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SELF-REPRODUCING KERNELS AND BILINEAR FORMULAS 
FOR Q-ORTHOGONAL POLYNOMIALS 

A. VERMA AND V.K. JAIN 

1. Recently Ismail [7] obtained the connection relations and bilinear 
formulas for the Jacobi and Hahn polynomials by using fractional oper
ators. Later on, Rahman [9, 10] proved some related results by using a 
completely different approach. Al-Salam and Ismail [1] obtained re
producing kernels for #-Jacobi polynomials which are ^-analogues of 
Ismail's results [7]. 

In §3 of this paper, following Rahman [10] we prove the following 
formula for #-Jacobi polynomials 

èkk> [g; q]Jg; qUq1+a; qUq1+b; qUa+b)n 

K ' } - ko [q; q]r[q
1+bl qUq1+a+bl qhr 

2<Ì>Ì 
qc+r, qd+r'9 q: zq~l~b~ 

I g2+a+b+2r Pr(x ;a,b;q) Pr(y ;a,b; q\ 

a ^-analogue of a result of Feldheim [4]. 
In §4 we derive some self reproducing kernels and bilinear sums for 

the #-Hahn polynomials which are ^-analogues of results of Rahman 
[9]. In §5 we also obtain ^-analogues of Ismail's [7] connection relations 
and bilinear formulae for Hahn polynomials. 

§6 contains an extension of a result of Andrews and Askey [2] (for 
<7-Jacobi polynomials) to #-Racah polynomials from which we obtain an 
interesting bilinear formula for #-Racah polynomials. 

The formulae obtained in this paper remain valid if we replace qa, qb, 
. . . , by a, b9 . . . respectively. 

2. Definitions and notations. Let \q\ < 1, [qa; q]n = (1 - qa)(l - qa+1) 
. . . . (1 - qa+n~l), [qa; q]0 = 1, [qa; q]m = JlyLoO - qa+J) and the gener
alized basic hypergeometric series is defined as 
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(2.1) 

«i, . . . , qa*+i; q; xl 
\ ..., qb>+' J 

= y 
S ) \fi\ q\lqbx\ q\n ••• [qbk+r;q]n 

which is convergent for all non-negat ive values of r except tha t when 
r = 0, it is convergent only when \x\ < 11. 

Fol lowing H a h n [6], we define the ^-Jacobi polynomials as (see also [2]) 

(2.2) Pn(x; a9b;q) = 2 0i 
> - * , #i+a+*+»; g; *#" 
ql+a 

which satisfy the or thogonal i ty relat ion ( 1 ; 2.8] 

~W^~q) Jo'fl[1 " ^' Pw(r; *' *; ^ Pm(/; ** *; q) d(t; q) 

where 

(2.4) 

and 

[1 X]* - ft (1 - xq»0 ' 

(1 - q) Jo j^b 

On the other hand the ^-Hahn polynomials qn(j; a, b, N; q) are defined 
as 

(2.6) Qn(j; a, b, N; q) = z<f>2 ql+a 

n9 ql+a+b+n9 q-j. q ; q~\ 

f«, q-N j 

These polynomials satisfy, for q1 = g or/? (where \q\ < l,pq = 1 t h rough 
ou t the paper ) , the or thogonal i ty relat ion (see [17] for details) 

N 

J^gUl <li)Qn(J> <*> b, N; qùQmUl <*> *> N; q{) 
(2-7) J=° m -f + 

fO if m ^ n 

~~ \l/h(n; qx) if m = n 

and the dual orthogonality relation 



SELF-REPRODUCING KERNELS 101 

N 
_ («; qòQtkn <*> b, N; qjQnQ; a, b9 N; qj 

(2.8) 
| V 11 I 7= J 

for n, m = 0, 1, . . . , N9 where 

(2.9) «0,«,) - «0,«.*,*) - [ft; , Ä . , l W , r a + , ; qih 

and 

' ^ r ^ l+a+ô . gl n _ ^l+ö+*+2»\^-»/2(»+l)+(JV-ß)» 

tk+a+*+JV;\i]„(i - ? î W ' 
Similarly, following Askey and Wilson [3] we define the #-Racah poly
nomials by 

PnifÀx)) = Pn(ju(x)); a, b, c, d; q) 
(2.11) r^-w? 1̂+*+*+», ̂  gi+r4*+*; ^; gl 

- 403[y+*5 ^1+*+^ 1̂+c J 

(^(x) = #~* + qi+c+d+* and either #1+a, ^1+*+^ or q1+c is of the form q~N). 
These polynomials satisfy the orthogonality relation 

(2.12) g o * * ; q)PM*y> pM*)) = {?/?r(„; ^ 
and the dual orthogonality relation [17] 

(2.13) j o * ( „ ; g)pMX)) p M y ) ) = { ? M x ; , ) £ j ; x
x 

where 

Û>(A:; #) = co(x; a, b, c, d; q) 

(2.14) to1+g;^]Jcto
1+g;^]^1+^;^]J^1+c^; ?L(i - qi+c+d+2X)q-xa+a+» 

to; q]M1+d\ qUq1+c~b; qUq1+c+d~a; qW - ql+c+d) 

and 

^(«; q) = ^(n; a, 6, c, </; #) 

