m < n, then

n—m
Xn,om = xﬁ .

Then x, ,, € {X,), Xn,» = X, X, 0 = 1, and x,, ,, has order pm. Let [, ,
be the set of elements in /", of order dividing p” and let 4,, ,, be the set of
elements in [, of order precisely p~. Then, if m = 1, 4,, ,, is the set-theore-
tic difference ", ,, — I', ,—1and |4, ,| = p» — pmL

Now suppose 0 < m < n — e. Then x, ,, fixes the set 4, ,., and so
A, mr. 18 the union of orbits {@, ,, ;} under {x,, ,>. The number of such
orbits is
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IA,, mtel/[{Xn, my| = (pmte — pmted)pm = r,

Next, if 1 £i £ »r, let z, ,,, be the permutation on 0, , ; induced by
X, m Let 7:,, m i act on all of I, by having =z, ,, ; fix every element not in
0 m, + Then let

Ann = { [T 7 15 0 = O]

It is easily verified that 4,, ,, is an abelian group which fixes every element
of I', — 4, .. Since , ,, ;is a p#-cycle and since r = 2, 4, ,, is the direct
product of (r — 1) copies of a cyclic group of order p~. Hence 4,, ,, has
order pm»*—1) and exponent pm. In particular, 4, y = 1. If k < m, then
X, i fixes 0, ,, ; for 1 < i < r. It follows from this that [x, ;, 4, ,] = 1.
Since 4, ,, is abelian and since 4, ,, and 4, ,, move different points if
m # m’, we conclude that [4, ,, 4, ,/] = 1. For future reference, we list
these results as a lemma.

LEMMA 3.1. Let 0 < m £ n — e. Then

(1) A,, ., is homocyclic of order p™"—V and exponent p™.

Q) Ifael,anda ¢ 4, ., then a is fixed by every element of A,, .
(3) An,O = 1.

@) If0 =k £ m,then[A, » X, ] = 1.

5) IfOsm =n-—e, then[Ad,,, A,,] =1

Now let G, = {x,, 4,,,,|/0 = m < n — e)and let H, be the stabilizer
in G, of the zero element of I',. G, and H,, will turn out to be the groups
in the theorem in the introduction. First, we list some elementary proper-
ties of G,,.

LeMMA 3.2. (1) Ifn Z e, then H, = 1 and G, = {x,).
2) G, = H,{x,) for all n.
(3) H, is core-free in G,,.
@) x,,. € Z(G,).
(S)AnméHnifoémgn_e'

PrOOF. If n < e, then G, = (x,» and (1) follows at once. Since (x,,)
is transitive, both (2) and (3) are valid. Lemma 3.1 (2) implies that 4, ,, <
H,if0 £ m =< n— e. Also from Lemma 3.1, we see that [x, ,, 4, ,] = 1
if either m = e or m = 0. Thus (4) is proved if p > 2. Assume now that
p=2and n = 3. Let q, b, ¢, and d dénote 27Z + 273, 2#Z + 3.2n3,
2*Z + 5-2773, and 2"Z + 7-2773, respectively. Then A4, ; = {(ac)(bd)).
Now x, , fixes the set {a, b, ¢, d} and, on this set, x, » = (abcd). It is
immediate that [x, », 4, 1] = 1. Hence [x, ,, 4, ,] = 1 for all m and the
lemma is proved.

By Corollary 2.3, there is exactly one Sylow p-subgroup of the group
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of all permutations of /", which contains x,. Denote this Sylow p-subgroup
by P, and let the stabilizer in P, of the zero element of /', be denoted by
Q,. We now prove that G, < P, (so, in particular, G, is a p-group) and
there is a homomorphism of G, onto G,_;.

LEMMA 3.3. The following are true.

(l) Xn, 1 € Z(Pn)

@ G, =P,

(3) Ifn > 1, then there is a homomorphism z, of P, onto P,_; such that
(P*1Z + a)r,(g) = p™'Z + bif (P"Z + a)g = P"Z + b, for all
geP,andaandbc L.

(4) Tn(xn, m) = Xp—-1,m—1 l:fn > landm 2

(5) Tn(An, m) = An—l, m—1 lfl .S_ m é n —

(6) Tn(Gn) = Gn—l lfl’l > 1.

(7) Tn(Qn) = Qn—l l:fl’l > 1.

(8) Tn(Hn) =Hn—l ifn > 1.

9) K, the kernel of 7, is elementary abelian of order p?"~*.

(10) <xn, 1>An,1 é Kn ifn g e+ 1.
(11) Pn = <xn> Qn and Hn = Gn ﬂ Qn'

Proor. (1) follows from Lemma 2.2 (1). If n = 1, the lemma certainly
is true. Now assume # > 1 and let C be the group generated by P, and
G,. Z(C) contains x, 1 by Lemma 3.2 (4) and so C satisfies the hypothesis
of Lemma 2.2. It follows from this that C has a normal subgroup X,
such that K, is an elementary abelian p-group and C/K, is faithfully
represented as a permutation group on the set of all orbits of {x, ).
These orbits are simply the cosets of p#»~1Z/p”Z in Z/p*Z. Thus the orbits
of {x, 1y are in a natural one-to-one correspondence with the elements of
Z/p»1Z. Thus, we obtain a homomorphism 7z, of C onto a permutation
group on /[’,_; such that the kernel of 7, is K,, and, if a and b are integers,
geC, and if

(p*Z + a)g = p*L + b,
then
(p"Z + ayr,(g) = p"'Z + b.

