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THE ORDER OF MAGNITUDE OF THE (C, & 2 0, 8 = 0)-
MEANS OF DOUBLE ORTHOGONAL SERIES

FERENC MORICZ

1. Introduction. Let (X, F, x) be an arbitrary positive measure space
and {@;(x): i, k = 1, 2, ...} an orthonormal system on X. We consider
the double orthogonal series

8

(1.1) 24 & i),

where {a;: i, k = 0, 1, ...} is a sequence of real numbers for which
1.2 353 a?, < oo.

(1.2) 2—_:6;;0 k

We denote by s,,,(x) the rectangular partial sums of series (1.1):
m n
smn(x) = ,élz;oaik(ﬁik(x) (m’ n = Oa la .. )
Let @ and § be real numbers, « > —1 and § > —1. We recall that the
(C, a, B)-means of series (1.1) are defined
l m

AP

n 1=l

n
T = ), A Ak slx)
1

m n
= mg;oAgn—i Ag—k aik¢ilz(x)a (m’ h = 09 19 .. ')a

where

4 _<m+a>__ a+ Da+2) - (a+ m)m!, form=1,2,...,
"\ m )71, for m=0,

(see, e.g., [9, p. 77)).
The case « = 8 = 0 gives back the rectangular partial sums s,,,(x) =
0%,(x). The case @ = 3 = 1 gives the first arithmetic means with respect

to m and n,

AMS Subject Classification: Primary 42C15, Secondary 40GOS.
Received by the editors on November 15, 1985.
Key words and phrases: double orthogonal series, expansions of functions in L2,

arithmetic means, Cesaro means, order of magnitude.
Copyright © 1986 Rocky Mountain Mathematics Consortium

323



324 F. MORICZ

1 m n
0'},,‘,,(3() = (m ¥ 1) (n + 1 Zzszk(x)

7=0 k=0

I
M=
M=

T

== m + 1 > -5 + 1 >a1'k¢ik(x)-

Furthermore, the case a = | and 3 = 0 gives the first arithmetic means
with respect to m, i.e.,

TR = iy B sl = B3 (1= ) anduto,

=0 k=0

while the case « = 0 and § =1 gives the first arithmetic means with
respect to n.

Before stating the preliminary results, we make the following conven-
tion. Given a double sequence {f,,,(x): m, n = 0, 1, ...} of functions in
L? = L%(X, F, ) and a double sequence {4,,} of posmve numbers, we
write

Son(%) = 0. {A,n} a.e.

Son(X)/ A — 0 a.e. as max (m, n) - oo
and, in addition, there exists a function F(x) € L? such that

sup [ fon/Apn < F(x)  ace.

2. Preliminary results. The following theorem is well-known (see, e.g.,
[3, Corollary 2)).
THEOREM A. Under condition (1.2),

2.1 Spn(X) = 0, {log(m + 2) log (n + 2)} a.e.

In this paper the logarithms are to the base 2.

This theorem is exact in the sense that log(¢t + 2) cannot be replaced
in it by any sequence p(¢) tending to co slower as t = o0 (cf [6]).

The order of magnitude improves when considering ol},(x) instead of
SnlX)-

THEOREM B. Under condition (1.2),
2.2) olL(x) = o,{log log(m + 4) log log(n + 4}  ae.

This theorem was proved in [4]. It was also pointed [4] that Theorem
B is the best possible in the same sense as Theorem A is.
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The orders of magnitude of ¢X,(x) and ¢lL(x) lic between (2.1) and
(2.2). (See, again, [4].)

THEOREM C. Under condition (1.2),

(2.3) ol%.(x) = o, {log log(m + 4) log(n + 2)} a.e.
and
(2.9 o2(x) = o,{log(m + 2) log log(n + 4)} a.e.

3. Main results. Our first goal is to prove that the (C, a, §)-means of
series (1.1) are of the same order of magnitude as the right side in (2.2)
for all « > 0 and 8 > 0. Besides, we show that relations (2.3) and (2.4)
hold also when ¢2%,(x) is substituted for ¢10(x) and when ¢%%,(x) is sub-
stituted for ¢9%(x) in them, respectively, where @ > 0 is arbitrary.

