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ANOTHER FAMILY OF ¢-LAGRANGE INVERSION FORMULAS

IRA GESSEL. AND DENNIS STANTON

ABSTRACT. A g-analog of Lagrange inversion is stated for (x/
(1 — x")*). Applications to basic hypergeometric series, identities
of the Rogers-Ramanujan type, and orthogonal polynomials are
given.

1. Introduction. The generalized Lagrange inversion problem is: given
(1.1) Gux) = 31 Byxm k= 0, 1,...,
n=k

for some lower triangular non-singular matrix B,,, and a formal power
series

(12) f0) = 3 S,
find constants a, such that

(1.3) f(x) = :j) 4G ().
It is clear that

(1.4) £ = kz_]o Boay.

Thus to find g, it is sufficient to find the inverse matrix By}:

k
(1.5) a, = /Z_]O B ..

The usual Lagrange inversion formula takes Gy(x) = y*, where y(x)
is a formal power series in x such that y(0) = 0 and »’(0) # 0.

In a recent paper [10] we gave a g-analog of B,,, B;}, and G,(x) for
Gy(x) = xk/(1 — x)at@+Dk In this paper we similarly find a g-Lagrange
inversion formula for a g-analog of G,(x) = x#/(1 — x7)e+@+Dk for r=
1,2, « - -. Our main theorem is stated as Theorem 2.3. Just as in [10],
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374 I. GESSEL AND D. STANTON

we give some applications of Theorem 2.3. These include transformations
for basic hypergeometric series, identities of Rogers-Ramanujan type, and
connections with orthogonal polynomials.

We use the standard notation for g-binomial coefficients and basic
hypergeometric series [9]. When not specified, the base is always ¢, but
sometimes we will use other bases. Thus

(1.6) A, =T - 499,
7=0
(1.7) (B: p)y = 'fr;[;(l — Bpi).

At the beginning of section 2 we momentarily consider the ¢ = 1 case;
there

(1.8) (@,=a@+ 1) ---(a+k—1)
is the usual shifted factorial.

Recall that the g-difference operator D,

(1.9) (Df) () = L) =D

satisfies [11, Eq. [2.6.])
N k1)
(110)  (@=D¥=2"0EN@ = X[ | (=0T fxgh.
Given a formal Laurent series f(x), we let Res, f(x) denote the coefficient
of 1/x in f(x).

2. The main theorem. In this section we give our g-Lagrange inversion
formula for a g-analog of G,(x) = x*(1 — xr)~e¢=@+Dk, First we state the
matrices B,, and' By} for the ¢ = 1 case. According to (1.1) here we have

(@a+ b+ DK)iw-psr
(2.1 B, = ((n = k)/r)!

0 , otherwise.

,n — k = 0(mod r)

The Lagrange inversion formula implies

{(—-a—(b+ Dk +1)

=y (—a= B+ 1) k= /= 0(mod 1)

0 , otherwise.

(22) By =

Our object is to give a g-analog of (2.1) and (2.2). This is accomplished by
Theorem 2.3.
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THEOREM 2.3. (q-Lagrange inversion for x/(1 — x7)t*1) Let B, be the
lower triangular matrix

(Ap*7q*'; D) (et 11 g~ n — k = 0(mod r)

B, = (@) -t/
0 , otherwise.
Then
(Apk/r—lg k;'§ P Va-n [r=1(] — Ap?'rq?ir)(— 1) =N lrg(E=0/gr+1) YHekir?
Bl Q) e—oyrr
ke =

,k —7=0(mod r)
0 , otherwise.

In order to derive (2.1) and (2.2) from Theorem 2.3 put g = pro+r-1
and A = pe. Then

ath+ok -
lim B,, = lim (p s D)=ty 1
(2.4) 1 e (P P g,
= @+ G+ DK)gw
((n — k)[r)!

This agrees with (2.1) except for the scaling factor (rb + r — 1)%=m/r,
In this case

(rb + r — 1)tm1r,

25) G =3 (lim B)x» = xH(1 = x[(rb 4 r— D) e~ ¢k,

n=k p—
So it is more accurate to call Theorem 2.3 a g-analog of Lagrange in-
version for x(1 — x7/(rb + r — 1))7¢~1. The same type of scaling factors
occurred in [10, Th. 3.7]. In this case we cannot put b = (1 — r)/r so
we state the theorem for x/(1 — x7)/r separately.

