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REMARKS ON GLOBAL BOUNDS OF
SOLUTIONS OF PARABOLIC EQUATIONS
IN DIVERGENCE FORM

TOMASZ DLOTKO

Introduction. We want to examine certain properties of solutions
(understood here as the trajectories in a suitable Banach space) of
nonlinear parabolic equations, which could be of use in the study,
among other things, of the long time behaviour of these problems.
We start with the proof of a variant of the maximum principle (cf. [8;
Theorems 2 and 5|, [9; Theorem 2.7 for the linear case) obtained here
as a limiting case (p — 00) of the sub-exponential estimates of solutions
in LP. Next (§2) we prove a theorem concerning global boundedness of
the spatial derivatives ug, first in the one dimensional case (n = 1) for
equations with bounded perturbation f(t,z,u,uz,uzz,us), then (§3)
by different method (and with stronger assumptions) for the general
n-dimensional case. The results obtained in this work are linked up by
the method of proofs developed under the stimulus of Theorem 3.1 of
(1], first used in a different context by J. Moser in [12].

Preliminaries. Notation. The following standard notation is used:

(a) @ C R™ is a bounded domain with a suitable smooth boundary;

(b) R* =[0,00),D=R* xQ,Dr ={(t,z) : 0<t < T,z €},

(¢) (-,-) is the scalar product in R",

(d) 9] is the Lebesgue measure of (2; and

(e) for z € R™ we write uz = (-aéz“—l,u-,aaTun); and

(f) use the usual notation for the L? and Sobolev spaces. By con-
vention, all sums are taken from 1 to n, and integrals with unspecified
domain are taken over ().

The following easy lemma is required several times.

LEMMA 0. Let y € C°(R*), 2 € CY(RY), let « > 0,5,6,A > 0 and
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n € [0,1) be real constants. If 0 < \z(t) < y(t) fort € R,
'(t) < a - By(t) +6y"(t),

then 0 < z(t) < max{z(0),71/A}, where r, denotes the positive root of
the equation o — fBr + 6r" = 0.

PROOF. When z(t) > r;/A, then y(t) > r; and the right side of the
differential ineqaulity is negative, hence z is decreasing.

1. We start with a version of the maximum principle for the non-
linear parabolic equation in divergence form considered in [13]. Our
assumptions are different and so are the method of proof and our re-
sults. Consider the following Dirichlet problem

(1) U = Z: ai(ta z,u, Uz)z.» + a(t) z,u, uz)u + f(tv Il:),

(2) u = 0on 99, u(0, z) is given, and assume that there exists a solu-
tion u with u;, Au in L2(Dr), u,, € C°(0,T;L%*(Q)),i = 1,...,n and
u € CY(0,T;L>®°(Q)) for all T > 0. Let f(t,-) be bounded in L*®((})
for t € R*; moreover, a(t, z,u,uz) < ao, ag > 0 and

Z ai(t,z,u,ug)ug, > u Z ugi.

We then have

THEOREM 1. The following estimate holds
(3)
VOStoSt”u(t’ ')”L°°(ﬂ) < (”u(to, ')|IL°°(Q)+M(to)(t_to))'exP(ao(t“to))a

where M(t) = sup,>, || f(s, )| (q)-
PROOF. Clearly it is sufficient to consider the case a < 0, otherwise
we can use the transformation v(¢, z) = u(t, ) exp(—a,t) and study the

equation for v (with a(t, z,v,vz) = a(t, z,u, uz) — a, < 0). Multiplying
(1) by u?"~1(m € N) and integrating the result over (} we obtain

/utuw_ldz=/Za,~(t,z,u,uz),iu2m"ld1

+/a(t, z,u, u,)u2mdz+/f(t,z)u2m"ldz.
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Integratmg by parts and using Holder’s inequality (with p = 2™(2™ —
1)7!, g =2™) we then get (a < 0):

d m ~
2—7713;/ u2 dz S/u2 _1Zai(tvxvuyux)cos(n,xi)do
N
- 1)/Zai(tvzauvuz)uz,uzm—2dl‘

+ (/|f|2md:c)2—m(/u2mdz)1‘2_m.

Then, by the ellipticity condition (denoting 2™~ = v),
.i 2dz < - N 22 m/zv dz
dt
“m 1-27m
+MmjaP - ( / vdz) .