(2.15) " H [_qd-ay qc-a-b9 q2+c+d9 q-b J 

to1**; q\n [q1+cl q\ [q1+b+dl g] , to1+fl+»; g]„0 - q**™*) 

to; <?Ltom; g]„to1+*-*; <7]„to1+^-<; g]„(i - ^ ^ ) g ( 1 + ^ ) w 

if m # « 
if #1 = « 
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The orthogonality relation (2.12) for #-Racah polynomials reduces for 
C -^ oo to a relation equivalent to the orthogonality relation (2.7) for 
the <7-Hahn polynomials for qx = # whereas for C -> — oo, (2.7) reduces 
to a result equivalent to (2.7) for qx = p. Similarly the dual orthogonality 
relation (2.8) for q-ììaìm polynomials could be deduced from the dual 
orthogonality relation (2.13) satisfied by #-Racah polynomials. 

3. We begin this section by proving a bilinear formula for #-Jacobi 
polynomials, viz., 

6(x vx = Ä Ä [xgi+b; q]n[yq™; q]n(xyrz^Am+n 
9KX' y) - £âoh [q, qUll qU1+a\ qUqMl <l\ qa+b)n 

„ S to1+g; q\rlql+a+b\ qW - f**»™)* g^-* 
$A) h [q;q]r[q1+b;qW- ql+a+b) 

where 

00 7W A , n—m(l+b) 

Ar = ^Z*'q]T ' a > 0, 6 > 0, a, > 0, ßj > 0, \z\ < 1. 

Before proving (3.1) we prove the following connection relation 

(3.2) çL^^rii-qykfx, y)Pr(y; a, b; q)d{y;q) = XrPr(x;a,b\q) 

where 

(3-3) A r = n \ % l ni+lq S 
.qm, q1 

A , 7m+r nr
2—m(l+b)—ar Am+fZ q 

^lq\q\m[q2+a+b\q\2r+rn 

PROOF OF (3.2). The left hand side of (3.2) (say S) may be rewritten as 

oo oo e = v y. [x ql+b\ q]nx
mz»>+»Am+nq-"a+» 

£à>k> [q; qUa; qUq1+a; qUq1+b; q]n 

( 3 4 ) k [q;qUq1+'iq], (1-«)V U qyib+»a(y'q) 

- n r * q2+tt+b>«lvv ^g m ; g ]^ m z m + "g~" ( W ) ^ 
ll |_? 1 + a^1 +* J Z ^ b ; qUq. q]n[q2+a+b. q]n 

A [V> q1+a+b+r, q1+°+m; q; q] 
' 3™2 q1+a q2+a+b+m+n 

However, in the transformation [11] 

, \q°, q\ qc, q~n; q; q~\ 
*f^lq;q',qk J 

(3.5) L J 

= [qg~c; q\„[qe+g-a-b; q]„ ± [>_ s , q1-", qe, q-";q; q~\ 
[qg ; qUqe+g-"-b-c ; q\„m Lr, qc~g+l-n, q<-»+i-» j 
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with û + H c + l - « = e + g + A ; substituting for h = a + b + 
c + 1 — H — e — g and then letting a -» — oo, we get 

G 6Ì o^o[**' ^'<Tn\<l\ qe+s-a-b-c~\ _ [q*~c\ q]n . [>"*,q',q~n\q\q~\ 

Next, transforming the 3<f>2 on the left hand side of (3.6) by using (3.6) 
again with e -+ g, g -» e, we get 

(3.7) 3̂ 2 [_,,, ,̂-,4-1-n J - fe,;,]^;,], ^[^ ^ ^ 1 

Now, using (3.7) with n = r9c=l+a + b + r, b= —m, g = 1 + 
a, e = — m — n, to transform the 3^2 on the right hand side of (3.4), 
we get 

[^-m-n. q]r qra+a+m+n)-na+b) T^-r? ^1+«+*+^ q~n; q ; ql 

[q2+a+b+m+n; q^ ^2[_q1+\ q~^~n J 

»L?1+-,?1+» J à to;*]*1-**;?], 
oo 

•S 
Am(xz)»>[q-»-, qUxq1^; ql[q1+b; q\ qra+a+m)+sm 

[q; qUq2+a+b; q]m+,[q1+a; ql*s qsis+1+b) 

6 [x^i1+i+5' q~m+s> qi #/*m_2s_1_*l 

Summing the 2̂ o by a limiting case of the Gauss' summation theorem 
[12; 3.3.2.6.] 

201 

we get 

qa, q~»; q; q»+*-<> 

iqc 
' ! _ [qc-";q]„ 
J W\ q\n ' 

jl+a+b+r^ Xql+i; q ; q 

r fo1+a; q\r qir 3^2U1+*» 0. 

Transforming the 302 of the above expression by the formula [16] 

0.8) 4 p * * «—*+*]=ng ï̂? ']4P£Ä;;<?;«] 
(where a, 6 or je is a non-negative integer, if only x = —N then), | g*-<*-*+*| 
< 1 we get (3.2). 

