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Introduction. Let H be a core-free permutable subgroup of the group G. 
This means that there is no non-identity normal subgroup of G contained 
in / /and that HK = KHîox every subgroup Km G. (The term quasinorm
al has been used instead of permutable, but we feel that permutable, 
Stonehewer's word, is preferable since it is more descriptive.) In proving 
results about the structure of // , a reduction often is made to the special 
case when G is a finite /?-group and G = HC for some cyclic subgroup C. 
As examples of the sort of results obtainable in this way, we mention two : 
(1) H is residually finite nilpotent ([1] and [8]). (2) If« is any integer, then 
the set {x e H\xn = 1} is a nilpotent subgroup of H and the class and 
derived length of this subgroup are bounded from above by functions of 
n ([2] ; the best-possible bounds are given in [3]). 

The study of the special case G = HC with C cyclic and G a finite p-
group has also led to the construction of counter-examples. Thus, although 
Ito and Szep [6] showed that H is nilpotent if G is finite, H need not be 
solvable if G is infinite. This follows from applying Theorem 3.3 of [1] 
to the finite groups constructed by Stonehewer in [9]. Stonehewer's groups 
all have the special structure referred to earlier. A study of Stonehewer's 
examples suggested that there might be a "universal" example. The main 
result of this paper then is the following. 

THEOREM, Let p be any prime and n a positive integer. Then there is a 
group G = //<*> such that: 

(i) H is a core-free permutable subgroup of G and x has order pn. 
(ii) If G* = //*<**> where / /* is a core-free permutable subgroup of 

G* and x* has order pn, then there is one and only one monomorphism 
(J> of G* into G such that (/>(x*) = xand<fi(H*) g H 

The group G in this theorem is a finite p-group which will be constructed 
as a transitive permutation group with H being the stabilizer of a point. 
This procedure was suggested by Stonehewer's work although his groups 
are not the same as ours. 

Originally, it was our intention to use the above theorem to try to prove 
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that, in general, a core-free permutable subgroup must be locally nilpotent 
or locally solvable. However by using an infinite analogue of our groups, 
one of the authors of this paper succeeded in constructing an example 
in which / / i s not locally solvable [4]. This example depends heavily on the 
properties proved in the present paper about the groups of the theorem. 
In particular, in the groups in the above theorem, if decomposes as a direct 
product in a nice way. 

After some preliminary results in §2, we construct the groups in §3 and 
derive some of their properties. The "universal" property (part (ii) of the 
theorem) of these groups is proved in §4. 

This work was done while the authors were attending a Group Theory 
Conference at the University of Warwick. We are deeply appreciative to 
Trevor Hawkes (who organized the conference) and to everyone else at the 
University of Warwick for their warm hospitality. We are particularly 
grateful to NATO and the Science Research Council for financial support 
during our stay at Warwick. We should also like to acknowledge some 
very useful discussions with Stewart Stonehewer. 

2. Preliminaries. With a few exceptions, our notation is standard. If 
x and y are elements of a group G and misa positive integer, then 

[x, y; m] = [x, y, y, ...,y] 

where y occurs m times. We also use this when x and y are subgroups of 
G. The lower central series {Ln(G)\n = 1,2, . . . } is defined by Lx(G) = G 
and Ln+1(G) = [Ln(G\ G\. If G is nilpotent (solvable), then c(G) (d(G)) 
denotes the class (derived length) of G. If H is a subgroup of G, then HG, 
the core of H in G, is the intersection of all conjugates of H in G. The set 
of primes p such that G contains an element of order p is denoted by 
7c(G) Z is the additive group of integers while Z(G) is the center of G. 

We now prove some preliminary results. One of these, Corollary 2.3, 
surely is not new, but the authors have not found a reference in the litera
ture. Thus, for the sake of completeness, we have included a proof. 

LEMMA 2.1. Let G = HC where C is cyclic and H is a core-free permutable 
subgroup. Then G is nilpotent, H is finite, and 7v(G) = 7u(C). 

PROOF. If \C\ = oo, then C normalizes H by either Theorem 4.1 of [1] 
or Lemma 2.1 of [8]. It follows from this that H = 1 and then the lemma 
certainly is true. Now suppose C has finite order. Since HG = 1, |G| ^ 
\G: H\\ and so G is finite. Then H is contained in the hypercenter ZJJ3) 
[7]. Since G/Z^G) then must be cyclic, we conclude that G is nilpotent. 
If q is any prime not dividing |C|, then / /must contain a Sylow ^-subgroup 
of G. The nilpotence of G and the fact that HG = 1 now combine to imply 
that q does not divide \G\. Thus TU(G) = ?r(C). 
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LEMMA 2.2. Let p be a prime, n a positive integer, m = pn, and G a sub
group of the symmetric group Sm. Assume that G contains an m-cycle x and 
that Z(G) 7e 1. Let xx be an element of order p in <x>, let T7^ ..., Tr be 
all the orbits of <JCX>, and let K = {ge G\rt-g = Ti for 1 ^ / ^ r}. Then 
the following are true : 

(1) x1eZ{G)^CG(x) = (x\ 
(2) r — pn~l, G transitively permutes T^, ..., Tr among themselves, and 

K is the kernel of this permutation representation. 
(3) K is an elementary abelian p-group of order ^ pr. 
(4) If G is a Sylow p-subgroup of Sm, then \K\ = pr and G/K is a Sylow 

p-subgroup ofSr. 
(5) If the stabilizer in G of a point is a permutable subgroup of G, then 

G is a p-group and K = Q\(G). 

PROOF. Since <x> is an abelian regular permutation group, CG((x}) 
must be <x>. Then Z(G) ^ <x>. Since <x> is a cyclic p-group and since 
Z(G) s* 1, this implies that x± eZ(G). Then <Xj> <j G and so G must 
permute the orbits of <^i>. Each orbit of (x{) has length p and s o r = 
pn-i we now have proved (1) and (2). 

Now suppose y and z are elements of K. Then 7\ is fixed by xl5 y, and z 
and so xx, y and z will induce permutations at-, b{, and c{, respectively, on 
/V Now <#,-> is a regular, abelian, permutation group on T7,- and a( com
mutes with both b{ and c{ (since xx e Z(G)). This forces b{ and c{ to belong 
to <flr>. Then b\ = [bt-, ct] = 1 for all /. Therefore, yP = [y, z] = 1 and so 
K is an elementary abelian /?-group. There are at most p choices for each 
bi and thus \K\ ^ pr. 

Now suppose G is a Sylow /7-subgorup of Sm. Then |G| = /?M where 
M = (/?* - l)/(/7 - 1). Since G/#is a subgroup of Sr, we see that \G/K\ g 
/?" where N = (/7*-1 - l)/(/? - 1). But then 

pr ^ \K\ = |G|/|G/K| ^ pu-« = />'. 