THEOREM 1. If @ > 0 and condition (1.2) is satisfied, then
3.1 0%,(x) = o.{log log(m + 4) log(n + 2)} a.e.
and
0%(x) = o {log(m + 2) log log(n + 4)} a.e.
THEOREM 2. If o > 0, 8 > 0 and condition (1.2) is satisfied, then
3.2) 036(x) = o,{log log(m + 4) log log(n + 4)}  a.e.

These two theorems can be considered as the extension of a result of
Tandori [7, Theorem 7, p. 101] from single orthogonal series to double
ones. Unlike the original proof, we avoid the application of Abel’s trans-
formation.

The following two theorems play a crucial role in the proofs of Theo-
rems 1 and 2.

THEOREM 3. If a > 1/2 and condition (1.2) is satisfied, then
1| M 172
0i0) = {37 23 @800 — o] = oflogln + 2} ae.
and
] N 3 12
et B @ - otseo) = ouflogon + 2} ae

THEOREM 4. If a > 1/2, B > 1/2 and condition (1.2) is satisfied, then

M N 1/2
) = {7 T, 2 ) — o007

= o,{log log(max(M, N) + 4}  a.e.
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On the other hand, taking Theorems 1, 2, 3 and 4 for granted, we can
deduce two interesting theorems on the order of magnitude of quadratic
averages of the (C, @, f§)-means of series (1.1) for « > — 1/2 and 8 >
-1/2.

THEOREM 5. If a > 1/2 and condition (1.2) is satisfied, then
M 2 ‘
(3.3) {ML-H > (Ufnil‘o(x))z}l/ =o,{log log(M +4)log(n+2)} a.e.
m=0

and
G4 i 5 @@ = o.flogm+ Dloglog (V) ac.

THEOREM 6. If « > 1/2, B > 1/2 and condition (1.2) is satisfied, then
1 MyN el
(.5) {(M TN 1) 2 2 ("))}
= o,{log log(M + 4) log log(N + 4)}  a..

For example, (3.3) is an immediate consequence of Theorems 1 and 3
if we take into account

1/2 1/2

{Z @™ = {33 o - o) + {3 omeod

We would like to emphasize that estimates (3.3)—(3.5) in the special
casesa = l and 8 = 1 (and even more for 1/2 < a < land 1/2 < 8 <
1) are very unexpected in comparison with what would follow from (2.1).

4. Auxiliary results. In this section we consider the numerical series

4.1 'S uy,
(4.1 ;;}) *
where the u,, are real numbers. The (C, «, 8)-means of series (4.1) are

defined by

l m n
0"'1'5,= A"'nA:S i;()kgoA%_iAgﬁku[k (m,n=0, l,.,a> —1,‘B> —l).

We recall some identities and inequalities well-known in the literature.
For all a and 7,

42) Azt = 5 Az ap,
=0

(see, e.g., [9, p. 77, formula (1.10)]). Hence the representations
1

a+
AL

(4.3) amr? = 3T AL A7 00
=0
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and
oLt A = __L__ 3 i ALY ASL AZ AR 09f
" A51+TA£+6 i;k:o mt PRk

easily follow.
We need the following estimate. There exist two positive constants C;
and C, such that

< An

< = M —_—
ma—CZ m=12..;a>—-1)

(4.4) C =

(see, e.g., [1, p. 69, formula (25)] or [9, p. 77, formula (1.18)]).

In order to formulate the next two Tauberian type results, we consider
a double sequence {4,,,: m, n =0, 1, ...} of positive numbers which is
nondecreasing both in m and in n.

LemMMmA 1. If « > —1/2, ¢ > 0 and
4.5 L {——1— i{} (0% )2}1/2 -0 as max(M, n) > ©
' Tun \M 1 20 : ’

then

1

05320 . 0 as max(M, n) - oo.