However (3.2) may be rewritten in the form 

(3-9) jr=q) Jo °(X' y)fr(yWr, q) = KM*) 
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where 

G(x, y) = {x*y[xq; q]Jyg; q]b}
1/2 ${x, y) 

and 

f(vi = / [q1+a; qUqM; qUq1+al qUq1+a+b; qW ~ q1+a+b+2r) 
JAy) I [q; qUq2+a+b; q]Jq\ q]r[q1+bl qW - 1l+a+b) 

. ~ya[yq; q]b Y2 P (y a b* a) 

Clearly (3.9) is an integral equation satisfied by Pn(x; a, b; q). The 
kernel G(x, y) in (3.9) is a symmetric kernel and Xr are the eigen
values. The completeness of the system of orthogonal polynomials 
{Pn(x; a, b; q)}™=o follows on using [14; Th. 3.1.5]. The eigenvalues Xr for 

[?(("'+2); q], 
s~ [qW;q], 

are positive for a, b, ai9 ßj > Oand \z\ < 1|. 
Next, we observe that the symmetric kernel G(x, y) belongs to L2(dju) 

where ft is a measure defined as /u(x, y) = v(x)v(y) and 

av(x) - | 0 i f o t h e r w i s e 

Indeed if ||G||^ be the norm of L2(d/u), we have 

o o o o o o o o o o o o c o o o 

*=0 7=0 *=0 7=0 m=0 n=0 r=0 5=0 

[g<g,+2); gL+»[g(g'+2); qUs[g1+i; q]b+„lql+i\ g W g w + t ; gl 
lg; qUq; gUaw; qL+n[qlßl); qUs[q1+°; qUq1+b; qUq; q\ 

Tgl+j+b • Q\ gm+n+r+s Q(r+m~hz) (i+j) 

\q™\q\kq\q\kf**\q\r 
^ /r i ^ l~0>0;?;?1 , TO, 0, . . ., 0, £*+*; ?; z l , f^to+2);q;z~\]2 
^ | b ; ?Wi|y+6 Ĵf+i&L^W }+2 f̂+iLJi+.s çA) J ; 

(see [15] for details). Hence the right hand side is convergent and positive 
under the stated conditions. 

Thus we are in a position to apply the extension of Mercer's theorem 
(see Al-Sslam and Ismail [1] for details) for the connection relation (3.9) 
to get the bilinear formula 

00 

(3.10) £fAx)fJj)Xr = G(x, y). 

Proof of (3.1) is completed by substituting for/r(x), fr{y), Xr and G(r, y) 
in (3.10) 
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SPECIAL CASES, (i) (3.1) for As = [qc; q]s[qd; q]s yields (1.1). 
(ii) In (1.1) setting z = q<>+2b-c-d+3 an (j summing the inner 2<j>i o n the 

right hand side by the g-analogue of Gauss' summation theorem, we 
get the following interesting bilinear formula for q-Jacobi polynomials : 

2 £; [gc; g Wg r f ; g W * g w ; g] JbwM;qUxy)m q^-c-*™ <*+»> 
m=o »=o 

(3.11) 

[?; qUr, qUq1+ai qUq1+i; q]„q»a+b) 

= n ~q2+a+b-c q2+a+b-d* Q 
q2+a+b g2+a+b-c-d 

[q1+al qU1+a+b; q\r 
[g; q]r[q1+bl q\r 

[qci q\Xqd\ q}r(i-g
1+a+b+2r)q{r+2+a+2b-c-d) 

[q2+a+b+c ; q]r[q2+a+b-d ; ^] r ( l _ ql+a+b) 

Pr(x; a, b; q)Pr(y; a, b; q) 

provided \q2+2b-c-d+3 11 < 1. This is different from the bilinear generating 
function for the #-Jacobi polynomials due to Stanton [13]. 

(iii) (1.1) for c, d -» 00, yields the following bilinear formula ; 

[g; qUqi q]bja([xyz/-x2yzq1+b]i q)jb([zq~l~bl-zy]\ q) 
- ^ [g1+fl; gMg1 + g +*; q]r[q\ q]i+a+b+2r W™ 

(3.12) ko [g; g] r [g w ; gMg1+ß+*; g k 

• (z9-i-*)a+-+*+2D/2,/1+a+,+2r( V ^ 1 ^ ; <?) /%(*; a, 6; * ) 

Pr(^; a, b; q\ 

where, following Jackson [8], the two Bessel functions are defined as 
00 xa+2r 

(3.12) is a ^-analogue of a result of Bateman [18; p. 370] to which it 
reduces on replacing z by (1 — q)2z and then letting q -» 1. Other special 
cases of (3.1) may also be discussed. 