This immediately implies that |Ä"| = pr and that G/Kis a Sylow p-subgroup 
of Sr. This proves (4). 

Now assume that H, the stabilizer in G of a point, is a permutable sub
group of G. (We are no longer assuming that G is a Sylow /?-subgroup of 
Sm.) Since <x> is transitive, we conclude that G = //<*> and that, since 
only the identity fixes everything, H is core-free in G. Lemma 2.1 now 
implies that G is a p-group. Now HK/K fixes a point (HK/K fixes the 7\ 
which contains the point stabilized by H) and HK/K is core-free in 
G/K. This implies that (HK)G = K. But K g Öi(G) by (3) and obviously 
ö i K * » = <*i> ^ K. Hence, using [2, Lemma 3.1], 

HK g; O^/OÛ!«*» = Û!(G) ^ tf. 
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Since (HK)G = K, we obtain K — Qi(G) and the lemma is proved. 

COROLLARY 2.3. Let x be an m-cycle in the symmetric group Sm where 
m = pn > 1 and p is a prime. Then there is one and only one Sylow /?-
subgroup ofSm which contains x. 

PROOF. Tf n = 1, the result is obvious. Now assume n > 1 and use induc
tion on n. Suppose P and Q are both Sylow /7-subgroups of Sm containing 
x and let Xi be an element of order/? in <x>. Let G be the centraliser of x1 

in Sm. Then G contains both P and Q by Lemma 2.2(1). The lemma also 
implies that G contains a normal elementary abelian /^-subgroup K such 
that G/K is isomorphic to a subgroup of Sr where r = pn~l. K ^ P f| Q 
since K is a normal /?-subgroup in G and P and Q are Sylow /7-subgroups 
of G. Then PjK and QjK are both Sylow /7-subgroups of Sr. Since P/K 
and QJK both contain the r-cycle Kx, we may use induction to obtain 
PjK = QjK. Then P = Q and the corollary is proved. 

LEMMA 2.4. Let G = //<x> be a p-group with H being a core-free per
mutable subgroup. Then [G, Q2((x}); p — 1] = 1. 

PROOF. Let A = Û2«*» a n d let M denote the core of H in HA. By 
Lemma 3.1(c) of [2], HA/M has class ^ p — 1. Therefore, [//, A ; p — 1] ^ 
M S H. Since G = H(x} and [<x>, A] = 1, this implies that 

[G, A;p - 1] = [//, A;p - 1] ^ H. 

Since x normalizes [G, A; p — 1] and since i/G = 1, it follows from this 
that[G, A;p - 1] = 1. 

3. Construction of the groups. We fix some notation for the rest of the 
paper. For the benefit of the reader a glossary is included at the end. 

Let/7 be a prime. Ifp > 2, set e = 1 and r = p — 1. If/? = 2, set e = 
r = 2. Let « be a positive integer and let Tn be the additive group Z/pnZ. 
The permutation of Tn given by 

pnZ + a -* /7WZ + 0 + 1 

is denoted by xn. If 0 ^ m ^ «, then 

Then xn,me <xw>, xW(M = xn, xn,0 = I, and xw,whas order pm. Let T7«,OT 

be the set of elements in Tn of order dividing pm and let JWj w be the set of 
elements in Tn of order precisely pm. Then, if m ^ 1, J„ t w is the set-theore
tic difference Tn,m - /"Vm-i and |JB> J = /?»* - />*-i. 

Now suppose 0 ^ m ^ n — e. Then xw m fixes the set Anim+e and so 
<dn>m+e is the union of orbits {0„>mtf-} under <jcn>w>. The number of such 
orbits is 
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Next, if 1 g i g r, let %n%m%i be the permutation on 6n>m>i induced by 
x„t m. Let 7c„f mt i act on all of Tn by having izHi m> { fix every element not in 
0„,m,,-. Then let 

It is easily verified that A„f m is an abelian group which fixes every element 
of rn — An m+e. Since %nt m> {is a/?w-cycle and since r ^ 2, v4Wj m is the direct 
product of (r — l) copies of a cyclic group of order pm. Hence A„tm has 
order/?m(r_1) and exponent/?"*. In particular, An0 = I. If k ^ m, then 
*„,* fixes 0„,m,,- for l g i ^ r. It follows from this that [xn>h Anyfn] = l. 
Since An>m is abelian and since Anjfn and ^ff>w/ move different points if 
m 7* w', we conclude that [An>m^ An>mr] = l. For future reference, we list 
these results as a lemma. 

LEMMA 3.1. Let 0 <; m g « — e. Then 
( 1 ) 4̂ Hf m is homocyclic of order pm (r_1) and exponent pm. 
(2) If a e T7» and a $ An m+e, then a is fixed by every element of An m. 

( 3 ) A o = l . 
(4) IfO^k^ m, then [An,M9 xn,k] = 1. 
(5) IfO^m'^n-e, then [A„fm9 An>m,] = 1. 

Now let Gn = <xM, Anm\0 ^ m ^ n — e} and let Hn be the stabilizer 
in Gn of the zero element of r„. Gn and Hn will turn out to be the groups 
in the theorem in the introduction. First, we list some elementary proper
ties of Gn. 

LEMMA 3.2. (1) Ifn ^ e, then Hn = 1 and G„ = <xw>. 
(2) Gn = Hn(xnyfor alln. 
(3) Hn is core-free in Gn. 
(4)xn>eeZ(Gn). 
(5)An>m^Hnif0^mSn-e. 

PROOF. If n S e, then Gn — <xM> and (1) follows at once. Since <JCM> 

is transitive, both (2) and (3) are valid. Lemma 3.1 (2) implies that A„t m g 
Hnif0^m^n — e. Also from Lemma 3.1, we see that [xn><?, Antfn] = 1 
if either m ^ e or m = 0. Thus (4) is proved if p > 2. Assume now that 
p = 2 and n ^ 3. Let a, b, c, and d denote 2WZ + 2»~3, 2WZ + 3-2"~3, 
2WZ + 5-2*-3, and 2"Z + 7-2w~3, respectively. Then AHtl = ((ac)(bd)}. 
Now xw> 2 fixes the set {a, b, c, d} and, on this set, x„} 2 = (abed). It is 
immediate that [xnt2, AnA] = 1. Hence [x„tg, A„jm] = 1 for all m and the 
lemma is proved. 

By Corollary 2.3, there is exactly one Sylow ^-subgroup of the group 



350 F.I. GROSS AND T.R. BERGER 

of all permutations oï Tn which contains xn. Denote this Sylow/7-subgroup 
by Pn and let the stabilizer in Pn of the zero element of Tn be denoted by 
Qn. We now prove that Gn ^ Pn (so, in particular, Gn is a p-group) and 
there is a homomorphism of Gn onto Gv_i. 