This may be rewritten using a version of the Poincare inequality
(A =A(n,0)), ie.,

(4) VweryAlwllizq) < llwlliz i),
in the following manner (am, = (uA)(2™—1)22"™ B, (t) = M(t)|Q% ™):

d -
(5)  ZllliEzia) < —amlvllFa() + B (2™ (10]F2(0))"

A differential inequality of this kind is easily explicitly integratable:
1062, M2y <(l0(to, )12 exXPlem2™™to)
t B (2) exp(am2_mz)dz)2m exp(—amt).
The function 3, is decreasing, hence finally we arrive at the estimate
lu(t, )l L2m ) <(ulto, )l L2m () exP(em2™ o)

(6) + 'Bm(to)(exl)(am2—mt)

2m
— exp(am2 ™t,))—) exp(—am2 t).
Qm
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We are now interested in passing to the limit in (6) with m to oo.
Clearly (cf. [15; 1.3, Theorem 1])

lu(t, L@y = Tim lu(t,)l|2m ()
Jim ([[u(to, )l|L2m () exp(-am?2 ™t — to)

(7) + ﬂm(to) (1 - exP(_amz_m(t - to)))z_m)

{ [Ju(to, )| L) + M(to)(t —t,) for t < oo,
0 for t = oo.

IA

REMARK 1. If f =0 and a, = 0 the estimate (7) is the usual version
of the maximum principle.

REMARK 2. Under the more restrictive hypothesis a; = a°(t, z, u)ug,
(with a° strictly positive) our proof remains valid also for the third
boundary problem (for uzi = 1,...n, continuous). Let 3 =T, {JT2
with |T';| > 0 (the (n — 1)-dimensional measure), and consider (1) with
the boundary condition
@) {u=0, onT; x R,

p(t, :c)g—:‘l +q(t,z)u=0, onTyx RT,

p,q > 0,p + q = 1. Under such assumptions (c.f. [11; Theorem 3.6.4,
p.82]) there exists a constant y depending on n, I';, and 0 (which is
assumed to be Lipschitz, see [11], such that

From this estimate, and using (2') for v = 4?"~!, v =0 on Ty x RY,
we have

p(t, z)g—z = (2™ - 1)(—g(¢, z))uQm_l =—(2™ - 1)q(t, z)v

on I'; x Rt. After normalization,

p(t, z) O q(t, z) =
1+ (2™ —2)q(t,z)0n 1+ (2™ —2)q(t,z)
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The constant u is the same for both powers of u. Also the boundary
integral is non-positive:

/ uzm"lé a’(t, z,u)uy, cos(n, z;)dé
N
m_,0u p(t,z)\2"-1/0u\2"
— 0,2 17= of_ —_ < 0.
/I‘1 au 6nd6+,/p2a ( q(t,z)) (671) d6 <0

The rest of the proof remains unchanged.

REMARK 3. If instead of the component a(t,z,u,u;)u, we take
b(t, z,u,uz) with gﬁ- <0, b(t,z,0,u;) =0, then

b(t,z,u, ug)u? ~t = (b(t, z,u, ug) — b(t, z,0,uz))u?"
= %(t,z,fz,u,)u?m <0,

and the proof remains valid.

2. We deal now with the problem of global in ¢ boundedness of spatial
derivative of solutions of the problem

(8) ut = uzy + f(t, T, u, uz, Uz, Ut),

(9) uz =0 on 4Q), given u(0, z),
z € () = (a,F) C R, with bounded perturbation f,|f| < M. Assume
there exists a classical solution u of this problem with ug.,u;; €
L%(D7) for all T > 0. Then, clearly (compare [10]),

%/ugkdz = 2/(u’;),(u’z‘)dz = 2k/“tzu§k‘ld1,

We have the following theorem.