THEOREM 2.6. (g-analog of Lagrange inversion for x/(1 — x7)1/r). Let
B, be the lower triangular matrix

(AG¥ ) iy 1 —ntrr? =
ATz lr g=nkirf p — k= 0(mod r)
Bnk = { (q)(n—k)/r 1 (

0 , otherwise

Then

(Aqk/'-l;q—l)w— YV (— 1\ &= Irg( k=) rH DYk o /=
Bk_/1={ D0 r A (= D)Erg(FrRY AT ke — ¢ =0(mod )

0 , otherwise.

Theorem 2.3 has the disadvantage that it is not in general possible to
evaluate
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0 , X /rpkl/r-

@) Gix) = 3 Buper = wrg 33 VP P (o gy
n=k n=0 ”

However, there are special cases which can be evaluated by the g-binomial
theorem [14; Eq. (3.2.2.11)]

(2.8) Gyx) = xtq ¥ (xr g7 (1 — Aq"7) s, (p=1)
(2.9 G(x) = xtq ¥ (AxgH") o [(Xq™+ )y (P = q)
and

(2.109) G(x) = xtq ¥/ (x7q=*"),, (4 = 0).

For Theorem 2.6 we see that
2.11) Gy(x) = X*q Y Ax7) |(x7g~*")...

ProOOF oF THEOREM 2.3. We need to show that
(2.12) (*) = kZ BB} =0,,.
=1

If n — 7 # 0 (mod r), then clearly this sum is zero. So we assume n — /
= 0 (mod r). Then, after replacing k by < + rk

@213) (s) = gro-mm(L= AP A /'[(n =) ’] (= Dyrg(E) R
D0y = k

k.
: (Ap//r+l e ’p) (n—s)/r—1+

Note that (2.13) can be rewritten with the g-difference operator D,, and
(1.10) implies

(2.14) (¥) = g/« (1 — Ap“q’") (Dq(n—/)/rf)(x)'
(D - ir =1

where

(2.15) f(x) = (Ap7""0g X5 p) oy 11

If n — 7 >0, f(x) is a polynomial in x of degree (n — 7)/r — 1. Thus
D= f = 0. The proof of Theorem 2.3 is completed by checking the
n = 7/ = k case.

In fact, Theorem 2.3 can be shown to be equivalent to Theorem 3.7 of
[10], which is g-Lagrange inversion for x/(1 — x)?*1. This is not surprising
because Theorem 2.3 should correspond to an r-section of Theorem 3.7
of [10]. Carlitz [8] and Al-Salam and Verma [1, p. 416] had previously
stated theorems equivalent to Theorem 3.7 of [10]. Carlitz used the g-
binomial theorem, while Al-Salam and Verma used the g-difference
operator for their proof. They did not refer to g-Lagrange inversion, and
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[10] did not prove Theorem 3.7. So we have included the simple proof.
The proof of Theorem 2.6 is similar, and it corresponds to an r-section of
Theorem 3.3 of [10].

Krattenthaler [12, p. 343] has given four examples of inverse relations.
His first, second, and fourth examples are equivalent to Theorem 3.3,
Theorem 3.2, and the p = | case of Theorem 3.7 in [10]. His second
example is equivalent to the r = 2 and p = q case of Theorem 2.3. We
could not derive our Theorem 2.3 from his Theorem 2. However, Theorem
2.6 does follow in this way. In Theorem 2 of [12], put 4,(z) = H,(z) = 1,

an=ﬁn=1a

(2.16) 84(2) = (az")y/rs
(2.17) Gy(2) = (az)p/r+15
and

— (@)e
(2.18) F(z) = @)
where

= 49
(2.19) (P 0o

(In Krattenthaler’s notation (2.4), (»), = P,(l, y).) Then the matrix d,,
given by his Theorem 2 is equivalent to B,, in Theorem 2.6.

In Theorem 2.3 we can clearly switch the factor (1 — Ap“/7q“/") from
B;}to (I — Ap*rq™'7) in B,,. This changes the function G,(x) to the
“derivative form”, as in [10].