LEMMA 3.3. The following are true. 
(1) xn>1eZ(Pn). 
(2) Gn è Pn. 
(3) Ifn > 1, ?/*e« f/zere w A homomorphism zn ofPn onto Pn-\ such that 

(pn-iz + a)zn(g) = / ^ Z + 6 i/(P»Z + a)g = PnZ + 6, /or A// 
g e Pn and a and b eZ. 

(4) rw(xW)W) = xn_hm_lifn > I and m ^ 1. 
(5) z ^ « , « ) = ^»_i,m_i Ï / 1 S m Sn - e. 
(6) Tn(Gn) = Gn_xifn > 1. 
(7) Tn(Qn) = Qn-lifn > L 
(8) zn(Hn)=Hn^ifn> 1. 
(9) #w, //ze kernel ofzm is elementary abelian of order ppn \ 

(10) (xn>1yAnA^Knifn^e+ 1. 
(11) Pn = (xny QntmdHn = Gn n ß„. 

PROOF. (1) follows from Lemma 2.2 (1). If n = 1, the lemma certainly 
is true. Now assume n > 1 and let C be the group generated by Pn and 
Gn. Z(C) contains x„f i by Lemma 3.2 (4) and so C satisfies the hypothesis 
of Lemma 2.2. It follows from this that C has a normal subgroup Kn 

such that Kn is an elementary abelian p-group and C/Kn is faithfully 
represented as a permutation group on the set of all orbits of <xw>1>. 
These orbits are simply the cosets oîpn~lZjpnZ in Z/pnZ. Thus the orbits 
of (xn> !> are in a natural one-to-one correspondence with the elements of 
Zjpn~lZ. Thus, we obtain a homomorphism zn of C onto a permutation 
group on Fn-\ such that the kernel of zn is Ä^ and, if a and Z> are integers, 
g e C, and if 

(/7WZ + tf)g = pnZ 4- b, 

then 

(p»-*Z + a)r„(g) = / ^ Z + è. 

An immediate consequence of this is that zn(xn) = xn_i. It then follows 
that zn(An)m) = An_x,m-\ ïï \ 1km ikn — e. This implies that zn(Gn) = 
Gn_i. By induction, we may assume that G„_x is a/?-group. Since the kernel 
of zn is a/>-group, this implies that Gn is a/?-group. Since xw e G„, Corollary 
2.3 implies that Gn ^ P„. Then C = Pn. Lemma 2.2 (4) now implies that 
zn(Pn) = i V i and \Kn\ = ppn~\ We now have proved parts (1), (2), (3), 
(4), (5), (6), and (9) of the Lemma. Part (10) follows from parts (4) and (5). 

Since <xw> is transitive, Pn = (xn}Qn. Clearly Hn = Gn Ç] Qn from the 
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definitions of Hn and Qn. From (3), z„(Qn) fixes the zero element of r„-i. 
Hence zn(Qn) g ßw_i and Tn(Hn) ^ Hn-X. Now suppose g e Pn and zn(g) e 
Qn__x. Then g fixes all orbits of (x„t {) and so g certainly fixes 7 \ i{Tnt i 
is the orbit of pnZ + 0 under <xW|1». Since <xw>1> is transitive on .Tw>1, 
we see that there is an integer k such that gx%fl fixes pnZ + 0. Hence 
gXfii e Qn- Since xn> i e Km we find that 

Tn(g) = ^ ( g < i) e ^(0*)-

Since ô„_! <; zn(Pn), this implies that £w_i = Tn(Q„). If g e ( / „ and 
zn(g) e //w_i, then as before, there is an integer k such that gx*}1 e Hn. 
This implies that z„(g) e vn(Hn). Since Hn_i ^ vn(Gn), we conclude that 
//„__! = T„(H„). This finishes the proof of the lemma. 

COROLLARY 3.4. (1) The exponent of Gn is pn. 
(2) The exponent ofHn is Max{l, pn~e). 
(3) Jfn g: 2, tòoi Gn = CGw(xw,2)(Gw fl *»)• 

PROOF. Since Gw is a /?-subgroup of the symmetric group of degree pn 

and since G contains an element of order pn, part (1) is clear. If n ^ e9 

then Hn = 1. Assume now that n > e. Then #w_i = Tn(Hn) has exponent 
/?*-*-! by induction. Since ^4w,w_g contains elements of order pn~e and 
since the kernel of rn has exponent/?, we see that Hn has exponentpn~e. 

Now suppose n ^ 2. From Lemma 3.1 (4), we obtain 

Q„(*n,2) è <**, 4,,m|2 g m ^n - e}. 

Butv4w>1 è Gn f] Kn < Gn. This immediately implies (3). 

Eventually, we will show that Hn is a permutable subgroup of Gn and 
that K„ f] Gn = Oi(Gn). The proof of this will be by induction on n. To 
begin the induction, we need to know the structure of Gn when n ^ e + 1. 
If n ^ e, then Gff = <xM> and Hn = Ì. Thus, if 1 < n ^ e, then it follows 
from Lemma 3.3 (4, 9) that Kn [} Gn = (xn> x>. This leaves G3 when/? = 2 
and G2 when/? > 2. We consider these separately. 

LEMMA. 3.5. Assume p — 2. Then G3 Aas order 7(5, class 2, a«d exponent 
8. H3 = y43> x w a permutable subgroup of G3, G3 fl ^3 = ^1(^3) = <*3, i> 
x A3ih Oi(G3) has order 49 and 02(G3) = 03 > 1>. 

PROOF. By direct computation, x3 = (0 1 2 3 4 5 6 7) and 43,1 = 0 > 
where 7 = (1 5) (3 7) where we have written i instead of 23Z + i. Now 
y~lx$y = 4 and so G3 = <x3, y} = <x3> < » • Hence H3 = <j>. The 
permutability of H3 follows from Lemma 4.1 of [2]. The rest of the lemma 
follows by a direct calculation and from Lemma 2.2 (5). 

LEMMA 3.6. Assume p > 2. Then G2 has order pP, class p — 1, and ex
ponent p2. H2 = A2i 1 is a permutable sungroup ofG2, 
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G2 H K2 = QX{G2) = <*2,1> X A 2, 

ûi(G2) has orderpP-1, and Ql(G2) = <*2,i>-

PROOF. G2 = <x2, A i > - Let TZQ be the permutation induced by x2jX 

on r2f i and have 7V0 fix all the elements of T2 not in 7 \ i. Then 

£-1 
*2,1 = #0 II ^2,1,*-

*'=1 

Now 7To = 7u(o~p)k for any integer Ä; and 

(1 -/0*+2(c, + *)=2<:,. 
*=i i= i 

It follows from this, letting ^ = ^2,1,1:i^ * = ' = P ~~ *> t n a t 

<*2,i>^2,i^{1n^'i2<v = ()}. 