Furthermore, if
Xl {M+1 Zo( ”)2} =B M,n=01..)

with a positive number B, then there exists a constant C depending only on
a and ¢ such that

1 logf2te0l < CB (M,n=0,1,...).

Mn

LEMMA 2. If a > —1/2, 8> —1/2, ¢ >0, > 0 and

1/2
/1:41«/ {(M ¥ 1) N + 1)"‘2_0"2_:0(‘732’3,)2} -0 as max(M, N) - o,

then

L oSi/Pre 124 o 0, as max(M, N) — oo.
AMN

Furthermore, if

1 1 MoON o\ V2 3
Zoan {(M+1) NFD) ,,,Zzio,,Z:})("mi)z} <B (M,N=0,1,..)
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with a positive number B, then there exists a constant C depending only
on a, B, ¢ and y such that

oot < CB (M, N =0,1,..).
MN

The corresponding result for single series was established by Tandori
[7, p. 103]. The basic idea goes back to Zygmund [8, p. 360-361]. For the
sake of completeness, we show how condition (4.5) implies statement
(4.6). By (4.3),

s12t60 — L 124 ga
OUN A Z AL A o

Hence, using the Cauchy inequality,
_ M 172 (M 172
0577 S e {3 @Y {5 (A Az
A(IZL{ ¢ m=0 m=0
Taking into account (4.2), (4.4) and (4.5), it is not hard to check that

o) o{(M + V2 Ay} O(M + 1))

I

I
o{Ay,} as max(M, n) — oo,

which is (4.6) to be proved.
In the sequel, we often make use of the representation

@7 onbP—am= D3 A AL iy (@ >0,8> —1),

Aa AEI” =1 k=0

which can be deduced from the identities

A%t = p + A%, and A%_; = H—;n—_l AL

Finally, the inequality

Aqi VP 1 ; .
(4.8) ZI_( ) =0l (=12 a>1)
will be useful in the proofs (see, e.g., [1, p. 110]).

5. Proof of Theorem 1. We will prove the first statement, i.e., relation
(3.1). The companion statement can be derived in a similar way. Now, the
proof of (3.1) is done on the basis of Theorem 3, which will be proved in
§7, and of the following consequence of Lemma 1.

COROLLARY 1. If a > —1/2, ¢ > 0 and
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PN L
G.1) {M - mzz;o(a,,,,,(x))} = o.{log log(M + d)log(n +2)} ae.,

then
(5.2) o3irte(x) = o, {log log(M + 4) log(n + 2)} a..

Proor OF (3.1). By Theorem C, (3.1) holds for « = 1. Hence, by
Theorem 3, we obtain (5.1) for « = 0. Thus, by Corollary 1, we get (5.2)
for « = 0. Applying again Theorem 3, we find (5.1) fora = —1/2 + ¢.
Hence, again by Corollary 1, we obtain (5.2) for « = —1/2 + ¢. Since
¢ > 0 is arbitrary, this is equivalent to (3.1).

6. Proof of Theorem 2. It relies on Theorem 4, which will be proved in
§8, and on the following consequence of Lemma 2.

COROLLARY 2. Ifa > —1/2, 83> —1/2, ¢ > 0, » > 0 and

1 M N 1/2
{(M IO+ & H (om‘i,(x))z}

m=0 n=0

= o,{log log(M + 4) log log(N + 4)} a..,

(6.1)

then
(6.2) ogf/*ref2 (x) = o,{log log(M + 4) log log(N + 4)} a.e.

ProoF oF (3.2). By Theorem B, (3.2) holds for « = § = 1. Hence,
by Theorem 4, we get (6.1) for « = § = 0. Thus, by Corollary 2, we ob-
tain (6.2) for « = 8 = 0. Using again Theorem 4, we find (6.1) for a =
—1/2 + ¢ and 8 = —1/2 + 5. Hence, by Corollary 2, we get (3.2) for
a = 2¢ and = 2. Taking into account that ¢ and % are arbitrary posi-
tive numbers, the proof of (3.2) is complete.