An immediate consequence of this is that 7,(x,) = x,_;. It then follows
that z,(A4, ) = A,_1,m1if | £ m < n — e. This implies that 7,(G,) =
G,_;. By induction, we may assume that G,_; is a p-group. Since the kernel
of 7, is a p-group, this implies that G, is a p-group. Since x,, € G,, Corollary
2.3 implies that G, £ P,. Then C = P,. Lemma 2.2 (4) now implies that
7,(P,) = P,_; and |K,| = p?”~'. We now have proved parts (1), (2), (3),
(4), (5), (6), and (9) of the Lemma. Part (10) follows from parts (4) and (5).

Since {x,) is transitive, P, = (x,>Q,.Clearly H, = G, (1 Q, from the
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definitions of H, and Q,. From (3), 7,(Q,) fixes the zero element of I',_;.
Hence 7,(Q,) < 0,1 and 7,(H,) £ H,_;. Now suppose g € P, and 7,(g) €
0,1 Then g fixes all orbits of {x, ;> and so g certainly fixes I, 1(I's 1
is the orbit of p»Z + 0 under {x, ;)). Since {x, ;) is transitive on I, 1,
we see that there is an integer k such that gx%; fixes p"Z + 0. Hence
gxt, € Q,. Since x, ; € K, we find that

1'n(g) = Tn(gx::,l) € Tn(Qn)'

Since Q,_1 £ 7.(P,), this implies that Q, ; = 7,(0Q,). If g€ G, and
7,(8) € H,_,, then as before, there is an integer k such that gx%, € H,.
This implies that 7,(g) € 7, (H,). Since H,_; < 7,(G,), we conclude that
H,_, = 7,(H,). This finishes the proof of the lemma.

COROLLARY 3.4. (1) The exponent of G,, is p*.
(2) The exponent of H, is Max{l, pr—}.
(3) ]fn Z 2, then G, = CG,,(xn, 2)(Gn N Kn)

Proor. Since G, is a p-subgroup of the symmetric group of degree p*
and since G contains an element of order p», part (1) is clear. If n < e,
then H, = 1. Assume now that n > e. Then H,_; = 7,(H,) has exponent
p*¢"1 by induction. Since 4, ,_, contains elements of order p”— and
since the kernel of 7, has exponent p, we see that H, has exponent p*—e.

Now suppose n = 2. From Lemma 3.1 (4), we obtain

CG,,(xn,Z) g <xm An,mlz é m é n— €>.
But4,, = G, N K, < G,. This immediately implies (3).

Eventually, we will show that H, is a permutable subgroup of G, and
that K, | G, = 24(G,). The proof of this will be by induction on #. To
begin the induction, we need to know the structure of G, whenn < e + 1.
Ifn £ e,then G, = {x,> and H, = 1. Thus, if | < n £ e, then it follows
from Lemma 3.3 (4, 9) that K,, | G, = {x, 1. This leaves G3; whenp = 2
and G, when p > 2. We consider these separately.

LEMMA. 3.5. Assume p = 2. Then G has order 16, class 2, and exponent
8. Hy = A3 1 is a permutable subgroup of Gs, G3 (| K3 = (1(G3) = {x3,1)
X As 1, Q1(G3) has order 4, and pi%(G3) = {x3,1).

PRrOOF. By direct computation, x3 = (0123456 7) and 43, = {3
where y = (1 5) (3 7) where we have written 7 instead of 23Z + i. Now
Y lxgy = x§ and so G3 = {x3, »> = {x3)> <¥>. Hence H3 = {y>. The
permutability of H; follows from Lemma 4.1 of [2]. The rest of the lemma
follows by a direct calculation and from Lemma 2.2 (5).

LeMMA 3.6. Assume p > 2. Then G, has order p?, class p — 1, and ex-
ponent p. Hy = A, 1 is a permutable sungroup of G,,
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Gz 1 Ky = 1(Gy) = {x3,1) X Ay,
21(G2) has order p?~1, and ()1(Gs) = {x2,1).

PrROOF. Gy = (x3, A;1). Let 7y be the permutation induced by x; ;
on [’y ; and have r fix all the elements of /', not in I'y ;. Then
1
X2,1 = o ]:[1 2,1,

Now zn§ = z{l™P* for any integer k and
p—1 p—1
A=pk+ 2(;+k) =) c,
=1 =1

It follows from this, letting z; = 75 1,;if 1 i < p — 1, that

1 -1
X2,17 42,1 £ { H) | Z(;)Cf = 0}.