The right-hand-side has order pP~l since \jCi\ = /? for all i. But |v42, il = pp~2 

from Lemma 3.1 and so the left-hand-side has orderpP~l. Thus 

< * 2 . 1 > ^ 2 . 1 = { Î T * $ ' | 2 c , = 0}. 

Since conjugation by x2 permutes #0, . . . , %p_x among themselves, this 
implies that <x2, i> A 1 is a normal subgroup of G2. Then 

G2 = <X2, A l > = <*2> K*2,l> A l ) = <*2> A l -

It follows from this that H2 = ^2> 1 a n d that \G2\ = /**. Then c(G2) ^ /? — 1 
which implies that Q\(G2) has exponent p. It follows from this that 
0\(G2) = (x

2,1) A i - Since K2 is elementary abelian and since K2 ^ 
<x2)1> A2tl from Lemma 3.3 (10), we obtain G2 f| K2 = Q\{G2). Now 
Lemma 2.2 (1) implies that 

CG2(x2) fi Qi(G2) = <x2ii>. 

Thus, the linear transformation induced by x2 acting on Qi(G2) written 
additively has a single Jordan block. Since \Qi(G2)\ = pp~1

i it follows that 

[Oi(<72),<*2>;/>-2]* 1. 

This implies that G2 has class/? — 1. 
Since G2/Qi(G2) is abelian, we see that the/7-th power of any commutator 

in G2 is the identity. Since c(G2) < p, Corollary 12.3.1 of [5] now implies 
that 

öl(G2) = ö 1 « ^ ) ûi(G2» = ö 1 « ^ » = <*2.i>. 

It only remains to show that H2 is a permutable subgroup of G2. Let 
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T be any subgroup of G. If T has exponent ^ p, then T ^ Qi(G2) and 
TH2 = # 2 ^ since H2 S Qi(G2) and £1(62) is abelian. If T has exponent 
exceeding /?, then ^ ( T ) ^ 1. This implies that T ^ <x2,i> and so 

TH2 = r<x2>1> / / 2 = TQiÇGà = G2 

(since |G2: Qi(G2)\ = /? and TÛ^Gg) # Ûi(G2)). Hence 7772 = j ^ 2 r i n all 
cases and the lemma is proved. 

To proceed further, we need another homomorphism pn which will 
map <x„f „_!>&, onto Pn_v 

LEMMA 3.7. Assumen > i.Then 
(1) If 0 ^ k ^ n, then (xntk)Qn and (xntk) Hn are subgroups of Pn. 
(2) (xn>n_iyQnand <xM)n-{)Hn are normal subgroups of Pn and Gm 

respectively. 
(3) There is a homomorphism pn of ßM<xM,w_i> onto Pn_i such that 

for all g e < X n_{) Qn and a,beZ, (pn~lZ + a) pn(g) = p^Z + b 
if and only if(pnZ + pa)g = pnZ + pb. 

(4) Pn(Xn,k) = Xn-\,k ifO^/c^n- 1. 

(5) pn{^n,m) = ^ » - 1 , m if 0 £ m £ H - e - I. 

(6) p,^. , - . ) = 1. 
(7) p,(ß„) = Ô.-1. 

PROOF. Since Pn = <x„>ßw is a/?-group and \Pn: Qn\ = /?M, there must 
be a subgroup of Pn containing Qn and of order pk\Qn\ for every A: satisfy
ing 0 g A: ̂  «. But such a subgroup would have to be <xw>k} Qn. 
I^V <**,«-i>ßJ = /> and so <xw,w-i>ßM is normal in P. Since Gn f] 
<xn,k>Qn = <xn,k>Hn, we have proved (1) and (2). 

Now the orbit of (pnZ + 0) under ßw<xM>M_1>is/7
w>M_1. The mapping 

pn~lZ + a -* pnZ 4- pa establishes a one-to-one correspondence between 
r„-i and rntn-i. Thus, we obtain a representation pwof ßw<xWM_1> as a 
permutation group on rn-\ where 

(/>"-iZ + fl)Pll(g) = p^Z + è 

if and only if 

(/?*Z + /?tf)g = pnZ + /?£ 

for all g e o » <xw, M_i> and a,b eZ. This certainly implies that pw(xw> w_x) = 
xw_x. Since p»(ßw<*W)W-i>)must be a/?-group and since />„_! is the only 
Sylow /7-subgroup of the symmetric group of degree pn~l which contains 
*„_!, we find that pw(ß„<X,„_i» ^ Pn-\-

Now let T be the kernel of pn. Then T fixes every element of / \w- i -
Since I/7,, - rn , „_i| = pn - pn~l and since T is a /?-group, we conclude 
that \T\ ^ z?^"1 where TV = pn~K 
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But 

l ^ - l l è Pn(Qn<*n,n-ù)\ = \Pn\lp\T\ ^ \Pn\/pN-

However, \Pn-i\ = \P„\lpN and so pn must map ß«<*«,«-i> onto Pn. 
We now have proved (3) and the rest of the lemma follows by direct 
computation. 

From parts (4), (5), and (6) of the previous lemma, we immediately 
conclude that Gn_x ^ pn(Hn(xn> w_i». To assert that this inclusion is an 
equality, we need to know generators for //„<*», »-i>- This is done in the 
next lemma. If n > 1, let Rn be the intersection of Hn(xn>n_{) and the 
kernel of pn. 

LEMMA 3.8. Assume n ^ e. Then the following are true: 
(1) Rn is the core ofHn in Hn(xHt w_i>. 
(2) x?Antmxi S <*„,„-!, AnJ0 ^ / ^n - e - 1> Rnfor all integers 

i and 0 ^ m ^ n — e. 
(3) #„<*„,„_!> = <*„,„_!, A^O ^ / ^ n - e - l } R n . 
(4) Pn(Hn(Xntn-ì>) = G*-l-
(5) pn(Hn) = Hn_x. 

PROOF. Rn consists of those elements of //„<*», »-i> which fix every 
element of r„t „_!• But Hn(xn> n_{) is transitive on rn> n-\ and H„ is the 
stabilizer of a point. Hence, Rn is the core of Hn in Hn(xnt w_x>. 

Now let 

L = <xn§H_l9 AnJ0 ^/^n-e-l}Rn 

and 

M = <xn,n_i, x^AntM^n\0 ^ m ^ « - e, all /} . 