THEOREM 2. The derivative u; s bounded globally in time in both
LP(Q),2 < p < oo, by constants depending only on ), M, and on
lluz (0, )||e(q), respectively.
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PROOF. Multiplying (8) by (u?);,p =1,2,3..., and integrating over

Q, we get
/ut(ug)zdz= /u;,z dz+/f (ul)z

Transforming the components, i.e.,

/“t(ué’)zdl' = utb|z=a,8 — /utzu’;da:

1 d
p+1d
p+1dt/" o

/uzz(ug)zdl' = p/(uzz)zuzzj_ldz

p+l /[uI ]dz,

and using the Holder inequality

/ f(u2)adz = p / fuu(uz)”'ld:c-p+1 [ 157 @i
< 2 ([Pl de) ([ ii™)araz),
we have

< / WHldg < — z% / (usF"),]2da
+ oM ([ lualr=taa)* ( [10F)u1d0)

remembering that |f| < M. Inequality (10) allows us to estimate
inductively the norms of u; in LP*!,p = 1,3,5,.... Clearly, (10) with
p = 1 has the form

(10)

d 1
a‘t”Uz“%z(n) < =2 |ugz||72(q) + 2M Q7 [[uze|| L2 ()

Hence, by (4) and Lemma 0, we get the estimate

(11) u2(t, z)dz < max (/uZ(O, z)dr; %IQI%) =m,.
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Having the estimate of [u2~'dz < my,_; (p-odd number), from (10)
we conclude that

d 4 il
5 [ wttde < - = [ ((w?).)
(12) P

1 %
+apM(my-1)} ([ (eF)0%a)"
24l
Hence, via (4) with w = uz* and Lemma 0, we get the estimate

(13)
/ugﬂ(t, z)dz < max {/U’I’H(O,z)dz; (M(p2+ 1))27’";/:\-—1

which together with (11), allows us to estimate globally in time u,’s
norms in both L?(Q) (the p root is increasing):

}=mp+1»

(19) el Mlzri@) < max {Jlue0, Mlzsey; (Sgomp-z)” ),

for even p. For odd p = 2k + 1 we will use

1 1 2kl+l
g < ([ #a2)* (/ wra)t)

The proof is finished.

REMARK 4. Observe that the simple exemplary problem u, =
Uzz + 1,u; = 0 on 99, u(0,z) given, satisfies all assumptions of The-
orem 2. Even though its solution u is clearly unbounded, u, remains
bounded (by ||uz(0, ). (ﬁ)) for all time. Note also that the usual
way to get the estimate of u; for the nonlinear problems is to find first
the bound for u (compare [9, 11, 6]), and then for u, with the use of
one of several known methods (following [9;Theorem, 5.1 Chapter VI.,
§5], [6], or by using the variation of constants formula and studying it
from the analytical point of view - through fractional powers of elliptic
operators - (7, p.24]).

REMARK 5. Similar to our Theorem 2, compare Theorems 5.1 and
5.2 of [3] concerning the Cuachy problem (also for n = 1).
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3. We are interested now in the result analogous to Theorem 2 for
the n-dimensional case:

(15) ur = Au+ f(t, 2, H(u)(t)),
16 % _ 0 on 09, g
(16) i 0 on 91, given u(0, z),

where H : L*(f)) — R is a continuous and bounded functional. For
example,

H(u)(t) = /uk(t,x)dz, H(u)(t) = ess. sgplu(t,z)|.

Assume f,a%ﬁl,z' = 1,...,n, to be bounded in L*°((?) independently
on ¢t and let there exist a classical solution u of (15)-(16) with uz,z 4,
in L*(Dr), ug,z, in C°(0,T;L*®(Q)) for all T > 0. We need also the
following version (see [9; Remark 2.1, Chapter II., §2]) of the Nirenberg-
Gagliardo interpolation inequality: for every v € W12(Q) with zero
average |Q|™! [v(z)dz,

(17) llvllz2(a) < cllolli @) lIlILT @),

with © = (#—25’ ¢ = ¢(n,6,). With the help of Young’s inequality
(with m = 671, see [9]), from (17), we can get (as in [1, p. 209]) the
estimate (valid for any € € (0, 1))

(18) lollZ2(q) < ellvzllZz(ay + CellvllZ )

n
2,

C. = const € z. We are now able to show

THEOREM 3. Let the solution u of (15), (16) be globally bounded (by
M) in L*(Q) for t > 0. Then

m(a)xxluzl < const, osc (uz, ) < const §¢

(where Qs = Q) Bs, Bs C R™ a ball will radius §, “osc” as in (9 Chap-
ter V., §7), where the constants and o depend only on M, 911, the global
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bound N of a%% and the global bound of f(t,z, H(u)(t)).