4. In this section we obtain the following reproducing kernel of q-
Hahn polynomials, which is (/-analogue of a result of Rahman [9] ; 

K (i ra b c d e-n\- [PI PUPI P]N->PN(d+g-c)H(a+c) 

KN(i, j9a9b,c9<Lg,p) [p*;pUpW*-*;ph-i 

(4 1) ,miftJ) Ä \Pd\ P]j-kl[Pgl P]k2-j[Pb\ PÌN-k2[Pl P\r-kx 

[pä+e-c; p]k2^[pa; p]kl[p<; p]^kl p^c-^-aH-dj-ic 

[p ; plkz-Ap 1 pikilp ; p]i-kilp ; pÌN-k2 
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PROOF OF (4.1). Let 

(4 2) P (i) - «bS<l~n> qa+b+d+g+"-\ qo+e+f-f, q; qi+n 
V*"*) rn\J) — 3Ç>2| qa+b+d+g+N^ ql+b > 

Multiplying both the sides of (4.2) by 

lq; qìj-niq; qìn-j 

and summing with respect toy from kx to k2, we get 

9 = f [grf; ? W g * ; qìk-j 9tU~kù
 P , A 

1 ~ À [g; qV4a\ gV-> nU) 

(4 3) = ^ V [g"B; gl[g**-n+*+"-i; glfa"*™-/; glfe*; q]j-H 

MM [q;qUq*M+'+i(;qUqt+';q]Aq;q]j-tl 

. [g«; gk- , g*"-»+</-*.>g 

On the right hand side of (4.3) replacing qJr[qi>+g+N-jr
; q\r by 

lq 'q]'q h [q; «Lb1-*-"-4*; gL *"ib+g) 

(^-analogue of Gauss' summation theorem [13; 3.3.2.6]). 
Rearranging the series, and summing the resulting innermost 20i by the 
{/-analogue of Vandermonde's thereom [12; 3.3.2.7] and then multiply by 

[qi qh-k2[qd+gi q\2-k^q\ q\-i 

summing with respect to k2 from i to N, we get 

s _ & & Iff* ; ?],•-*[?*; gW-/[g*; gLy-Jg; ff]fe2-J^+g~g; gk-, 
2 ^yà 1 ! [q; ̂ W ? ; q\h-kq; qh-k2[qd+g ; # k-^ta; q\2-i 

(4.4) 
(̂y_,l)+,(,2_z) Pw0) = £ £ j ç^ 

r=0m=0 W) </Jr 
[ f ^ ^ 1 ; gM<rf ; <?U<7g; <?L g'Q+*H»a-"-"r*-«> 

[qa+b+d+g+N. q]r[qb+g. q][q. q]m[qä+g; q]m 

£ b*; g]jv-^+r[grf+^c; g W g ' + * " r * 1 ; <?L g*»-"*«-* 
iki fa; ?W*; «W«1"*"""^*; d» 

Once again in the right hand expression of (4.4) replacing [grf+*+i*2-*i ; q]m 

by 

\a**-*L-à\ y [q-m;qUqd+g-c+h-i;q]Hqh 

iq 'qSmh [q;q]HlqM+kl-m;q]H 

(^-analogue of Vandermonde's theorem [12; 3.3.2.7]) and rearranging 
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the series, and summing the resulting innermost 20i by the ^-analogue of 
Vandermonde's theorem [12; 3.3.27] and then multiplying by 

to"; qUqc; q)i-m qckl 

[q; q\\q\ ?].-*, 

and summing with respect to kx from 0 to i, we get 

s s y y y tid> g]y-*itof ; g]fe-/g*; gWfc; gW-*! 
3 khhhhi fa; tf]/-*ite; g]*2-y[g; gW[gd+4r; gW-* 
. [gd+g-c; g W g ' ; g^,[gg; g],-*, g^-gwg+frfe-» p 

[g; g]*2-,[g; gWg; ql-m 
an - v v f- to"";glfa"*»4^"-1; gl[g~r;g]Jgg;gUg»;g]r-m 

^ é ^ é b [q ; g]r[g«+»+*+'+"; g]r[g»+*; g]r[g; q]m[qd+g; q]m 

[q-m; q]hlqd+8-ci q]h[q^+g-c+r-m+h; g ]„_ , [ g s q]i+m(-y» 
[g; q\[q; qllq; g]w-,[gw~'_m; q\ 

. ara+g+i+m)+ma-g-i)+h-m<.m+l)/2 „A^q"' g_ ' ! g 
M ^Vl ql—c—i—m+h 

In (4.5) summing the inner 2̂ 1 by the ^-analogue of Vandermonde's 
theorem and once again replacing [qa+c+i; q]h by 

H {q-H. q]s{qb+d+g-c+N-i+r-h. ql[qa+b+d+g+N+r-h+s. q ] h s 

h [q; q]s <rs«+*+"+<> 

we get on rearranging the series 

s = {qb+d+g-c;q]N-,{qa+c;ql T "fi y [?""; ql+k'*; q]m 
[g; qh-i [qi ql m ko âh [q; gUg; qUq\ gL 

(4.6) 

[q«+»+<>+*+»-i;q]r+t[qs;q]m+r[q>; q)t_m[qi>+d+g-c+N-i ; ql 

[q»+g; q]r+,[qa+b+d+g+N; qUqd+g; q]m+Aqa+c\ q\ 

W'i q\Xqd g c; q\m f ._wKg+i)+m(,"g+i)+r+Hm+<)-m(m+ii/2 
[q"^+g-c. q]t <• > q 

$h 
q~m, qc+r, qc-t-d-g+i-t- ^ ; qa+t+f 
qa+c+r qc—d—g+l—m 

Transforming the z<j>2 in (4.6) by (3.6) and then rearranging the series 
and summing the resulting innermost 2^i by the ^-analogue of Gauss' 
theorem [19; 3.3.2.6], we get 