Then M and L are both contained in i/w<*w,w-i>- Since M is normalized 
by xn and <JC„, M> = Gn* we conclude that M <\ Gn = M(xn}. Since 
X £ G M and since \Gn: //„<•*„, M-i> I = p, we obtain M = //„<*w,«-i>-
Assume now that (2) holds. Then Hn(xnn_{) ^ L ^ M. Hence L = 
#„<*„, w_i>. This together with Lemma 3.7 implies (4) and (5). Thus the 
lemma will be proved once we verify (2). 

Now Anm ^ LforO ^ m ^ n — e (recall that Antn_e ^ Rn by Lemma 
3.7 (6)) and xp

n G L. Hence it suffices to prove (2) when 1 ti i è P — L 
We now consider 3 cases. 

CASE l.O^m^n — e— 1. Since A w m fixes any element of r„ which 
does not have order pm+e and since pm+e < pn, we see that An>m fixes pnZ 
+ pa — i. for all a G Z. (Recall that we are assuming 1 ^ i ^ p — \.) This 
implies that 

x?Antmxì ^Rn^L. 
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CASE 2.m = n-e and p > 2. Then A„t w_x ^ CG(x„t n_i) by Lemma 3.1 
(4). Then 

But (1) implies that 

^» = f i Xn!n-\HnXn,n-l ^ ^Hn(Xn, n-l)-
i 

It follows from this that 

Cose 3. m = n — e and /? = 2. In this case e = 2 and / = 1. If 1 ^ 
k S n — 2, then define the permutation £/* on rn by 

(2*Z + a 4- 2*+1 if a = 2*-* (mod 2*+*) 

(2»Z + a) J7A = J2«Z 4- a - 2*+1 if a = 2*-i + 2*(mod 2 « ) 

Ì2WZ 4- a otherwise. 

Then, as may be verified by a straight-forward calculation, <£/*> = 
i4„t w_i_jfe. Thus it suffices to prove that x~1UiXn e L. 
Define vk by 

Then V! = x~xUxxn and, by case 1, vkeL if 2 <L k ^ n — 2. For 1 g 
k g n — 2, we have 

p Z 4- a 4- 2*+1 if a = 2 (mod 2*+i) 

(2»Z 4- a)v* = Ì2-Z + a - 2̂ +1 if a = 2 + 2*(mod 2*+*) 

UnZ 4- a otherwise. 

Now 

p Z + a + 8 if a = 2(mod 4) 

(2»Z 4- Û)JCJV! = 12WZ 4- a 4- 4 if a is odd 

UWZ 4- a otherwise 

It is now an easy induction to verify that, if 1 ^ / ^ n — 2, then 

f 2»Z 4- a 4- 2 /+2 if A = 2(mod 2'+1) 

(2WZ + a)^V!V2 • • • v, = < 2"Z 4- a 4- 4 if a is odd 

UMZ 4- a otherwise 

Since x^ and vk belong to //„<*„, „_{) for all k, this implies that 

4^2 ' • ' Vn-2 eRn è L. 
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Since x* and v2, . . . , xw_2 all belong to L, we conclude that vx e L and the 
lemma is proved. 

COROLLARY 3.9. Ifn>\, then (xn>n_i)Hn is a subdirect product of p 
copies of Gn_i. 

PROOF. If n ^ e, then Hn = 1 and this is trivial. Now suppose n > e. 
Then, for all /, 

Now Rn ^ //„ and Hn(x%) normalizes Rn. Hence 

1 = (Hn)Gn = (Rn)Gn = f\ x?RnXi. 

The corollary now follows. 

Before proving that Hn is a permutable subgroup of Gn9 we first need 
to show that Qi(Gn) = Kn f] Gn and that ön~l(ßn) = <*«,i>- T h i s i s d o n e 

in the next two lemmas. 

LEMMA. 3.10. Qi(Gn) = £?i«xw»£?i(i/w) = Kn f| Gn. In particular, 
Q\{Gn) is elementary abelian. 

PROOF. If n ^ e + 1, this follows from previous results. Now assume 
n > e + 1 and let g be an element of order/? in Gn. Then zn(g) e £?i((/M_i). 
By induction, Q\{Gn^ S Kn-i- This implies that zn(g) fixes all the orbits 
of C*w-i,i) = <rw(xM>2)>. Since an orbit of <x„ 2) is the union of orbits 
of (xnl), this implies that g fixes all the orbits of <x„2>. In particular, 
g fixes /T

w2. Then there is an integer k such that gxk
ni2£ Hn. It follows 

from this that g e //„<•*», 2> ^ Hn(x„jn_{> since « — 1 ;> e + 1 ^ 2. 
From the above argument, we see that Qi(Gn) ^ Hn(xfi). Hence 

Oi(Gn) = Qi(Hn(x%)). By induction, O^G^) is elementary abelian. 
Corollary 3.9 now implies that Qi(Hn(x£)) is elementary abelian. Hence 
Qi(Gn) is elementary abelian. 

Clearly, pn(Qi(Gn)) ^ Q\{Gn^{) and, by induction, 

OiiOn-d = <*„-!, i>Ûi(#,.-i) g pn«xHtlyHn). 

Since i?„ ^ //„, this implies that Qi(Gn) ^ (xnl}Hn. From the fact that 
xW) i G Z(Gn), we conclude that 

Now <xw>1> ^Knf]Gn^ Q1(Gn) = <xw>1>û1(7/w). Hence Hn(Kn {] 
Gn) ^ Q^G») ^ (Kn n Gn). But Hn_x = zn{Hn) is core-free in Gn_x = 
zn(Gn) and Kn is the kernel of zn. This implies that Hn(Kn f| Gn)/(Kn f| Gw) 
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is core-free in GJ(Kn ft Gn). It follows from this that Qn(Gn) = Kn ft Gn 

and the lemma is proved. 

COROLLARY 3.11. If 0 g k ^ «, then Qk{Gn) has exponent pk and 
Qk{Gn) = Qk((xn})Qk(Hn). 

PROOF. If k ^ 1, this has been done. Now Gn ft Kn has exponent p. 
Hence Tn(QJGH)) = fl^i^-i). Similarly, Tn(Qk(Hn)) = £,_i(#»-i) and 
r„(ûA«xw») = Û*-i«^»_i». The corollary now follows by induction on k. 

LEMMA 3.12. (1) Ifn ^ 2, then (xnt2)Qi(Gn) has class ^ p — 1. 