PROOF. Since our solution is not sufficiently smooth for further
calculatxons instead of u we must study its Steklov average uy(t,z) =
ft u(z,z)dz. Note that the global L ({}) bounded for a function
remams valid also for its Steklov average. If we fix A > 0, take the
average of both components in (15), differentiate with respect to z;,
multiply by [(A(un))? V)]s lp = 1,2,..., sum over ¢ and integrate
over (2, we get (ugp = upt)

/Zuhtrs[(A(Uh))zp_l]z‘.dz
= [ S8 (A e + [ o (B0))?

Integrating by parts and using the Holder inequality, this gives

/an(A(uh))?p-l(Zu’“ cos(n,:z:i)) dé
- @@t = Z';,,‘.J [ St

22,,—11 /tha:, (up)) 2 ‘zdz /Z (un)) 2,, ' de) .

Then from (16) and the boundedness of faz, it follows that

& [ <2 [ S iaun® 2 da
+2(2° - l)N(n/(Auh)QP“2dx)%(/Z((Auh)2p_1)gldz)%.

To obtain the global bound for [ Auidz ( the first step of induction

p = 1), we need (see [11, p. 83, Theorem 3.6.5]) the Poincare inequality
(0Q-Lipschitz boundary)

(20) Vvewx,q(n)cflv(z) - IQI_I/ dqudx < /Z’—lqd

¢ = ¢(n,q,Q), with ¢ = 2. This can be used to bound Au}, noting that

in the presence of (16),
/ Aup(t, y)dy =

(19)
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Hence from (19) with p = 1 and Lemma 0, it follows that

(21) /(Auh)2(t,z)dz < ma.x{/(Auh) (0, z)dz; N2n|ﬂ|}

Denote the inductive bound of [ Au? "dz,p=1,2..., by my; also let
wp = Au . It follows from (19), the simple 1nequa11t1es (Aup)¥ 2 <

(Aup)? +1 Va+b+c<a+vVb+ /e, a,bc>0,and (18) that
(22)
d 2, 00 < (2=t por — 1Ny 2
Elle—IHLQ(Q)—(_m,—_Q-'- (2 = 1)NVne)|[(wp-1)zllz2(q)

+ 2(2° — 1)Nv/n||(wp—-1)z||2(0) (V Cellwp-1llL1 (0) + VIQ)-

Choose €(p) = €p(€(0, 1)) such that the first bracket above is less than
or equal to -1, then by Lemma 0 and (20) it follows (for explicit wp—1)
that

/Au t:z:d:z:<ma.>‘:{/Au,l 0, z)dxz;

2(2° — 1)Nv/n(v/Ce, mp_1 + VIQI))?}

=:mp, p=2,3,....

Now h in (23) may be omitted, so we have the uniform bound for
J Au*dz for all p. This, together with the boundedness of f, is,
through (15), equivalent to the global estimates

(24) /ufpdz < const, p=1,2,...,

and clearly gives global boundedness of u; in both L*¥(£2). Our parabolic
equation with fixed arbitrary ¢ > 0 will now be considered as the elliptic
problem

Au+ (f(t,z, H(u)(t)) —us) =0, %— =0 on 00,

with the bracket bounded in L*({2) independently on ¢. This, via the
results of Chapter V, §7 of [9] ensures global in ¢t estimates

m{z)).xlu,l < const , osc (uz,(s) < cont §%
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and finishes our proof.

REMARK 6. By Theorem 3 and results of Chapter V, §7 of [9], one
can get estimates for Holder norms of uz,; ¢ = 1,...,n (see Theorem
7.2 in (9]).

REMARK 7. See also Appendix B in [4].

REMARK 8. In several papers (see [1, 3, 4, 5, 6, 11]), generaliza-
tions of the reaction-diffusion problem

(25) up = Au+ f(u),

(26) Gu _ 0 on 9192, u(0,z) given
on

are considered. Often (cf. [1,3,4,5,6,13,14]) the global in ¢t bounded-
ness of its solution is shown. Having such L*(C°) global boundedness,
theorems of the proposed type lead (via Sobolev Imbedding Theorems,
for example) to the compactness results for solutions considered as tra-
jectories in suitable Banach spaces (compare [5, §5], [6, Remark 3]).
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