The right-hand-side has order p#~1since |z,| = pforalli. But [4; ;| = p?—2
from Lemma 3.1 and so the left-hand-side has order p#~1. Thus

13

=1 p1
(xg,1) Az1 = { J e | %Ci = 0}-

Since conjugation by x; permutes 7o, ..., 7,3 among themselves, this
implies that {x, 1) A, ; is a normal subgroup of G,. Then

Gy = (X3, A1) = {x2) ({Xx2,1) A2,1) = {x2) 43,1.

It follows from this that H, = A, ; and that|G,| = p?. Thenc(Gy) < p — 1
which implies that Q,(G;) has exponent p. It follows from this that
1(Gy) = {x3,1) As ;. Since K, is elementary abelian and since K, =
{x3,1y Az, from Lemma 3.3 (10), we obtain G, | K, = 21(Gy). Now
Lemma 2.2 (1) implies that

Ce,(x2) N 21(G2) = {x2,1)-

Thus, the linear transformation induced by x, acting on Q,(G,) written
additively has a single Jordan block. Since [2,(G,)| = p?71, it follows that

[21(G2), x5 p — 2] # 1.

This implies that G, has class p — 1.

Since G,/2:(G>) is abelian, we see that the p-th power of any commutator
in G, is the identity. Since ¢(G,) < p, Corollary 12.3.1 of [S] now implies
that

OUG2) = 0'(Kx2> Q1(Gy)) = P (Kx2)) = {xz,1)-
It only remains to show that H, is a permutable subgroup of G,. Let
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T be any subgroup of G. If T has exponent < p, then T < 0,(G,) and
TH, = H,T since H, < Q,(G) and Q,(G») is abelian. If T has exponent
exceeding p, then j1(T") # 1. This implies that 7 = {(x, ;) and so

TH, = T{x3,1) Hy = TQy(G,) = G,

(since |Gy: 21(G2)| = p and TQ(Gy) # Q1(G>)). Hence TH, = H,T in all
cases and the lemma is proved.

To proceed further, we need another homomorphism p, which will
map <xn,n—1>Qn onto Pn—l'

LEMMA 3.7. Assumen > 1. Then

(1) If 0 £ k = n,then{x, ;>Q,and<{x, ,> H, are subgroups of P,.

) (x4, n-190Qnand {x, ,_1)H, are normal subgroups of P, and G,,
respectively.

(3) There is a homomorphism p, of Q,{X, ,—1) onto P,_; such that
Sforallgelx, 1> Qsand a,be Z,(p*'Z + a) p,(g) =p*1Z + b
if and only if (p"Z + pa)g = p"Z + pb.

(4) pn(xn,k) = Xp-1,k lfO § k § n— L

(5) pn(An,m) = An-—-l,m Ifo é m é n—e— 1.

(6) pn(An,n—e) =L

(7) pn(Qn) = Qn-—l'

Proor. Since P, = {x,)Q, is a p-group and |P,: Q,| = p”, there must
be a subgroup of P, containing Q, and of order p*|Q,| for every k satisfy-
ing 0 £ kK £ n. But such a subgroup would have to be {(x,,> Q,.
[P, (X4 410Q,| = p and so <{x, ,_1>0, is normal in P. Since G, )
(X, 1) 0s = Xy, H,, we have proved (1) and (2).

Now the orbit of (p”Z + 0)under Q,{x, , 1>is/, , ;- The mapping
p*1Z + a —» p*Z + pa establishes a one-to-one correspondence between
I'n_yand I, ,;. Thus, we obtain a representation p, of 0,{x, ,_;> as a
permutation group on /[",_; where

(p1Z + a)p,(8) = p*'Z + b
if and only if
(p"Z + pa)g = p"Z + pb

for all g € Q,{x,, ,—1> and a, b € Z. This certainly implies that p,(x,, ,—1) =
X,—1. Since p,(Q,{x, ,—1))must be a p-group and since P,_; is the only
Sylow p-subgroup of the symmetric group of degree p»—! which contains
Xp—1, WE find that pn(Qn<xn, n—1>) = Pn—l'

Now let T be the kernel of p,. Then T fixes every element of I, ,_;.
Since |[[', — I, -1l = p* — p*~1 and since T is a p-group, we conclude
that |T| < pN-1where N = p»1.
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But
|Pn——ll _—>: pn(Qn(xn,n—1>)I = anl/PITl g IPnI/pN

However, |P,_;| = |P,|/pY and so p, must map Q,{(x, ,—1) onto P,
We now have proved (3) and the rest of the lemma follows by direct
computation.

From parts (4), (5), and (6) of the previous lemma, we immediately
conclude that G,_; £ p,(H,{(x, ,-17). To assert that this inclusion is an
equality, we need to know generators for H,{x, ,—1>. This is done in the
next lemma. If n > 1, let R, be the intersection of H,{x, ,_;) and the
kernel of p,,.

LEMMA 3.8. Assume n = e. Then the following are true:

(1) R, is the core of H, in H,{x, ,—1).

Q) x;7A,, iy £ Xy, 1, Ay 0 £ 4 = n — e — 1) R, for all integers
iand0 < m<n—e.