(2) / / / i ^ l , ^ « ö w J l ( G « ) = <Xi>-

PROOF. If n ^ e + 1, this follows from previous work. Assume now that 
n > e 4- 1. Then n ^ e + 2 ;> 3 and so both <xw> 2 ) a n d Qi(Gn) are con
tained in <xw> n-i}Hn. By induction, c ^ ^ G ^ ) <*„_!, 2 » ^ p - 1. Since 
Pn(Oi(Gn)) â Oi(G„-i), this implies that L / r M ^ X * » . 2>) ^ Rn S Hn. 
But *w normalizes L/Oi(G»X*n, 2 » and 

n ^"i^i = #G = i. 

Hence Lp(Qi(Gn)(xnt2y) = 1 and (1) is proved. 
By, induction, 

er-2(Gw_i) = <*„-!, i>. 

This implies that 

an-KGn) ^ <xn,2ya1(Gn) 

by taking inverse images under %n. It follows from this that 

(T-KGn) ^ öl«Xn,2>0l(Gn)). 

Now (xnt2yQi(Gn) has class <; /? — 1 and the commutator subgroup of 
<*«,2>öi(G») is contained in the elementary abelian subgroup Qi(Gn). 
Corollary 12.3.1 of [5] now yields 

0» KGn) S OKXn.2» = <*„.!> 

and the lemma follows. 

Finally, we prove part (1) of the theorem in the introduction. 

THEOREM 3.13. Hn is a permutable subgroup ofGn. 

PROOF. If n ^ e + 1, this has been done. Now assume« > e + 1. By 
induction, Hn_x is a permutable subgroup of Gw_!. Taking inverse images 
under pn and TH9 we deduce that Hn and HnQi(Gn) are permutable sub
groups of H„(x„t „_!> and Gn9 respectively. Suppose now that J is a 
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subgroup of Gn and HnT # THn. Then T cannot be contained in 
//„<*», «-i>- But Corollary 3.11 and Corollary 3.4 imply that //„<*„, „_i> 
= £M_i(Gw). Hence 0n~\T) # 1. Lemma 3.12 now implies that <JCW>1> 

^ T. But then 

HnT = HMHnKx^yr = H^G^T. 

Since HnQ^Gn) is a permutable subgroup of Gw, we see that HnT is a 
subgroup contrary to HnT ^ THn. Thus the theorem is proved. 

We now have proved part (i) of the theorem in the introduction. In the 
next section, we will prove part (ii). Before doing this however, we wish to 
derive some additional properties of the groups Gn and Hn. Specifically, 
we will derive the order of Gn and show that Hn decomposes as a direct 
product: Hn ^ Hn_x x Rn. 

LEMMA 3.14. 

(1) Ifn^e+l, then 
Qi(Gn) = <x?AnA*n\i = 0, 1, . . .> 
and \Oi(Gn)\= ps where s = pn~2(p - 1). 

(2) If\ ^ k è n - e.then 
0k(Gn) = (x-<An>kxi\i = 0, 1, . . .> öÄ_i(Gw). 

PROOF. If (1) is valid, then an induction on k using the fact that 
Qk-i(Gn_i) = Tn(Qk(Gn)) will yield (2). Hence it suffices to prove (1). Now 
if n = e + 1, then Qi(Gn) has the right order and \Q\(Gn): Anti\ = p by 
Lemmas 3.5 and 3.6. Since xn does not normalize A„t i but does normalize 
Qi(Gn) we see that Qi(Gn) is generated by the conjugates of A„t i under 
<*„>• This proves (1) when« = e -h l. 

Now assume n > e + 1. Then An> i fixes each element of Jw> n by Lemma 
3.1. Defined by 

B = (x-f^A^xi^ | i = 0, 1, .. .>. 

Then, since <xw,M_i> fixes the set ZlM)W, B must fix every element of Jff>„. 
If 0 ^ k ^ p - 1, let Bk = x~kBxk

n. Then, since ^ - Z/W,M = /^ .„- i , the 
points moved by Bk must belong to rn, „_i x*. But ifj^k (mod /?), then 
rn,n-ixJn a n d ^Vn-i*» a r e disjoint. It follows from this that KJ5J0 ^ fc 
<; ^ — 1>| = |/?|/\ Now, by induction and by Lemma 3.7, 

\pn(B)\ = | < * Â ^ _ i , i 4 - i 1/ = 0. 1, . . ->| = p< 

where t = pn~\p — 1). This implies that 

l<x-^ W ) 1 4i / = o, i , . . . y\^ppt = ps. 

Since ^ w , i ^ ßi(^n) and since, by Lemma 3.1(d) of [2], |öi(G„)| ^ ps, 
the desired result now follows. 



A UNIVERSAL EXAMPLE 359 

COROLLARY 3.15. \Gn\ = p^~l\ 

PROOF. This has been verified if« ^ e + 1. Now assume that« > e 4- 1 
and that 

IG-il = P(p"-2). 

Since Gw_x = zn(G„) ^ G„IQi(Gn), the corollary follows. 

We now look at the relationship between Hn and Rn leading up to 
showing that R„ is a direct factor of Hn. First, let 

LEMMA 3.16. Assume n > e Then 
(1) Ww = {g e #„<*«, «-i> k g = aforallaed„tn}. 
(2) ^ w < #„<*„,„-!> a«J Wn*w = FK, x Rn. 
(3) £U(G„) = Hn(xn,n.ey ^Rnx Wn^ / /w<^,n-,-i>. 
(4) If I ^ i S P - 1, then Rn(x-<RnxO = Qn-e(Gn). 

PROOF. It follows from the definition of Rn that 

x-iRnXÌ = {g e #„<*„, w_i> k g = a: for all a e rn, w_ixj}. 

Since 

p-i 
\jrn>n-1x

i
n = j n > n 9 

(1) follows at once. Since Rn <] Hn(xn n-i) <] (JW, we see that Wn <j 
//„<*», »-i>- Now Hn(xg) normalizes i?w and so Rn f| M^ is the core of 
Rn in Gn. Since /?„ g Hn and since #w is core-free in Gm Rn f| Wn = 1. 
Hence (2) is proved. 

Corollaries 3.11 and 3.4 imply that ß„_XGw) = Hn(xn>n_ey ^ i*„. 
Since Q„-e(Gn) < Gw, it follows that Öw_/Gw) contains x~'Rnx^ for all /. 
But then Qn-e(Gn) certainly contains RnWn. To complete the proof of (3), 
we need to show that Rn Wn ^ Hn(xn> „_^>. 

Parts (1) and (2) of our lemma together with Lemma 3.1(2) imply that 

Wn â <V«-i^, A - i | O g m g « - . - U â O ) . 

Applying pn to both sides of this and using Lemma 3.7 yields 

pn(Wn) ä <x-\An_hmxk
n_l | 0 ^ m ^ « - 1 - e, k Z 0>. 