[qa+b+d+g+n-l. t]^ 
s = [q>+<>+g-°; q]N-Aqa+c; qlyy* [<T*; q]r+t[q' 

[q; qÌN-Aqi ql m&> [g;g],[g;g]rl lqa+b+d+g+N-y q]t 

(4 7) . lqg; qUq°; qlW; q]t[q
b+d+g-c+N-<; g]t[q

d; glg'a+i+g)+r 

[qb+g; qU,[qd+g; qU,\qa+c; q}r{q
b+d+g-c\ ql 

Aq~'> qg+r> q"> ql+c-"-d-g-<; g; ql 
mlql-d-t; qa+c+rt qi-b-t J 
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Transforming the inner 4^3 in (4.7) by (3.5), rearranging the series and 
summing the resulting innermost 3<f>2 by the ^-analogue of Saalschutz 
summation theorem [12; 3.3.2.2], we obtain on using (3.5) and replacing 
q by \\p on both the sides 

N mìMJ) N [pd:p]^kl[ps; p]k2-j[p
b; p]N-k2[p\ p]k2-kl 

Po ki^o k2=Jâ(i,j) [P> Ph-fnlP'Plkz-ÀP* P\N-k2[P
d+ë'> P]k2-ki 

[pä+e-c; p]k2_t[p°; p]kl[pc; pl_h pMc-g)-aki-dj 

[pi p]k2-Api p]kl[pi p\i-kl 

(4.8) 
• 3Ç>2 $2 

' p—n pa+b+d+g+n—l nb+g+N—j ;p;p~l 
pb+g^ pa+b+d+g+N 

_ [pb+d+g-d; p]N_t[p«+c; />],[/>«+•*; p]n[pb+d+g~c; p]„ 

[p; PÌN-AP; PUP^I pUpb+e;p]n 
nit (c—d) —ia+N (c—d—g) 

A [P~n> pa+b+d+8+n-l9 pd9 pd+g-c^ p9 pi 
' *9s\pd+g9 pa+d9 pb+d+g-c \ 

r [p~n, p«+à+d+n-l9 pb+d+g-c+N-i. p-9 p~] 
' W2\pa+b+d+g+N pb+d+g-c 

Transforming the 3^2's on both the sides of (4.8) by the formula (3.7), 
we get 

(4.9) £ K*ti> J> a> b> c>d>Z> P) Qn\j) = KQSKi), 

where KN(i,j, a, b, c, d, g; p) is given by (4.1), Qjp(i) = Qn(i; a + c - 1, 
b + d + g - c - l9N;p),QV>(j) = QnU', a + d-l,b + g-l,N;p) 
and 

; _ .\p-n,pa+b+d+g+n-\pd,pd+g-c\p\p'} 
*n — 4Y3\pd+g9 pa+d9 p+d+g-c j 

which completes the proof of (4.1). 
Note that for c = d, the #-Hahn polynomials on the two sides of (4.9) 

have the same arguments and hence Qn(i) is an eigenvector of the matrix 
KN(i, j) corresponding to the eigenvalue An. 

Let us now introduce the orthonormal systems 

(4.10) BPQ) = {/*<*>(*; p) £<»(/; p)}^Q^(i). 

In terms of R%\i), (4.9) may be rewritten in the form 

(4.11) ^ GN(i, j ; a, b, c, d, g; p) Rn
2\j) = rf^) 

where 
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GN(i,J, a, b, c, d, g, p) - i [pipUpiph-AP^iPÌAP^'iPh-j 

pNiC-d)+j<.a+d)\V2 
• P , } KN(i, j ; a, b, c, d, g; p) 

and 

(4 12) „ = {IP^lPklP^fZlPLpu-d>»)1/2
X . 

If c = d, GN(i,j) is symmetric. It can be verified by interchanging c «-» d 
and g <-> d + g — c that 

(4.13) fj, GN(J, H a, b, c, d, g; p) R«\j) = [xn Rf(i). 

Lastly, multiplying (4.11) by R%\x) and summing with respect to n 
from 0 to N and using (2.8), we get 

(4.14) 2 Ï» *? W2°( / ) = GN(i, j ; a, b, c, d, g; p) 

or 
f [p-N;pUpa+b+d+g-1;p)»[pa+d;pW - p«+>+<*+*+2«-i) 
k [P ; p]„[p°+M+'+» ; p]n[p»+e ; p]n 

n-n/2 (w+1) -n {a+d-l-N) 
R 4 & 

P~", p"+>'+''+s+"-\ pi, pJ+g-c; p; p~ 
pd+g na+d pb+d+g—c (1 _ pa+b+d+g-iy 

(4.15) • ß«>(/) ß(„2)0) 
_ r /?a+t+rf+g; ph[p. p]j{p. p]N_. p-Nia+d)+i(a+» 

lPl Ph[Ptt+d\ P\,{Pb+g; Ph-i 
•KN(i,j; a, b, c, d,g;p). 