3) Hn<xn,n—1>=<xn,n—1’ An,/l0 s/sn-e—-1)R,

(4) pn(Hn<xn,n—1>) = Gn—l'

(5) pn(Hn) = Hn—l'

PROOF. R, consists of those elements of H,{x, ,—;> which fix every
element of I, , ;. But H,{x, ,_;> is transitive on ', ,_; and H, is the
stabilizer of a point. Hence, R, is the core of H, in H,{x, ,-1).

Now let

L= <xn,n—1, An,/'o S/Zn—e— 1>Rn
and
M = {x, p1, X7 Ay X0 S m S n — e, all i}.

Then M and L are both contained in H,{x, ,—1>. Since M is normalized
by x, and {x,, M) = G,, we conclude that M <1 G, = M<{x,). Since
xbe M and since |G,: H,{(x, ,.1>| = p, we obtain M = H,(x, ,—1).
Assume now that (2) holds. Then H,{x, ,—1) = L = M. Hence L =
H,{x, »,-1). This together with Lemma 3.7 implies (4) and (5). Thus the
lemma will be proved once we verify (2).

Now A4, ,, < LforO = m < n — e(recall that 4, ,_, < R, by Lemma
3.7 (6)) and x2 € L. Hence it suffices to prove (2) when 1 i <p — 1.
We now consider 3 cases.

Case 1.0 <m <n— e — 1. Since 4, ,, fixes any element of /", which
does not have order pm+e and since pmte < p», we see that 4, ,, fixes p*Z
+ pa — i. for all a € Z. (Recall that we are assuming 1 < i < p — 1.) This
implies that

XA, xi < R, < L.
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Case2.m =n —eandp > 2.Then 4, ,_; < Cg(x,, ,—1) by Lemma 3.1
(4). Then

x;‘.An,n—lxi = G,,(xﬂ, n—l) N Hn<xn, 1) = <xn, n—1>CH,,(xn, n—l)'
But (1) implies that
R, = () X1 HyXu1 Z Cpp, (%, ).
It follows from this that

x;iAn.n—lxi é <xn, n—l)Rn é L.

lIA

Case 3. m=n—eand p=2. Inthiscasee =2andi = 1. If 1
k £ n — 2, then define the permutation U, on I, by
[ 27 + a + 21 if g = 241 (mod 2#+1)
(2"Z + a) U, = (2"Z + a — 21 if a = 2¥1 + 2%(mod 2++1)
12"Z +a otherwise.

Then, as may be verified by a straight-forward calculation, <U,)
A, ,—1-+ Thus it suffices to prove that x,;*U;x, € L.
Define v, by

k—1— —(2k—1—
v, = X IDUx @D,

Then v; = x;'U;x, and, bycase 1, v,e L if 2 <k <n— 2. For l
k < n — 2,wehave

IIA

[ 277, + a + 2¥1if a = 2 (mod 2+t1)
2"Z + a)v, ={2"Z + a — 2¢*1 if a = 2 + 2¥(mod 2+*1)
12"Z +a otherwise.

Now
JZ"Z + a + 8if a = 2(mod 4)
(2"Z + a)xiv; ={2"Z + a + 4 if a is odd
12"Z +a otherwise
It is now an easy induction to verify that, if 1 £ 7 < n — 2, then
27Z + a + 272 if a = 2(mod 217)
(2"Z + a)xtvivy - v, ={2"Z + a+ 4 ifaisodd
2"Z + a otherwise
Since x4 and v, belong to H,{x, ,_1) for all k, this implies that

xivivg --- v, 0€R, < L.
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Since x4 and v,, ..., x,_, all belong to L, we conclude that v; € L and the
lemma is proved.

COROLLARY 3.9. If n > 1, then{x, ,_1)H, is a subdirect product of p
copies of G,,_;.

PRrROOF. If n < e, then H, = 1 and this is trivial. Now suppose n > e.
Then, for all i,

<xn, n—1>Hn/(x;iRnx:;) = <xn, n—1>Hn/Rn = Gn—-l-

Now R, = H, and H,{x%) normalizes R,. Hence
1 . .
l = (Hn)G,, = (Rn)G,, = Q x;‘Rnx;r

The corollary now follows.

Before proving that H, is a permutable subgroup of G,, we first need
to show that 04(G,) = K, () G, and that §""(G,) = {x,, ;). This is done
in the next two lemmas.

Lemma. 3.10. 4(G,) = 1Kx,))2(H,) = K,  G,. In particular,
21(G,) is elementary abelian.

Proor. If n £ e + 1, this follows from previous results. Now assume
n > e + 1 and let g be an element of order p in G,. Then 7,(g) € 2:1(G,_1).
By induction, Q,(G,_;) = K,_;. This implies that 7,(g) fixes all the orbits
of {x, 1,19 = {7,(x,,2)). Since an orbit of {x, > is the union of orbits
of {x, 1), this implies that g fixes all the orbits of {x, »)>. In particular,
g fixes I', 5. Then there is an integer k such that gx%,e H,. It follows
from this that ge H,{(x, ) < H,{x, ,1) sincen —1=2e+ 1= 2.

From the above argument, we see that Q,(G,) < H,{(x%>. Hence
(G, = Q(H,{x2>). By induction, Q(G,_;) is elementary abelian.
Corollary 3.9 now implies that Q;(H,{x2)) is elementary abelian. Hence
2,(G,) is elementary abelian.