Using Lemma 3.14 and induction on m, we obtain p„(Wn) ^ öw_x_XC7w_i). 
Using Corollaries 3.11 and 3.4(2) and Lemmas 3.8(5) and 3.7(4), we derive 

pniWrò è Qn-i-AGn-x) = Hn^Xn^h M_i_,> = pn(Hn(xn> w _ l _ , » . 
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Taking inverse images yields WnRn ^ Hn(x„tn-e-{> and so (3) is proved. 
Now suppose (4) is false for some i, Ì ^ / ^ p — 1. Then, since 

Qn-e(Gn) ^ xjRjc'n ^ Wn 

and since |//„<xww_g>: #„<*„, w_*-i>| = p, it follows from (3) that 

Qn-JGH) > Rnix-tRnXi) = RnWn = Hn(*n, *-«-!>• 

Now 

x7Wnxi = Pf]x-^Rnx^ ^ x-PRnxP = Rn 

where the last equality is because Rn is normal in Hn(xHt „_{}. We now see 
that 

x?(RnWn)x'H ^ (x-<Rnxi)Rn = RnWn. 

It follows from this that xn normalizes RnWn. But then, since RnWn ^ 
Hn ^ An>m for 0 S m ^ n — e, this implies that 

RnWn ^ (x-kAn>mxk
n\0 ^ m ^ n - e, k ^ 0>. 

Using Lemma 3.14 and induction on m, we obtain RnWn ^ Qn__£Gn). 
This proves (4). 

THEOREM 3.17. Assume n > 1. For I ^ k ^ n, define Uk by 

Uk = {ge Hn\ag = a for all a $ An,k). 

Then 

(1) Un = *n. 
(2) Hn is the direct sum U1 x U2 x • • • x Un. 
(3) If \ ^ k ^ n, then Uk as a permutation group acting on Jnk is 

permutation isomorphic to Rk acting on Ak, k. 
(4) If 1 ^ k S n, then U\U2 • • • Uk as a permutation group acting on 

rnk is permutation isomorphic to Hk acting on rk. 

PROOF. This is trivially true if n ^ e. Now assume n > e. Since Rn ^ 
Hn, the previous lemma implies that Hn = Rn x (//w f| Wn). Now i?w 

fixes every element of ./Vw-i and so Rn is faithfully represented as a 
permutation group on zJWM. Similarly, //„ H W» is faithfully represented 
as a permutation group on rn> n_x. This implies that Hn f| WTW acting on 
A», »-1 is permutation isomorphic to pn(Hn f| Wn) acting on TV-i- Since 
pn(Rn) = 1. we see that pw(//„ fl ^») = pn(Hn) = #»-i- The theorem now 
follows by an easy induction proof. 

COROLLARY 3.18. Ifn > 2, then Tn(Rn) = ^w_i-

PROOF. Rn moves only points in An>n. It follows that zn(Rn) moves only 
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points in An-i>n-\. Hence, Tn(Rn) ^ Rn-i- Now Hn s R„ x i/M_i. This 
implies both that \RH\ = \Hn\/\Hn^\ and that Qi(Hn) ^ Ö ^ J x 
£?i(i/M_i). But Qi(Hn) is the intersection of /f„ with the kernel of zn. Hence, 

\zn(Rn)\ = |*w/öi(*n)l = \HJQ1(Hn)\l\Hr-iJQi(H*-i)\ 

= \Tn(Hn)\/\Tn-l(Hn-l)\ = l ^ - l l / l ^ l 

This implies that Tn(Rn) = Rn-\. 

The final result of this section exhibits a relationship between Rn and 
G„_ .̂ This will be of use in the next section in calculating the class and 
derived lengths of the groups Gn, Hn and Rn. 

LEMMA 3.19. Assume n > e. Then both Qn_e{G^) and Rn are subdirect 
products of copies ofGn_e. 

PROOF. Rn < Q„-e(Gn) < Gn and so 

Q^lGJIx-iRnXi s Qn-e(Gn)/Rn = Hn<xn,n-e}/Rn 

= Pn(Hn(
Xn,n-e}) = Hn-l(

Xn-l, n-e}-

Since P)f=1 x~'i?wJt£ = 1, this implies that Qn_£Gn) is
 a subdirect product 

of copies of Hn_x{xn_ltn^ey. 
Now suppose 1 ^ i ^ p — 1. Then Lemma 3.16(4) implies that 

Rn(x^Rnxi) = ßw_/GM). Then we have 

RJ(Rn fi * - % 4 ) S Qn-eißJlx-iRnXi £ # w - l < * w - l , „-*>. 

Since P i p i c i fi *w'^»*«) = 1, we see that 7?w is also a subdirect product 
of copies of/fw_1<xw_lw_^>. Thus the lemma will be proved once we show 
that Hn_i(xn_it n_e} is a subdirect product of copies of Gn_e. If p ^ 2, then 

If/? = 2, then e = 2 and Corollary 3.9 implies that ^„_1<xw_1> w_̂ > is a 
subdirect product of copies of Gn-e. Thus the lemma is proved. 

COROLLARY. 3.20. Ifn>e9 then the three groups Hn9 Rn and Gn_e have 
the same class, derived length, and exponent. 

PROOF. Since Rn ^ Hn g ß„_/Gw), this follows from the lemma. 

4. The universal property. The second half of the theorem in the intro
duction will follow from the following result. 

THEOREM 4.1. Suppose T is a subgroup of Qn such that T(xn} = (xn}T 
and that T is a permutable subgroup ofT(xn}. Then T ^ Hn. 

PROOF. T must be core-free in T(xn} since <*„> is transitive and T 
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stabilizes a point. Thus, by Theorem 5.1 of [1] and by Lemma 3.2 of [3], 
T must have exponent g Max{l, pn~e}. If n ^ e, then T = 1 and the 
theorem is true. Now assume that n > e. Lemma 2.2(5) implies that 
Oi(r<jc„» fixes all orbits of <xnA}. Hence, ßi(r<xw» g Kn. But T(xn} 
must have class ^ pn~2(p — 1) [3, Theorem 3.4] and so 

[Qi(T<xn»9<xn>;p*-HP- 1)] = l. 

Now define U by 

U= {ueKn\[u,xn;p»-Hp- 1)] = 1}. 

Then Uis a subgroup of Kn. Since 

CKn(xn) = <xny n Kn = (xn> !> 

by Lemma 2.2, we find that the linear transformation induced by xn on Kn 

written additively, can have only one Jordan block. Now 

\Kn\ = pW 

by Lemma 3.3(9) and 

ptpn-l) > ps 

with s = j9"-2(^ - 1). It follows from all this that \U\ = ps. But [Qi(Gn\ 
<x„> ; s] = 1 by Theorem 3.4 of [3]. This implies that U must contain both 
Qi(Gn) and öi(r<x„». Since |ûi(Gn)| = ps by Lemma 3.14, we conclude 
that 

Oi(r<xn» g t/ = OrfG,). 