3. Applications. We give some applications of Theorem 2.3 and Theorem
2.6 which are similar in spirit to those in [10].
Our first application is the orthogonality relation

k
(31) Z B;/IB/m = 5km'
/=m
We see that this is

(32 @R Q) (A P AP TG pg), feme — g,
= (Ap™'*1q* 7 p) (q; @) (Ap™'"q™'"; pq), ”

Equation (3.1) is a bibasic well poised evaluation.
Next we concentrate on the p = g case of Theorem 2.3 with r = 2. We
need to choose a, so that (by (1.4))

n/2 nk/2
3.3 = g"(A), q " "a,—2
33) Jo= A L T A
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is evaluable. The choice

A) . _
3.9 a, = W q()a(igl/84-1/2)k

gives
n/2 4n-1)/2

(A)y ) 1. -
W/‘z—qm)—zﬁol[ Agr1 lg~t; Aq 1’2}

The g-analog of Vandermonde’s theorem [14; p. 247] implies

(3.5 fo=q AV

s g A; q72),
(3.6) fo = qBGA- 2y ——(;1/2;‘1(,1/)2),, .

Finally, these values for a, and f, and (1.2), (1.3), and (2.9) imply
o) _” A; 1/2 r _

_ i (A) (Ax?q"?),
= (q12;,91%) (x2q~ ),

(3.7
q—/Z/S(ixA—1/2)/.

This is a g-analog of
3.8) (1 = x%)7¢(1 — 2xi/(1 — x2))7e = (1 — xi) 2

An interesting special case of (3.7) is ixAY2 = y, 4 — o0 and q — ¢8

n2 —27,m ) (_ 2,47« 8)
3.9 = Y475 9 )0 32—ty
(3.9) Z 295 d), & @he), T

If y = ¢2, the left-hand side of (3.9) can be evaluated by [15, Eq. (20)]
to obtain

=) —ndtd. 8 1
3.10 (=9*"™ 4% 322, = ,
(3.10) /};0 @5 g, 1 (—49% 99)(q; 9°)(4%; ¢°).,

or, if y = g% we use [15, Eq. (16)] to find
4/+8 1
3.11 (=4 .
e B EEE =% Pl T )
Both (3.10) and (3.11) appear to be new.
We can relate (3.10) and (3.11) to evaluations on Slater’s list [15].

Equate even and odd powers of y in (3.9) and then set y = g2. For even
powers (3.9) implies

32
q =

s} q4n2 _ ( q4/+4 B) 322,
G.12) n};o(q“;q“)zn %Ign @5, T

Applying [15, Eq. (98)], we see that
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© (=gt g8 1
3.13 (=9* " 4%c0 322, = .
(3.13) /§> @5, ! (9% 99)(4'%; 4%9)(¢%; ¢%0),,

For odd powers, [15, Eq. (94)] implies

S(—q ot q 8)00 322/
/Z=:o @5qn, !
7odd

— 9(0"% 4%9(9%; 449 (9'%; 439 (9%; 489 (9*%; ¢*0).,
(9% e

(3.14)

s

If we multiply (3.10) by (9)o.(— @) = (¢%; 4?)., We see that (3.13) and
(3.14) imply

(=45 99(9% 99)(4%; 4%)(3%; 99
(G159 = (9% 99:(q% 0')e(@%%; 459)e(q8; 4%0)..(¢%; 430,
+4(4%; 9% (425919 . (3%; 9*9) (9% %) (9755430 .. (905 ¢*0)....

This identity is also new. We could apply the same steps to (3.11).

For our choice of g, and £, the dual evaluation (1.5) is a special case of
the very-well poised 5, evaluation.

Next we give an application of Theorem 2.6 with r = 2. We need to
choose a, such that

_ n/2 A n/2. _1)
3.16 = n2l4 Z _(.L’_q__i nk/2 a,-
( ) f q &) (q)k q 2k

is evaluable. If

B; 172 .
3.17) a, = _(%Tz_;ﬂql_/g;?quk)/s i

then

B; gV2), /8 in Agn=2/2_ gn/2_ gn-1)2 e
(3.18) fn=(“f;177%17)2)—q(2 978 3‘P2[ 9 Bq(n—ql)/z’ %qm—zwzlq 1 q l:l-