SPECIAL CASES, (i) (4.15) for a = 0 yields the following bilinear formula 
for gr-Hahn polynomials : 

ft [p-N;p\jLp»«-'-l;p\JipiX p]n[p»- p]n[pc- p]n(l -pb+d+g+2,,-1) 

. p»/2<n+V+n<g-c+l+mQn(i; c _ ^ £ + d + g - C - 1, N; p) 

( 4 1 6 ) -QMid-hb+g-hNip) 

_ [pb+d+g;phlp;ph-ÂPiPh-ip
N{g-c) 

[p;p\N[pb+g\p\N-j{pb+d+g-c;p\N-i 

y \.Pg>P\rAPb>Ph-dP>PUPd+g-c->P\kr-iPk*e-g) 

[p\ PW-AP; ph-dpd+g; p]k2[p; /42- , 

Furthermore, (4.16) for c = d gives 
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f ip-NipUp»*¥r-1i PUP*; PUP>; PUP";PUI -pQ+'w-*) 
k> [p; p]„[pb+d+e+N; PUP»'I p]«[pi+g;pUpd+g;p]nV -pw-i) 

. pnWn+D+r.lg-c+l+mQ^ d - 1, b + g - 1, N ; p) 

• Qn(j; d - 1, b + g - 1, N; p) 

= [/>"*+•«; PUP; PIN-AP; ph-iPN'g-d) 

[p ; p] Äpt+e ; PÌN-AP** ; />] *-•• 

A ip*; pW-Wiph-dpi pUps;p\k^iPh(,i~g) 

[/> ; />W/> ; ph-t&p*** > PULP ; A-.-

(ii) In (4.15) setting a = g — c and letting 6 -• 0, we get the following 
interesting bilinear formula: 

èb [P; PUP"-°+N\ pUpd+g; PW -P1^1) 
• Qn(i; g- l,d+g-c-l, N; p)Q„(f, d+g-c-1, g -1, AT; />) 

(4-18) = [pä-c. pUpd. p]j[pc; plpti+i-m (*-,) 

[pd+g; pMpd+g-c; P\AP*; P\ 

, Vpr-c, pi-à-r-tr, p-'', p->; p; pi 
mlpl-d-Jf pl-e-it p-N J-

5. Before obtaining the ^-analogue of a connection relation for Hahn 
polynomials due to Ismail [7] we need the following transform formula 

(5.1) LN{Q,{n; a, b, N; q);<j>M;x) = p}{x; a,b;q) 

with LN is defined as 

(5.2) LN{f; fa; x} = £ U g) * (. I g $?>(*)/(«), 
n-0 W > Hin 

0{x) = D-{M*)}, 

where £,/(*) = (/(*) - f(xq))/x(l - q) and D»/(x) = Djppf(x)). In 
(5.2) setting^») = Q,{n; a, b, N; q), 

so that 

w-friÇfr*» 

and rearranging the series, we get (5.1) on some simplification. 
Now, using (5.1) in the orthogonality relation (2.3) for </-Jacobi poly

nomials, we get 
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ff ff ir»; ?WNi qUql+a\ gL+Äg1+t; gk-JL-y*" 
hko Ir, q\Ar, qUq^a+b; « W *»<»*•*> 

,- , , 9 2fPl\q2+a+b+m+N J 

• ÔX«; a. b, N; q) Q,(m; a, b, N; q) 

[q; qW+t; ri/i - q1+a+b) g'a+mi 

" [<71+B; dyfo1****; < a o - a1+«+»+2>) 

Comparing (5.3) and (2.7) and using the uniqueness of the orthogonality 
relation (2.7), we get a connection relation 

(5-4) £ 0(n, m) ß /m; a, è, N; q) = ^ ß / « ; a, b, N; q) 

where 

_ [q~N; g ] / - v q-/^v«>+>w-i) 

„,„ -.* _ [g- f f; qUq1+a+nl q]m[q1+b; qk-«(-)m ^ ""+»+"<"-"> 
* ' ; ~ ~ fo; <7U?2+a+»+"; qUq1+a; qh-

4? q-N+m^ gl+a+m+n; q^ gl+N-nl 
2+a+b+m+N V 

Multiplying both the sides of (5.4) by h(j; a,b;q) and Qj(y; a, b9 N; q\ 
adding for j = 0, 1, . . . JVand using the dual orthogonality relation (2.8), 
we get the bilinear formula 

(5.5) g/*/AC/; a, b, q) QJn; a, b, N; q) Qj(y, a, b, N; q) = ^ ^ r y y 

On the other hand multiplying (5.4) by jujh(j; a, b; q) and Qfj\ a, b, 
N; q)9 adding for y from 0 to TV and using (5.5), we get a second bilinear 
formula for ^-Hahn polynomials 

f\tfh(j\ a, b; q)Qj(n; a, b, N; q) Qj(y; a, b, N; q) 
(5.6) ^ 

^ o g(y;a,b;q) 

Similarly one can use (5.4) and (5.6) to generate more complicated 
bilinear formulas for g-Hahn polynomials. 