7. Proof of Theorem 3. It is enough to prove the first statement, since
the second one can be proved in a similar way.

For simplicity in notation we suppose M Z 1, i.e., neglect the case
M = 0. Then there exists an integer p = 0 such that 271 < M < 22,
Clearly,

%In(x) é \/7 5é1p,n(x)-
Thus, it suffices to derive
(7.1) 0%, (%) = o, {log(n + 2)} a.e.

Next we take into consideration the decomposition

1 2r+1
() @5 = 5 272 x 5y 3 (@) — o,
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where we make the convention that for r = —2 and —1, by 27 we mean
—1 and 0, respectively. So, by proving

1 2p+1 _ 1/2
(1.3) 15‘,’,,,(x)={2—p 3 (050 - a;:g,(x))Z} = o {log(n+2)} ae.

we also prove (7.1). For convenience, we assume p = 0 from now on.

PROOF OF (7.3). Step 1. First we prove (7.3) for the special case n =
29 (g 2 —1; in the case g = —1 we take 27 to equal 0):

(7.4) 155 2(x) = 0,{q + 2} a.e.
Actually we prove (7.4) with (¢ + 2)2*7 on the right side instead of

q + 2, where > 0.
To this effect, by (4.7) and the Cauchy inequality,

m 29 Aa—_ 2
035500 = 5 37 (515 25 o)
7 5) =2p+ =1 k=0
( . < q 2 2p+1 -1 <m 2t+1 A 1 ( ))
< ia;0:(x
=2 m——;ﬁ-f-l =2 \/=1 k‘;f—l aAa Wi
with the agreement concerning 2¢, for t = —2 and —1, that we made

after (7.2). Setting

m ot+1

re=5 55 5 (55, e wsue),

= i a4y,

we have, among other things,
(7.6) 19%,24(x) < F(x) (g + 22
Also, if we prove F(x) € L2, then B. Levi’s theorem and (7.5) imply (7.4),

in the case when p — oco. But this is the case, as term-wise integration
shows:

© 00 m 2t+1 a—1\2 .
o= 5,55 5,55, (5 e
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the last series being finite due to (4.8) and (1.2).
In the case when g — o0, (7.4) is an immediate consequence of (7.6).
Step 2. Given n Z 3, there exists an integer ¢ 2 1 such that 29 < n
< 2¢+1, Since

155,(x) < 105 24(x) + {2—1,; vz{jl <f: i ’; ¥ la,k¢,k(x)>}

m=20+1 \i=1 k=29+1
(cf. the first equality in (7.5)), we can estimate

(1.7) max 13,(x) £ 10%,24(x) + M3,(x),

29<n=29+1

where

(M3,(0))? = 55 S max <i $r A za,kqi,k(x))

mZTh+1 20<ns20t) \(] pf @Ay,

Applying the Rademacher-Men3ov inequality (see [1, p. 79] or [2, Theorem
3]) separately for each fixed m, we get

m

{0z du < 35 % oo B % (453 g,

=1 k=29

Consequently, again by (4.8) and (1.2),

b= ,,21 Gf_l)z I(ng(x))z du(x)

0o 1 2p+1 m 2a+1 Aa—l 2,
355 3 55 () e

m=2p+1 1=1 k=24+1

O R = A
=225 2 Z(‘j{")’aik

=0 £=3 m=2p4-11=1 m
w2 ASLN
s2 3 5 5 (A i,

m=2 k=3 1=1 A

S35 S 5 (42 <
Hence B. Levi’s theorem implies that
(7.8) M3 (x) = o.{qg + 1} ae.
Combining (7.4), (7.7) and (7.8) we find (7.3) to be proved.

8. Proof of Theorem 4. By the triangle inequality,
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estn(x)
< {+ ﬁ 3 (05,1871 (x) — g%, b 8(x) — g% f1 af 2|12
\wrrn D 2,50 521 90) = 050 + 05,
1 &3 a—1,8 _ qaB 2 172
Harr s 550w - oy

1 MoN . 172
* {(M TN ED) 225 [og (%) — o,,g,(x)]Z}
= lsﬁN(x) + ZGﬁN(X) + SeﬁN(x),

Thus, Theorem 4 will be proved through the following Propositions
1-3.