We see that f, can be evaluated by the g-analog of Vandermonde’s theo-
rem for B = A or B = Aq12
For B = A, we have

L= A) (4972 g7, s o
(3.19) fo = (l( — Aq?;/(Z) ‘(Iql/z;qu)Z)" qmBi

N
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A, A1
2§01[ q12 |q;Ax2q1/2]
1 — A4 . Agl’2. 4-1gl/2
(3.20) + W}qu/S 2901,: q 9q3/2q |q; szql/Z:'
— v _ (4;9Y9)(Ax?),,

= (9Y% 9Y%) (x*q= 7).,
To find of what (3.20) is the g-analog, put A = g2/2 and let ¢ — 1. The re-
sult is

q (2/—22)/8 ( ix)y.

R[4 =021 4 aie @+ D2 2 o]

_ ix  \_ —_— .
=(1 — x?) ‘”2<1 - m) ¢ = (41 =—x%—ix)e.
The substitution x = sin z and [9, p. 101, Eq. (11), (12)] show that (3.21)
is cos az + isin az = (cos z — i sin z)~2. In this sense (3.20) is a g-analog
of DeMoivre’s theorem.
For B = Aq~1'2 we have

(3.21)

_ (49779 Y, s,
422 fo= g, T
SO
A, gA-1 _
2(01{: ’ qq1/z lg; Ax% q m:l
1 — Ag-12 . Agl’2. g3/24-1
(3.23) + —1—_—‘191/2—1)“11/8 z‘Pl[ 1 ’qqsxz lg; AXZ‘FWJ

-3 (4971%; q1'2) (Ax?),, q ¥ —O8(ix)’
L@ a6 '

Again [9; p. 101, Eq. (11), Eq. (12)] imply that (3.23) is the g-analog of

cos(l —az _ ;sin(l —a@)z _ 1 (cosz — i sin z)1-a,
Cos z cos z cos z

In fact, the g-analog of Euler’s transformation shows that (3.23) is equi-
valent to (3.20).

4. Connections with orthogonal polynomials. In [10] we showed that g-
Lagrange inversion for x/(1 — x)? is related to the little g-Jacobi poly-
nomials p,(x; a, b; q). Put

4.1 ra(x) = (X5 @)

Then an explicit formula can be given for the connection coefficients
A,, in
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@2 ) = ;'QoAk,p,<x; a,b; ).

This is equivalent to finding B;} for the g-analog of Lagrange inversion
for x/(1 — x?). In this section we show that this idea applies to a set of
g-ultraspherical polynomials.

The discrete g-ultraspherical polynomials [3] are defined by

-n_ g2gn+l
@3 P, ai @) = spd T 40T g ],

However, there is another way to write P,(x, a; q) which shows that
P,(x, a; q) is either even or odd [3]

2
(C(Zq‘;)n (iq—l/za—l)nq-nm P,(x, a; q)

- n/2 (qanzn"4k;-qi)~k'q_
= @59

(4.4) ,
nn—y 12 (i1 2a~L)n=2kg 2 A gn-2k

(@ n-2(a%q; 422t

Let B,(x, a; q) be the left-hand side of (4.4), and put

(,'q~1/2a—1)k qk2/4xk

.5) W) = = e

Then we have
(4.6) Py(x,a;q) = kZ:]O B, (@)Fy(x),

where B,,(a) is given by Theorem 2.3 with ¢q replaced by ¢2, p = ¢2, and
A = aq? Thus

@.7) Fix) = zo B @B (x; a, ).

The connection coefficient problem for P,(x; a, ¢) can now be solved.
Let

4.8) P(x; b, q) = Z_}O a,, PAx; a, q)
so that (4.7) implies
4.9 a,, = ;}/ B,(b)B; M (a).

Clearly (4.9) implies that a,, = 0 if n — 7 is odd and
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(bql+2n—4/; qZ)/

/ (aq1+2n—4/;q2)2k(bql+2n—2/; qZ)k(q—Z/; qZ)k
= (bg™ 45 g2),(ag>t V5 q2)(q%; 42

For g = 1 the right-hand side of (4.10) is summable by a theorem of
Bailey [5, Eq. (3.42)]. A g-analogue of Bailey’s result can be given (see
[2] and [10]), but it will not evaluate (4.10).

