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1. Introduction. Let x be a real number and [x\ {x} denote respectively 
the integral part and the fractional part of x. Let k be a positive integer 
and let a be a real number. The purpose of this paper is to give an asymp­
totic formula for 2]»<£* na{x/n}k. 

Smith and Subbarao [5] obtained an asymptotic expression for this 
sum when a = 0, k = 1 and n = b(m). More recently MacLeod [4] 
studied it when a is an integer and k is a positive integer. 

To obtain our result, we shall use a result which can be considered as an 
inversion formula for a class of arithmetic sums. That will be the subject 
of the following section. 

2. Preliminaries. Let / be an arbitrary arithmetic function, arithmetic 
sums of the form ^n^xf(n) [x/n] occur in many situations in the theory 
of numbers. For example, we have the well-known results 

2>(«) = 4-I! 
n^x ** n^x 

|2 + 

and 

S A*) = i - 2 M + 2 ' 

where a is the sum of the divisors of«, $ is Euler's totient and ju represents 
the Möbius function, which are used to obtain the average orders of 
a(n) and <f>(n). 

Let k be any non negative integer and let 

* /*(«) = E sW (4 
d\n \a 

where g is any arithmetic function. Then we have 

Received by the editors on August 15, 1983. 
Copyright © 1985 Rocky Mountain Mathematics Consortium 

513 



514 A. MERCIER 

(1) LfÂn) = L gin) (l* + 2* + • •. + \±t), 
n^x n^x \ L n J / 

and using the well-known identity 

where B{ are Bernoulli's numbers defined by 

k â 1, 

and £ stands for the Riemann zeta function, equation (1) becomes (for 
k è 1) 

(2) S'^-Fhärr^'&w * + i x T*+W + Z>(«) 

This last transformation is quite trivial. However, let us note that recently 
Harris and Subbarao [2] found an interesting transformation formula for 
the sums of the type 

(«,mOr=l 

2 £(/!)( 1* + 2* + . . . + 

where (n, mr)r is the greatest rth power common divisor of n and rar. 
Now, we state a result which can be considered as an inversion formula 

for a class of arithmetic sums. 

THEOREM 1. Let k be any non negative integer and let fk(n) = J^ding(d) 
•(n/d)k, where g is an arbitrary arithmetic function. Then 

(3) 

if and only if 

(4) S gin) 

Zf*in) = Lgin)(l* + 2>+ ••• + 
n<x n^x 

'+\5(<-'><c :!),?/.->>)• 
PROOF. The proof is trivial for h = 0, and, consequently, we will now 

suppose k ^ 1. 
We shall first establish necessity. Since (3) is equivalent to (2), then we 

can write (3) in the form 

S/»(«) = T J T I ; Ä ( » ) 
n<x K ~r I n<x 

]£+l 
+ -A- £ Sin) 

** n^x +mscrks«<"> \k+i-j 
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and thus we obtain 
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k + i , ( - 0 ^ + 1 
7 + 1 \k+l-j 

+ | | ;(-o. 'C:i) ,5^ 

+é^Mur^uz^ 
= Ls(«)f + 2 

\k+l (-1);, 

1 / n^x 

k + r 

!*+i-/- i 

>=i * + i - y ^lZ-^(- i ) f + p 
7 

IJH-1-/ 

* - 2 

+ 
(~1)y(y + i )^ / fe + i - y 
~* +1 - / § £, 

IJH-1-/-* 

In this last expression, the coefficient of [x/n]k is - l/k^1) 4- 1/2(^1) = 0 
whereas the coefficient of [x/n]{_w, 1 g m ^ A: — 1, is 

( - l ) w + Y f e + l \ ( - l )m-i / / c + j \ m-i ( _ n y / f c + i \ / f c + i _ y \ 

it - m \m+2y 2 w + i / ^A+i-yvy+iA^+i-y/ M+w* 
The value of this last sum is also zero. Indeed, since 

1 •k+\\(k+l-j 1 k+\\/m+l 
k + 1 -j\j+ljvn+l-jj m + 1 -j\m+\)\m-jp 

it follows that 

2 W+ l 
( -1V / A + i \ / A + i - y 

• y 
, Ä w+i-y £ A * + î - y \ y + i / w + l 

( [) \m+l)\2 ,4 m + l - y W - y ; m+1"V' 
and, from the well-known identity (mJ2) BQ + (wf2) ^ + • • • + (£ti) £m + 1 

= 0, we can deduce that 

1 "£? (-l)m-n-/ /m + P \ p _ 1 
2 ,4am + 1 - . / W -77 m + w m + 2 ' 

and consequently, we have the result of the first part. 
The details of the proof of sufficiency are almost identical with those of 

necessity and thus we shall omit it. 

3. Some examples. 

THEOREM 2. Let a be any real number and let k be a positive integer, then 
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2 > -tk-HAÙs.*-1-'*--^-»™). 
where as(n) = Zdlnd

s. 

PROOF. Let g(n) = na, then fk(n) = nkaa-k{n) = naok-a(n) and thus we 
obtain 

£ n'aeri) = S /i*(l* + 2* + . . . + ["•£?) 

and, using Theorem 1, we get the result. 

THEOREM 3. Let Jk(n) be Jordan's totient defined by 

Then, for all integers h ^ 0, we have 

.ç/'-'tC-s^-'Kî:!).?/^"»)-
PROOF. Let g(n) = fx{n). Then 

L J kin) = E Min) (l* + 2* + - -. + [-J-?) 

and, using Theorem 1, we have the result. 