Clearly, p,(4(G,)) £ 4(G,—1) and, by induction,

Q1(Gu1) = (X, DQ(H ) £ 0,(KXs, 1DH,).

Since R, = H,, this implies that 0:(G,) < {x,, 1>H,. From the fact that
X,,1€ Z(G,), we conclude that

Ql(Gn) = Ql(<xn,1>Hn) = <xn, 1> X Ql(Hn)

NOW <xn,l> § Kn ﬂ Gn g Ql(Gn) = <xn,l>Q1(Hn)- Hence Hn(Kn ﬂ
G, = 2(G,) = (K, N G,). But H, | = 7,(H,) is core-free in G,_; =
7,(G,) and K, is the kernel of z,,. This implies that H,(K, (| G,)/(K,  G,)
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is core-free in G,/(K, [} G,). It follows from this that O,(G,) = K, (| G,
and the lemma is proved.

CoroLLARY 3.11. If 0 £ k £ n, then Q,(G,) has exponent p* and
Qk(Gn) = gk(<xn>)gk(Hn)-

Proor. If k £ 1, this has been done. Now G, () K, has exponent p.
Hence 7,(Q4(G,)) = 24-1(G,—y). Similarly, 7,(Qy(H,)) =0Q;—(H,-;) and
T4(Qs({x,D)) = Q,_1({x,_1)). The corollary now follows by induction on k.

LemMA 3.12. (1) If n = 2, then {x,, 2)>:(G,) has class < p — 1.
(@) Ifn 2 1, then " 1(G,) = {x,,1)-

PRrROOF. If n £ e + 1, this follows from previous work. Assume now that
n>e+1.Thenn = e + 2 = 3 and so both (x, ;) and Q;(G,) are con-
tained in {x, ,_1)H,. By induction, c(Q(G,_1){x,-1,2)) = p — 1. Since
0x(Q1(G,)) < 21(G,-1), this implies that L,(Q:(G,)]{x,2>) = R, < H,.
But x, normalizes L,(Q1(G,){x,,2>) and

() x;*H,x; = Hg = 1.

Hence L,(Q1(G,){x,,2>) = 1and (1) is proved.

By, induction,

0" AGy1) = {Xp-1,1)-

This implies that
0" HG,) = x,,200:(G,)

by taking inverse images under z,,. It follows from this that

0" UGy = 0MKx,,2001(G))

Now (x, 2>021(G,) has class < p — 1 and the commutator subgroup of
{x,,200:(G,) is contained in the elementary abelian subgroup Q4(G,).
Corollary 12.3.1 of [5] now yields

0" UG,) = 0M(xy,20) = {10
and the lemma follows.
Finally, we prove part (1) of the theorem in the introduction.
THEOREM 3.13. H,, is a permutable subgroup of G,.

Proor. If n < e + 1, this has been done. Now assumen > e + 1. By
induction, H,_; is a permutable subgroup of G,_;. Taking inverse images
under p, and z,, we deduce that H, and H,0:(G,) are permutable sub-
groups of H,(x, , 1> and G,, respectively. Suppose now that T is a
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subgroup of G, and H,T # TH,. Then T cannot be contained in
H,{x,, ,—1). But Corollary 3.11 and Corollary 3.4 imply that H,{x, , 1>
=0,.1(G,). Hence g*(T) # 1. Lemma 3.12 now implies that <{x, ;)
=< T. But then

HnT = HnQI(Hn)<xn, 1>T = HnQI(Gn)T'

Since H,02,(G,) is a permutable subgroup of G,, we see that H,T is a
subgroup contrary to H,T # TH,. Thus the theorem is proved.

We now have proved part (i) of the theorem in the introduction. In the
next section, we will prove part (ii). Before doing this however, we wish to
derive some additional properties of the groups G, and H,. Specifically,
we will derive the order of G, and show that H, decomposes as a direct
product: H, ~ H, ; x R,.

LemMA 3.14.
(1) Ifnz e+ 1, then
(G, = (x;"A,,,le,li =0,1,...>
and |Q(G,)|= p* where s = p»2(p — 1).
2) If1 £k =n— e, then
24G,) = <x;iAn,kx£zli =0,1,...>2.4G,).

Proor. If (1) is valid, then an induction on k using the fact that
2, 1(G,_1)=17,(2/G,)) will yield (2). Hence it suffices to prove (1). Now
if n = e + 1, then 0,(G,) has the right order and |2:(G,): 4,,1] = p by
Lemmas 3.5 and 3.6. Since x, does not normalize 4, ; but does normalize
2(G,) we see that 4(G,) is generated by the conjugates of A4, ; under
{x,>. This proves (1) whenn = e + 1.

Now assume n > e + 1. Then 4, ; fixes each element of 4,, , by Lemma
3.1. Define B by

B = {0 An X |i=0,1, ...