6. Feldheim [4] obtained an explicit formula (a 3F2 hypergeometric 
function) for the connection coefficients between two arbitrary Jacobi 
polynomials. Later on, Gasper [5] proved a discrete analogue of Feldheim's 
result by obtaining an explicit formula for the connection coefficients 
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between two arbitrary Hahn polynomials and discussed some of its special 
cases. Recently, Andrews and Askey [2] obtained the «/-analogue of 
Feldheim's formula. In this section we obtain an explicit formula for the 
connection coefficients between two #-Racah polynomials and discuss 
some of its interesting special cases. In fact we prove 

(6.1) 

where 

f. far»; g\slql+a+ß+n\ q]s[q-xi g]s[q1+c+d+xi gì, gs 

h [q; qUq1+al q\iqW\ qllq1+c; q], 

= S «»,»» ^»(juWi <*> b, c, d; q) 
m=0 

(-)"> qm<m+lU2[q-n; qUql+a+ß+n; qUgl+t+ä; q]m[ql+a; g]m 

[q\ qUq1+a; qUq1+Si+d; qUq1+a+b+m; q]m 

n-m [q-n+m; q]r[ql+a+ßn+m • g ] r [g l+*+»; q]r[ql+»+ä+m ; g ] f 

k [qi q]Aq1+a+m; q]r[ql+^+d+m\ q]r[q2+a+b+2m; q]r * r+m 

and either 1 + a, 1 + b + dor 1 + eis of the form —N(N a non-negative 
integer). 

PROOF OF (6.1). Multiplying (6.1) by co(x; q)Pt{(i{x); a, b, c, d; q) with 
<o(x; q) defined by (2.14), summing with respect to x from 0 to N (assum
ing that either 1 + a, 1 + b + d or 1 + c is of the form — N) and using 
the orthogonality relation (2.12), we get 

[q-";q]s[ql+a+ß+n; g]Jg~';; ql[q1+c+d+*:; q)sq
sAs 

m 

üix; q)Pt(ß(x); a, b, c, d; q) 

«... - <t; *)£ S [q; ql[ql+a. ql{ql+i+d. q]s[ql+c. q] 

(6.2) 

_ [ql+a-ä. q]t[ql+°+>-c; q]t qtu-a+c, 
- *V. q) [ql+b+d. qUql+c. q]j 

. f,^ [q-n; qUq-*i q]» 
mm [q; qUq; qh 

[qi+a+ß+n. qUqi+n-i+t; q}k[q*+<+ä; q]2s[ql+°; g L ^ — ^ Î gl* 
[<71+a; <7L[<71+0+d; <7]s[<?1+a; <?]*[<71+°-rf; d* [q1+°+>-<; qh 

6&[; 

[gl+»+rf; g]s AX-)' g*-»(»+l>/2-''»+» 
[<71+<->; ?U?1+c+d- f l; ?]s[<71+d; 9], 

gl+<H-rf+2s fl(3+e+<f+2s)/2 _ ^ (3+c+d+2s)/2} ^l+o+s+i 
' 695 „a+c+d+2s)/2 _fl(l+c+rf+2s)/2 ; q\+c+d-a+s-k^ 

ql+c+s^ ql+l,+d+S; q; q-s-k-a-ìr-1-ì 
qi+d+s qi+c-b+s 
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Summing 6^5 by the summation theorem [12; 3.3.1.4], we get 

_ [q1+a; q\t [q1+a+b; q]t(l -g1*^*) q-ta+* 
**'* " b ; q]t[ql+b\ ?L(1 - <71+«+>) 

f i to"*; ?L to1+«^+»; ?Lto1+c; g],to1+H-'; g], gsAs 
' É6 to; «Lto1+*; «Lto"*"; </Lto2+o+>; * ] , 

• 3Ç>2 
tf"', #1+«+*+', gr1+ß+s; # ; q 
q\+a q2+a+b+s 

on summing 3^2 by the ^-analogue of Saalschutz summation theorem 
[13; 3.3.2.2], we get the required result on some simplification. 

SPECIAL CASES, (i) For As = 1, (6.1) yields 

Pn(jKx);a,ß, - T V - l,</;g) 
(6.3) 

= H am,n PmitfaY* fl> b> ~ N ~ *> *\ tf) 
m=0 

where 

to; ?Lto1 + a; d-to1"*"; « U « 1 + r t + - ; </L 

• 403 
~Q—n+m ql+a+ß+n+m ql+a+m ql+b+d+m- Q- Q 

ql+a+m ql+ß+d+m q2+a+b+Zm 

(6.3) is an extension of a result of Andrews and Askey [2; 3.10] to which 
it reduces on replacing x by replacing x by TV — x and letting d, TV -» oo. 

(ii) In (6.1), setting A, = [qi+f**; q]J[q-*;q]„ 1 + b + d = -TV and 
letting c -> oo, we get the ^-analogue of a result of Gasper [5; 3.1], viz., 

(6.4) Qn(x; a, ß, M; q) = £ BmittQn(x; a, b9 TV; q) 
m=0 

where 

**>c q—n+m ql+a+ß+n+m ql+a+m q—N+m* q- q' 

' 4Ç'3| ql+a+m^ q2+a+b+2m^ g-M+m 

Furthermore some of interesting special cases of (6.4) may be discussed 
on the lines of Gasper [5], we omit them for sake of brevity. 