4. The principal result. 

THEOREM 4. Let k be an arbitrary positive integer. Then, for any real 
number a, we have 

' _ ! f kiqa+i+i-k) \ +1 

. « + ! - * ,4i/!(a+l)(a) • • • (a+ 1 +i-kj 

^n" 

+ 0 
r«+l 

log xf 
ifa>k- 1, 

i - r -g^^+o^) , ,ya-*-i,**2, 

(i - r)x + oi 
. l o g * / ' 

V0(JC*+1), ifa<k- 1, 

where j is Euler's constant. 

PROOF. Using Theorem 2, we have 

if a = 0, A: = 1, 



(5) 
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£*{f}'-£ <i -m 
- S M ^ ' S ' H T ] ' ) 
= x" s «•-* + s ( - i)>(*.W-> s «•-*+>[4T 

»Si J=I \ y / »S* L " J 
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+ g((-<>*-<ç/-lKii/) 
• L w - ^ v . - H i ' + i W ) ' 

But, using Abel's identity and the asymptotic formula (see [1]) for 
UnzxPa-fa)* where ß is any non negative real number, we obtain 

fCfr-fi+l),,^ . „/JC*+1 

(6) 2 nP(Ta-.ß(n) = 

a + 
- x ^ + Oi 

•p-ri 

^ l o g x + O^+i) , if<z = /3 

First of all, we shall show our result for a > k — 1, k ^ 1. Using (6), 
equation (5) becomes 

. ( Zia - k + i + 2) x „ _ k + t + i J ^-*+y+i 
a - £ + . / + 1 V log x 

= x«+1 

TrTTT + S<-'"C 

V Û - * + i >=ì a - fc + y + + 1 

logx 

Let /0 be a fixed integer, 1 <; /0 <; y <; /:, then the double sum of this last 
equation becomes 
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but 

Hence 

= (-i)H(.-/c + /o + i)^goa_,y-7 

l im ( i ^ /0)!(f l ^ + / + i ) /fe-/0y 
a-*-;-i (a + l)(tf) • • • (a - k + z0 + 1) ' \J-'o/ 

* (-1}f/) /A 

'0 
( A : - / o ) ! a « - * + /o+ 0 

(a 4- l)(tf) ••• (tf - k + /'o + 1) 

and, thus, for a > k — 1, we obtain 

2>ö 

(7) 
Z(a - k + i + 1) 

Ö + 1 - / : éì /!(a+l)(f l)---(f l-fc + / + l ) / 
-Ol 

logx, 

For the case a = k — 1, we proceed as follows. From equation (5), we 
have 

(8) 
£ /.*-!{£}*=** 2 -1 - ***-!£ 

We know the asympotic expressions of the first two sums, so the problem 
now consists of estimating the sum Tin<,xni~l[xlnV' But, from example 
1, we have, for ally, 2 ^ j ^ k, the following equation 

Now, using (6), we obtain, for 2 ^ j ^ k, 

Tinj - i 

(9) 
XI = ^ ( l o g x + 2 r - | + |g(-l)^+1)c(l+0) + 0 ^ 
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Replacing the asymptotic expression of £w<^ \/n, J^n^x [x/n] and Ttn^xnj"1 

[x/n]J in (8), we get the result, after having used the identities 

and 

( - i ) ' i 
Jk 

t r^2(-0'(y V)^1 + 0 = - S CO') 
2 j 

Let us remark that we can also obtain an asymptotic formula for 
I^m:xn

k'l{x/n}k in the following way. We replace the estimation of £(V) 
in a neighborhood of a = 1 (see [6]). 

(10) & + 2 - *) = y ^ r l ^ r y + r + <>(.*- l + k) 

in (7), and we take the limit of this new equation when a -> (k — l)+. 
For the last case, (a < k — 1), we get, after some elementary computa­

tions, 
\k / V* 

X > £ =oi ** 
,« J \ log x 

But, evidently, we have ZI«^x^a{*M* = 0(xa+1), so our result does not 
give much information for this case. 

5. An improvement. For any real numbers a with a ^ k — 1 ^ 0, we 
can prove that 

j 1 /a+2 

a + T - l M 7'.(a + I ) (a ) . . . (a + 1 - ^ +y)' a>K 

«-2 

1 — T% if a = /: — 1, /c = 1, 

and then, from Theorem 4, we can state that for all positive integers k 
and for all real numbers a ^ k — 1, we have 

We have the following improvement. 

THEOREM 5. Let k be any positive integer. Then for any real number 
a > 0, we have 

2 « 4 - l * = Cxa+l + 0(JC*+6/13 log7/13 x) 
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where 

PROOF. 

Since 

then we have 

- J : fa+2 dt. 

r. fa+2. \Xa+^ 

j; ta)±.K dt = Cx«+1 + 0(1), 

where C is the constant defined in the statement of this result. Con­
sequently, 

£„.{$ = Cx- + 0(1) + £,,£}' - £,.{*}** 

= C *- +M + £ L (««£}* - (» + ')• t^}>. 
Now, using a result of Kolesnik [3] concerning the sum under the sign of 
the integral, we have the result. Indeed, Kolesnik has proved, for all /, 
0 ^ t g 1, 

5 ("'fa}* ~{n + t)a{n^i) = 0(xû+6/13 l oê7 / 1 3*)> 
and to obtain this result, he expands {y}k in a Fourier series and uses a 
theorem of Van der Corput concerning exponential sums. 
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