Then, since {x, ,_;> fixes the set 4, ,, B must fix every element of 4, ,.
If0 <k <p—1,let B, = x;%*Bxk Then, since I', — 4, , = I',, ,—1, the
points moved by B, must belong to ', ,_; xk But if j # k(mod p), then
I, .1xjand I, , 1 xk are disjoint. It follows from this that [(B,|0 < k
< p — 1)| = |BJ?. Now, by induction and by Lemma 3.7,
loa(B)| = <X A p-1,1%5 1i = 0.1, .. .3 = p!
where t = p»=3(p — 1). This implies that
[Kx, %A, 1x51i =0, 1, ... Y| = p?* = ps.

Since 4, £ 01(G,) and since, by Lemma 3.1(d) of [2], |2:(G,)| = p’,
the desired result now follows.
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COROLLARY 3.15. |G,| = p@*™".

ProoF. This has been verified if n < e + 1. Now assume thatn > e + 1
and that

|Gn—1| = P(p”_Z)'
Since G,_; = 7,(G,) = G,/9:(G,), the corollary follows.

We now look at the relationship between H, and R, leading up to
showing that R, is a direct factor of H,. First, let

=1 . X
W, = () x;*R,x5.
=1

LEMMA 3.16. Assume n > e Then

o w, = {g € H\{Xy, n-1>|ag = aforall ae 4, ,}.

@ w,d H,(Xy n-1> and W,R, = W, X R,.

3 Qn—e(Gn) = Hn<xn, n—e? Z Ry x Wy 2 H,,(X,,, n—e—1)-
(4 If1 i< p— 1 then R(x;"R,x})) = 2,_(G,).

ProoF. It follows from the definition of R, that
xR xi = {ge H<x, ,1)lag = aforallae ', , 1xi}.

Since
p-1 .
U Fn, n—1Xp = An, ns
=1

(1) follows at once. Since R, I H,{(x, ,—1> < G,, we see that W, {
H,{x, ,—1). Now H,{(x£) normalizes R, and so R, (1 W, is the core of
R, in G,. Since R, £ H, and since H, is core-free in G,, R, | W, = 1.
Hence (2) is proved.

Corollaries 3.11 and 3.4 imply that Q, (G,) = H,{x, ,—.) = R,.
Since Q,_.(G,) < G,, it follows that Q,_/(G,) contains x,*R,x} for all i.
But then Q,_,(G,) certainly contains R,W,. To complete the proof of (3),
we need to show that R, W, = H,{x, ,—.>-

Parts (1) and (2) of our lemma together with Lemma 3.1(2) imply that

W,z x4 A, xE, 1 |10=Em<En—e—1,k2z0).
Applying p, to both sides of this and using Lemma 3.7 yields
pn(Wn) g <x;£1An—l,mx5——l ' 0 é m é n—1-— e, k _2_ 0>

Using Lemma 3.14 and induction on m, we obtain p,(W,) = Q,_;_(G,_,).
Using Corollaries 3.11 and 3.4(2) and Lemmas 3.8(5) and 3.7(4), we derive

pn(Wn) = gn—l——e(Gn—l) = Hn—1<xn—l, n—l—e> = pn(Hn<xn, n—l——e>)-
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Taking inverse images yields W,R, = H,{x, ,_,_1) and so (3) is proved.
Now suppose (4) is false for some i, | <7 < p — 1. Then, since

2, (G, z x,;’Rxi = W,
and since |H,(x,, n—)* H,{X; n—e-1D| = p; it follows from (3) that
0,-4Gy) > Ry(5'RX}) = RW,, = Ho(xy et
Now

. . . L
Xy Woxy = () x;"/Rx;"/ < x,?Rx} = R,
=1
where the last equality is because R, is normal in H,{x,, ,_1>. We now see
that

X (R, W)x, < (xR X)R, = R,W,.

It follows from this that x, normalizes R,W,. But then, since R, W, =
H, =z A, ,for0 < m = n — e, this implies that

R W, = {x,*4, . x0 =< m <n — e, k = 0).

Using Lemma 3.14 and induction on m, we obtain R, W, = Q,_(G,).
This proves (4).

THEOREM 3.17. Assume n > 1. For 1 < k £ n, define U, by
U,={geH)dag = aforall a¢d,,.

Then
(1) U, =R,
(2) H, is the direct sum Uy x Uy x -+ x U,
(3) If 1 £ k £ n, then U, as a permutation group acting on 4, , is
permutation isomorphic to R, acting on 4 .
@) If 1 £ k = n,then UyU, --- U, as a permutation group acting on
I, . is permutation isomorphic to H, acting on [',.

Proor. This is trivially true if » < e. Now assume n > e. Since R, <
H,, the previous lemma implies that H, = R, x (H, (| W,). Now R,
fixes every element of I', ,_; and so R, is faithfully represented as a
permutation group on 4, ,. Similarly, H, (1 W, is faithfully represented
as a permutation group on /', ,_;. This implies that H, (| W, acting on
I, . is permutation isomorphic to p,(H, (| W,)acting on [',_;. Since
0.(R,) = 1. weseethat o,(H, | W,) = p,(H,) = H,_;. The theorem now
follows by an easy induction proof.

COROLLARY 3.18. If n > 2, then ¢, (R,) = R,_;.