(iii) In (6.3), 4̂ 3 reduces to 302 in two cases (i) a = a, and (ii) ß = b 
which when summed by the ^-analogue of Saalschutz summation theorem 
[12; 3.3.2.2], yield the following connection relation for g-Racah poly
nomials 
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P„([i(x); a, ß, c, d; q) 

= 2 
(6.5) 

n ( — \mq-m(w+1) /2+mn+ (1+b+d) n-ib+d) mïq-n. gl 

= £o Ir, qUq1+V+d; q]n[ql+a+b+m\ q\m ' 

[ql+a+ß+n; q]m[qi+o+ä; gUqß-»; q]„_m[q^-^; q]„_m 

[?**•*+*»; q]„_„ 
• Pm([i(x); a,b, e, d; q) 

(provided either 1 + a or 1 + e is of the form — N) and 

, , . . . » ( "\m/j—m(m+l)/2+»(l+o+m)—amf/j—»• yjl 

PW, a, b, C d; q) = g_0
( [qUuq^qm^Aqi, 

<6-6> . [g1+"+>+"; qUq1+°\ qUql+b+m; q]„-m[q"-°; q]„-m 

[q2+a+>+2m; q]nm 

• Pm((i(x); a, b, c, d; q) 

(provided either 1 + b + d or 1 + c is of the form — N). (6.5) and (6.6) 
for d ->• oo yield the results which are «/-analogues of Gasper's result for 
Hahn polynomials [5; 3.8, 3.7]. 

(iv) In (6.3) setting l + a=l+a= — N and letting ß -> oo, we get 

(6.7) Qx(n; c, d, N; q) = £ H(m, n)Pm(fi(x); -N - 1, b, c, d; q) 

where 

H(m n) _ [q-"-N ; qllq-" \ qUq1+b+d \ gU<T* \ qUq1+i~N ; q\J< - )" 
(6.8) "(m'n}- [q"+-»; q]n+m[q; q]m[q^; q}^-^; q]m 

. qna+b+d)+m{n-b-d)-m(m+l)/2t 

On the other hand, we get an inverse formula of (6.7) by setting in (6.3) 
\+a=l+a=— N and letting 6 -^ oo, viz., 

( — \nnn(n+l)/2+(ß+d)n\a-d-N • a] 

/>„(M*); -N - 1, ß, c, d; q) = C ) q
 [qi+ß+ä.ql — 

( 6 ' 9 ) A q->»^[q-»;q]mW-N+°;q]m Q ,„. c d N. q) 

ko lq; qUq-"-N; <?L ÜA' ' ' ' 9) 

(v) Lastly, substituting (6.7) in the orthogonality relation (2.7) of 
#-Hahn polynomials, we get 

/ r i n , S S(n; c, d; q) f j H(m, n)PJ^x)\ -N - 1, b9 c9 d; q) £ H(t9 n) 
(6.10) n=0 m=0 ^ t=0 

' Pt([Ay)\ -N - l,b,c,d;q)= l/h(x; c, d; q), 

where g(n; c, d\ q\ h(x; c, d; q) and H(m, n) are defined by (2.9), (2.10) 
and (6.8) respectively. 

file:///mq-m
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Now, (6.10) may be rewritten in the form 

V %(m\ -N-l,b,c9d) 
m=0 
(N N 

fa ? h(x; c9 d; q)g(n; c, d; q)H(m9 n)H(t, ri) 
(6.11) \hn=JAm,t) co(x; - J V - 1 , b9 c9 d; q)%{m\ -N-\9b9 c9 d; c) 

' Pfo(y); -N - 1, *, c9 d; q)}pjb*(x); -N - 1 , b9 c9 d; q) 

= 1/Ù)(X; —N - 1, b9 c9 d; q). 

In view of the uniqueness of the dual orthogonality relation of #-Racah 
polynomials (2.13), (6.11) yields the connection relation 

k(x) Pm(ft(x); - JV - 1, b9 c9d;q) = fi £ ft**, n)H(t9 n) 
(6.12) '=0 »=max ( w, 0 

where 

and 

Pt(f*(xY> -N - \9b9c9d\ q\ 

ÀW [ql+c~bl q]x 

M™' n) ~ [q; qUq1+b~Nl qMs1*^; qh 

. far»; qUqM\ gUgb~c-Ni qU-yq-»>^'*+>»*+»+<-» 
[q~Nl qUq1+c; qUq1+b~N+n\ 4L 

Multiplying (6.12) by w(x; -N- 1, b9 c9 d\ q) and Pz([i(x)\ — JV — 1, 
b, c, d; q)9 summing with respect to x from 0 to TV and using the ortho
gonality relation (2.12) of #-Racah polynomials, we get a bilinear formula 
for #-Racah polynomials 

N 

2 A(x) (o(x; -N-1, b9 c9 d; q)Pm(/jt(x); — JV— 1, b9 c, d; q) 
(6.13) x=° 

PMx);-N-l,b9c,d;q)- £ *% "i ?*'"ì l 
w=max(m,*) 7C(Z'9-N - I, D9 C9 d9 q) 

Similarly other bilinear formulas of #-Racah polynomials may be 
obtained with the help of connection relations (6.5) and (6.6). 
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