There is another set of orthogonal polynomials which is related to
Theorem 2.3. Rogers [13] defined

—¢ (n—27)

(4.10)

2| n
“4.11) A, (cos §) = mzz:o[m]cos (n — 2m)0
s0 A,(cos 0) is a polynomial of degree n in cos §. Let T, (cos 6) = cos k@
be the Chebyshev polynomial of the first kind. If ry(x) = 2T(x), k = 1,
ro(x) = 1, then (4.11) implies

n/2 I’n
(4.12) 4,60 = 5| 7 rrean)
50 A, (x) = Xy Coplm(x), where C,,, = 0if n — mis odd and C,, ,5,, =

[#]. In Theorem 2.3 put A = 1, p =¢q, and r = 2. Then, if n — m is
even,

4.13) Byl = ((‘1 - ‘?';‘)) C. (1) m-mrzgCED + ()
S0
(4.14) Cgl = ((} q 3 B~ 1)(n—k)/2q(”/%+l)+(kéz)

which implies

@19 ) = 3 (1 — g Dez (1yg®) 4, o).
7n=0 (q)k—Zn(q)n i
Equation (4.15) was a key ingredient in Rogers’ proof of the Rogers-
Ramanujan identities (see [6]).
Bressoud [7] has given a matrix inverse which is equivalent to the
connection coefficients problem for a certain set of discrete g-Jacobi
polynomials.

5. Krattenthaler’s Theorem. Krattenthaler [12] gave a g-Lagrange in-
version formula (his Theorem 1) for a certain class of expansions. As we
remarked in section 2, he found several examples which correspond to
our matrix inversion problems. In this section we show that our general
results—Theorem 3.7 of [10] and Theorem 2.3 can be put into this form.
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Roughly speaking, Krattenthaler took a formal power series f(x) and
asked for the coefficients a, in the expansion

.0 fx) = Z. axXF@y(x)

where ¢,(x) satisfies a certain g-difference equation. He gave two solu-
tions for a, (Theorem 1(A) and (B)) for two different classes of functions
¢i(x). We shall use our matrices to define functions ¢,(x). Then we shall
give the solution g, in forms that correspond to Krattenthaler’s Theorem
(A) and (B).

For Theorem 3.7 of [10], it is clear that we put

(.2) $ulx, @, p, q) = io @’("q*)ﬂ)ﬂ«(xq-k)".

Clearly, if (5.1) holds, then Theorem 3.7 implies

ath=1. p— by (F
5.3) a = i @ L p Dy (1 — p*g')q k(=) +( 5+1)(_1)k—/f/_
7=0 D

Defining

(5.4) Bx. @, p, q) = E& ("k””(*;;" D g("5Y) (= ),

we see that (5.3) is equivalent to

1

(55 a= T = gipew RES {(f(%) = p* f(pgx)u(xq*, a, p, g)/x++1}.

I —gq
Equation (5.5) corresponds to Theorem 1(B). Note also that
(5.6) $x, a, p, @) = ¢-(xq*, —a, p7t, q70).

A form that corresponds to Theorem 1(A) is

1
a =
(5'7) 1 — qkptﬁ"k
RSS{.f(x)[ék(xq_k, a, p, ‘1) _pa+qu$k(Xq—k_lp_l’ a, p, q)]/xk+1}~
The g-binomial theorem implies that ¢, and @, are summable if p = |
or p = q. These two cases are Examples 2 and 4 in [12].
For Theorems 2.3 and 2.6 we offer an example instead of a general

theorem. In this example the function ¢, is summable. In Theorem 2.3
take r = 2, A = q¢, and p = q. By (2.9), let

(5-8) f(x) = kZ(]) apxXk[(x2q 7+ %) g
Then Theorem 2.3 implies
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1

G a=1—w

RgS{(qul‘k’z)a+k(f(x) — q°f(gx))/x*1}

or, equivalently

(5.10) ay = Res{(x2q17#2), o(1 — g2 IxH)f(x)/x++1}.

For a = 0, the difference quotient in (5.9) is a g-difference operator.

We do not have a general theorem such as Krattenthaler’s which will
give (5.5), (5.7), (5.9), and (5.10). It is clear that ¢, satisfies a nice g-
difference equation though.
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