PRrROOF. R, moves only points in 4, ,. It follows that z,(R,) moves only
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points in 4, ; ,_;. Hence, 7,(R,) = R,_;. Now H, = R, x H,_;. This
implies both that |R,| = |H,|/|H,—;| and that Q,(H,) = Qi(R,) x
Qi(H,_,). But ,(H,) is the intersection of H, with the kernel of z,. Hence,
TR = |R,/Qu(R)| = |H,/Q(H)|/|H,—1/(H,—1)|
= [t H/|tp1(H )| = |H, 1l /| H, |
= IRn—ll-
This implies that 7,(R,) = R, ;.

The final result of this section exhibits a relationship between R, and
G,_.. This will be of use in the next section in calculating the class and
derived lengths of the groups G,, H, and R,.

LemMA 3.19. Assume n > e. Then both Q, (G,) and R, are subdirect -
products of copies of G,_,.

Proor. R, < Q,_(G,) < G, and so
Q,-AG,)/x;Ryx;, = 0, (G,)/R, = H,(x, ,—)/R,
= 0 (H Xy n?) = Hy 1{Xp 1, pe)-
Since (2, x;*R,x; = 1, this implies that Q, (G,) is a subdirect product

of copies of H,,_1{X,_1, »—0)-
Now suppose 1 =i =<p — 1. Then Lemma 3.16(4) implies that
R, (xR, x.) = Q,_/(G,). Then we have

Rn/(Rn ﬂ x;iRnx:;) = Qn—e(Gn)/x;iRnx;; = Hn—1<xn—1, n—e>'

Since (i=i(R, N x;"R,xi) = 1, we see that R, is also a subdirect product
of copies of H,,_;{x,_1, ,—.». Thus the lemma will be proved once we show
that H, {x,1, ,_.» is a subdirect product of copies of G,_,. If p # 2, then

Hn——1<xn—1, n—e> = Hn——1<xn—l,n—l> = Gn—l = Gn—e'

If p = 2, then e = 2 and Corollary 3.9 implies that H, ;{x,_; ,_.> is a
subdirect product of copies of G,_,. Thus the lemma is proved.

COROLLARY. 3.20. If n > e, then the three groups H,, R, and G,_, have
the same class, derived length, and exponent.

PrOOF. Since R, < H, < Q,_/(G,), this follows from the lemma.

4. The universal property. The second half of the theorem in the intro-
duction will follow from the following result.

THEOREM 4.1. Suppose T is a subgroup of Q,, such that T{x,y = {x,>T
and that T is a permutable subgroup of T{x,>. Then T < H,.

Proor. T must be core-free in 7{x,) since {x,) is transitive and T
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stabilizes a point. Thus, by Theorem 5.1 of [1] and by Lemma 3.2 of [3],
T must have exponent < Max{l, p»~<}. If n < e, then T = 1 and the
theorem is true. Now assume that » > e. Lemma 2.2(5) implies that
0 (T{x,)) fixes all orbits of {x, ;). Hence, 01(7T<{x,)) = K,. But T{x,>
must have class < p»2(p — 1) [3, Theorem 3.4] and so

[A(Tx,D), {x,05 p*2(p — D] = L.
Now define U by
U= {ueK,lu x,; p»2p - Dl = 1}.
Then U is a subgroup of K,,. Since
Ci,(x,) = {x»> N K, = {x,,1

by Lemma 2.2, we find that the linear transformation induced by x, on K|,
written additively, can have only one Jordan block. Now

K| = p# D
by Lemma 3.3(9) and
p(p”’l) > ps

with s = p»~2(p — 1). It follows from all this that |U| = ps. But [Q1(G,),
{x,y; 8] = 1 by Theorem 3.4 of [3]. This implies that U must contain both

0(G,) and 2:(7<x,>). Since |2,(G,)| = p* by Lemma 3.14, we conclude
that

Q1(T{x,>) = U = (G,).

This implies that Q)(T) < 0(G,) N Q, = (H,).
Now 7,(T) £ Q,_; and 7,(T) is a permutable subgroup of

7"n(T‘<'xn>) = Tn(T)<xn—1>'

Induction now yields ¢,(7T) < H,_; = 7,(H,). Hence T < H,K,. From
Corollary 3.4(3) we deduce that

T é CG”(.X"’ z)Kn.
Now let g € 7. Then g = yz with y € C; (x,,2) and z € K,,. Then
[g’ xn,Z] = [yZ, xn,Z] = [Z, xn,Z]‘

Thus [g, x, 25 p — 1] = [z, x,, 2; p — 1]. But Lemma 2.4 then implies that
[z, x,, o; » — 1] = 1. Since z € K, and since

7n—2
Xn,z = x;ﬁ )’

it follows that
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[Z, Xns P"CZ(P - 1)] = 1.

Hence ze U = Qy(G,). Butthen g = yz € Q, 1 G, = H, and the theo-
rem is proved.

THEOREM 4.2. Let G = H{x) where x has order p* and H is a core-free
permutable subgroup of G. Then there is one and only one monomorphism
¢ of G into G, such that $(x) = x,and $(H) = H,.