This implies that O^r) ^ ßi(Gw) fi Ô» = 0i(#»). 
Now Tn(T) ^ gw_! and zn{T) is a permutable subgroup of 

*n(KXn» = Tn(T)<Xn-l>-

Induction now yields vn(T) ?g Hn_i = zn(Hn). Hence T ^ HnKn. From 
Corollary 3.4(3) we deduce that 

T ^ CGn(xn,2)Kn. 

Now let g eT. Then g = yz with >> e CGn(xHj 2) and z e ^„. Then 

[g> ^,2] = [yz, xttt2] = [z, x„i2]. 

Thus [g, xn2\p — 1] = [z, xn>2; p — 1]. But Lemma 2.4 then implies that 
[z, xn2; p — 1] = 1. Since z e Kn and since 

y 0 _ X(pn~2) 
An,2 — An ' 

it follows that 
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[z9xm;p*-Hp- 1)]= 1. 

Hence ZGU = Qi(Gn). But then g = yz e Qn fl Gn = Hn and the theo
rem is proved. 

THEOREM 4.2. Let G — H(x} where x has order pn and H is a core-free 
permutable subgroup of G. Then there is one and only one monomorphism 
(pofG into Gn such that </>(x) = xn and 0(i /) ^ Hn. 

PROOF. G must be a finite /?-group by Lemma 2.1. Let T be the set of all 
cosets of H in G and define/: r-*rn by f(Hx*) = pnZ + /. This is a one-
to-one correspondence and so we obtain a faithful (since H is core-free) 
representation 0 of G as a permutation group of r„ where 

(pnZ + O^(g) = />MZ + y if and only if Hx*g = HxL 

Then, as is easily computed, 0(x) = xn. Since 0(G) must be a /?-group and 
0(G) contains JC„, Corollary 2.3 implies that 0(G) ^ /?w. Since 0 ( # ) fixes 
/?WZ -f 0, (]){H) ̂  £?„. The previous theorem now is applicable with the 
result that 0(7/) g Hn. 

Now suppose that # is any monomorphism of G into Gn such that 
^(x) = xn and ^(//) ^ Hn. Suppose h e / / and / andy are integers such that 

(pnZ + i)X(h) = />»Z + j . 

Since /?WZ + i and /?WZ + y are the images of pnZ + 0 under x'n and xJ
n9 

respectively, we find that x(x*hx-J) fixes (pnZ + 0). Hence, since Hn f| 

Z ( o = Hn n # < x » = //, n %(/o<*„> = Z(JÏ), Z(^AX-O e Z(//). This 
implies that xihx~J e //. From this follows that Hx*h = HxL An im
mediate consequence of this is (pnZ + /)0(A) = pnZ + 7. We now see that 
£ = 0 and the theorem is proved. 

As an application of this theorem, we will calculate the class and derived 
length of the groups G„, //„, and Rn. From Corollary 3.20, we need only 
do this for Gn. 

THEOREM 4.3. 

(1) c(Gw) = Max{l,/7«-2(/7- 1)} 
(2) Ifp > 2, then d(Gn) = n. 
(3) Ifp = 2, then d(Gn) = [(n + l)/2]. 

PROOF. Theorem 3.4 of [3] and Lemma 3.2 of [2] imply that c(Gw) and 
d(GM) are at most the values specified. Thus it suffices to verify that c(Gw) 
and d(Gw) are at least as big as soecified. If n = 1 then Gn is abelian and the 
theorem is true. We now assume that n > 1. 

Since CGn(xn) = <xM> and since Qi(Gn) is elementary abelian of order 
pip-*(p-i))9 we see that [Oi(GH)9 <xn};pn-2(p - 1) - 1] ^ 1. This implies 
that c(Gw) ^ pn~2(p - 1) and so (1) is proved. 
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Let s = n if p > 2 and s = [(/i + l)/2] if p = 2. Then in [9] if p > 2 
and in [3] if p = 2, it is proved that there is a finite 77-group G such that 
G = (x}H where x has order /?w+* and d(i/) = s. It follows from Theorem 
4.2 that d(/Tw+J ^ s. Corollary 3.20 now yields d(Gn) ^ s and the theorem 
is proved. 

It should be noted that it is possible to give a direct proof of the value of 
d(G„) without referring to the examples in [9] and [3]. More specifically, 
it is possible to explicitly find two elements (one of which is xn) in Gn such 
that the subgroup generated by these two elements has derived length 
greater than or equal to n or [(n + l)/2] depending on whether p > 2 or 
p = 2, respectively. This proof, however, is longer and more complicated. 

The final result to be presented is a technical result required in the study 
of infinite permutable subgroups in [4], 

LEMMA 4.4. There is an element heHn such that(pnZ + d)h = pnZ + 
a(pe + I) for alla e Z. 

PROOF. If n ^ e, simply choose h = 1. Now assume n > e and let G be 
the group with generators x, y and relations 

XPn = yPn~X = X - ^ + i y - l x y = 1. 

Then G = <x> <j> and <>>> is a core-free permutable subgroup of G 
[2, Lemma 4.1]. It follows from Theorem 4.2 that there is an element 
he Hn such that 

h-ixnh = xn^
l\ 

Let g be the permutation of rn given by (pnZ + a)g = pnZ + a(pe + 1). 
Then hg~l centralizes <x„>. Since <*„> is an abelian regular permutation 
group on rn, we must have hg~l e <x„>. But hg~l stabilizes the zero element 
of rn. Hence hg~l = 1 and the lemma follows. 

GLOSSARY 

a prime 
e = 1 if p > 2, e = 2 if/? = 2 
r = p — 1 if p > 2, r = 2 if p = 2 
a positive integer 
Zlp"Z 
permutation pnZ + a -» /?WZ + a + 1 
xf ~m if 0 ^ m ^ « 

set of elements of order pm in jTn 

orbit of <xWj OT> contained in J„t m+e 

permutation on dn, m> ,• induced by xn> m 
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A„,m { ft *2lm,<\ È C, = 0\ 

G„ <xn, An>m\0 <> m Sn - e} 
Hn {geGn\(p»Z)g=p»Z} 
P„ Sylow /?-subgroup of the symmetric group of degree pn; Pn 

contains xn 

Qn {gePn\(p»Z)g=p»Z} 
zn a homomorphism of Pn onto Pn_i if n > 1. 
Kn the kernel of zn 

pn a homomorphism of Qn(xnt n_i) onto Pn-\ if n > 1 
Rn the intersection of kernel (pn) and Hn(xni w_x> 

i=\ 
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