PrRoOPOSITION 1. If « > 1/2, 8 > 1/2 and condition (1.2) is satisfied, then
ledf(x) = 0, {1} a.e.
This proposition was proved in [5].
ProposiTION 2. If @ > 1/2, B8 > 0 and condition (1.2) is satisfied, then
8.1) 2ead (x) = o,{log log(N + 4)} a..

The next symmetric counterpart of Proposition 2 can be derived in a
similar way.

PrOPOSITION 3. If @ > 0, 8 > 1/2 and conditon (1.2) is satisfied, then
3ead (x) = o,{log log(M + 4)} a..
PROOF OF PROPOSITION 2. Since, again,
265N (x) < 2 2] 5(%),

for 22-1 < M < 2% and 2¢-! < N £ 2¢ with p, g = 0 (excluding the cases
M = 0 or N = 0 for the sake of simplicity in notation), instead of (8.1)
it is sufficient to prove

8.2 238 (x) = o,{log(qg + 2)} a.e.

We can insert one more simplifying step. Clearly,

(255, 2o(x))?
p—1 g—1 or+1 ot+1
_ Irtt-p-gtd x __lﬁ (05 5(x) — o300,
=252 21222 G niin
with the same convention concerning 27 and 2! for r, t = —2and —1

as we made after (7.2). Thus, in order to prove (8.2) we have to prove
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|t 2t 1/2
) = {21’2‘1 ZZp+1 —‘zv'q"+1 (og”;l,ﬂ(x)_d%‘(x»z}

8.3)
=o.{log(g + 2)} ae.

Using representation (4.7), we can split 4e,,(x) into three parts as follows

4e78(x) < {21) 21 <m i aﬁ«' ; a,k¢.'k(x)>2}l/2

m~21:+1
1 2p+1 29+1 m n a ( ) 2Y1/2
+ {———— ( la, (X > }
2029 m:zzr;ﬂ n=§+l =1 k—z‘;—i—l A3, Wix
1 20+1 29+1 n fa-l Aﬁ_ . 2\1/2
+ (G A (1 Jausuo) )
2024, % ;’4—1 n-—ZZ‘H—l = kz:l A5 i)

= lapyzq(x) + 25 q(x) + 55 x)

Ms

i

where 105,(x) was already defined in (7.3) (as to the representation of
103, 24(x), see the first equality in (7.5)), while 26,(x) and 55‘;/3(x) are just
now defined. On the basis of this decomposition, the next three lemmas
will complete the proof of (8.3) and that of Proposition 2.

LEMMA 3. If « > 1/2 and condition (1.2) is satisfied, then
8.4 154 2(x) = o0,{log(q + 2)} a.e.

ProOF. The statement of Lemma 3 is an easy consequence of (7.3).
To this effect, we set

2t+1 172
a:.;={ 3 a,zk} G=0,1,...:0 =2 —1,0,...)

and

1 ot+1

¢ (-x) l b= ; ”ik¢ik( ) if aif # 0,
it | X *
¢”2t H(X) if a'!! = “

(keeping in mind the convention made after (7.2)). Obviously, {@%(x):
i=0,1,...;t= -2, —1,0,...}is an orthonormal system and, by (1.2),

00
Z (ak)? < 0.

uMs

So we can apply Theorem 3 and obtain (7.3), which in this case says

(8.5) 145(x) = o.{log(q + 2)} ae.,

where
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1 2p+1 m Axl | 21172
B 3 (3 5 ditianguo) |

mTp1 I 152 @Ay,

H3,(x)

=1 2,2q+1(x).
By this, (8.5) is equivalent to (8.4) to be proved.
LEMMA 4. If « > 1/2 and condition (1.2) is satisfied, then
205,(x) = 0, {1} ae.
LEMMA 5. If a > 1/2, 8 > 0 and condition (1.2) is satisfied, then
Sesf(x) = o,{1} ae.

Both Lemma 4 and Lemma 5 were proved in [5].
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