PROOF. G must be a finite p-group by Lemma 2.1. Let [" be the set of all
cosets of H in G and define f: '— ", by f(Hx?) = p*Z + i. This is a one-
to-one correspondence and so we obtain a faithful (since H is core-free)
representation ¢ of G as a permutation group of I, where

(p"Z + i)(g) = p*Z + jif and only if Hx'g = Hx/.

Then, as is easily computed, ¢)(x) = x,. Since ¢)(G) must be a p-group and
¢(G) contains x,, Corollary 2.3 implies that ¢(G) < p,. Since ¢(H) fixes
p*Z + 0, y(H) £ Q,. The previous theorem now is applicable with the
result that J(H) < H,,.

Now suppose that y is any monomorphism of G into G, such that
x(*) = x,and y(H) £ H,. Suppose 4 € H and i and j are integers such that

(p"Z + Dy(h) = p*Z + j.

Since p"Z + i and p*Z + j are the images of p?Z + 0 under x and x,
respectively, we find that y(x*hx—/) fixes (p"Z + 0). Hence, since H, ()
1(G) = H, (\ y(H(x) = H, (1 y(H)x,> = y(H), y(xhx~4) € y(H). This
implies that x’hx—7 e H. From this follows that Hx‘A = Hx/. An im-
mediate consequence of this is (p*Z + i)(h) = p"Z + j. We now see that
% = ¢ and the theorem is proved.

As an application of this theorem, we will calculate the class and derived
length of the groups G,, H,, and R,. From Corollary 3.20, we need only
do this for G,

THEOREM 4.3.

(1) o(G,) = Max{L, p»¥p — 1)}

) Ifp > 2, then d(G,) = n.

3) Ifp = 2,thend(G,) = [(n + 1)/2].

PrROOF. Theorem 3.4 of [3] and Lemma 3.2 of [2] imply that c¢(G,) and
d(G,) are at most the values specified. Thus it suffices to verify that ¢(G,)
and d(G,) are at least as big as soecified. If » = 1 then G,, is abelian and the
theorem is true. We now assume thatn > 1.

Since Cg (x,) = {(x,> and since Qy(G,) is elementary abelian of order
p" ¥~ we see that [24(G,), {x,>; p»%p — 1) — 1] # 1. This implies
that ¢(G,) = p*2(p — 1) and so (1) is proved.
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Lets =nif p>2and s =[(n + 1)/2]if p = 2. Then in [9] if p > 2
and in [3] if p = 2, it is proved that there is a finite p-group G such that
G = (x)H where x has order p**¢ and d(H) = s. It follows from Theorem
4.2 that d(H,,) = s. Corollary 3.20 now yields d(G,) = s and the theorem
is proved.

It should be noted that it is possible to give a direct proof of the value of
d(G,) without referring to the examples in [9] and [3]. More specifically,
it is possible to explicitly find two elements (one of which is x,) in G, such
that the subgroup generated by these two elements has derived length
greater than or equal to » or [(n + 1)/2] depending on whether p > 2 or
p = 2, respectively. This proof, however, is longer and more complicated.

The final result to be presented is a technical result required in the study
of infinite permutable subgroups in [4].

LEMMA 4.4. There is an element h e H, such that(p"Z + a)h = p"Z +
a(p* + 1) forallaeZ.

ProOF. If n < e, simply choose # = 1. Now assume n > e and let G be
the group with generators x, y and relations

xP" = y,i?"*l = x‘(Pe+1)y—1xy = 1.

Then G = {x)<y) and {y) is a core-free permutable subgroup of G
[2, Lemma 4.1]. It follows from Theorem 4.2 that there is an element
h e H, such that

hlx,h = x, 0D,

Let g be the permutation of /7, given by (p*Z + a)g = p*Z + a(p® + 1).
Then Ag~1 centralizes (x,). Since {x,) is an abelian regular permutation
group on [7,, we must have Ag—1e {x,>. But hAg—! stabilizes the zero element
of I',. Hence hg—1 = 1 and the lemma follows.

GLOSSARY
)4 a prime
e e=1ifp>2,e=2ifp=2
r r=p—1ifp>2,r=2ifp=2
n a positive integer
r, Z/p"Z
X, permutation p*Z + a - p*"Z + a + 1
Xpm XTUHOSEm<=n
Pn,m Qm(Pn)
4, ., setof elements of order pm in I,
0, ¢ orbitof {(x, ,>contained in 4, .,

T, m¢ PDermutationond, , ;induced by x, ,,
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N

7 r
nm { I—[l ”;fm,il Zl ¢ = 0}
= =
<X,,, An,mlo é m é n— e>
H, {8<€G,(p"Z)g = p"Z}
P, Sylow p-subgroup of the symmetric group of degree p»; P,
contains x,

0, {geP,(pL)g = p'Z}

Q
)

T a homomorphism of P, onto P, ;if n > 1.
K, the kernel of 7,
On a homomorphism of Q,{x,, ,;> onto P, ;ifn > 1

R, the intersection of kernel (p,) and H,{x,, ,—1>
=1 )

W, () xRy,
=1
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