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IMPLICATIONS FOR SEMIGROUPS 
EMBEDDABLE IN ORTHOCRYPTOGROUPS 

KARL BYLEEN AND FRANCIS PASTIJN 

Malcev [13] was the first to give necessary and sufficient conditions 
for the embeddabihty of a semigroup in a group. His conditions are 
countably infinite in number. No finite number of these conditions 
is sufficient to ensure embeddabihty. A similar set of conditions, but 
involving geometrical concepts, was given by Lambek [12]. An account 
of these results, and of the necessary and sufficient conditions for the 
embeddabihty of a semigroup in a group due to Ptâk [17], is presented 
in Chapter 12 of Clifford and Preston [5]. The account of Clifford and 
Preston employs the concept of a free group on a semigroup. If S is any 
semigroup then the pair (G, 7), where G is a group and 7 : S —• G is a 
homomorphism for which S 7 is a set of group generators for G, is said to 
be a free group on the semigroup S if it satisfies the following universal 
property: if H is a group and rj : S —• H is a homomorphism such that 
Srj is a set of group generators for H, then there exists a homomorphism 
0 : G —• H such that 7Ö = rj. The existence and uniqueness of the free 
group on a semigroup are established, and it is shown that a semigroup 
S is embeddable in a group if and only if the canonical homomorphism 
7 of S into the free group on S is an embedding. Various aspects of 
the work of Malcev and Lambek have been considered by Bush [4], 
Bouleau [3], and Osondu [15]. Simpler conditions which are sufficient 
to ensure the embeddabihty of a semigroup in a group have been given 
by Doss [6], Trotter [23], and Bouleau [2]. Schein [18, 19] has given 
necessary and sufficient conditions for a semigroup to be embeddable 
in an inverse semigroup. 

A semigroup which is a union of groups is said to be completely 
regular. A completely regular semigroup S comes naturally equipped 
with a unary operation of inverse by letting a - 1 , for a G S, be the 
inverse of a in the maximal subgroup of S which contains a. The 
class of completely regular semigroups forms a variety of type (2,1) 
which has the defining identities a(bc) = (ab)c,aa~1a = a,aa~x = 
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a~la, and ( a - 1 ) - 1 = a. A completely regular semigroup which is 
orthodox, that is, in which the idempotents form a subsemigroup, is 
said to be an orthogroup. An orthogroup in which Green's relation 
M is a congruence is said to be an orthocryptogroup. The classes 
of orthogroups and orthocryptogroups are both subvarieties of the 
variety of all completely regular semigroups which have as defining 
identities those for completely regular semigroups supplemented by 
{aa~lbb~1)2 = aa~lbb~l or aa~lbb~l = ab(ab)~l respectively [16]. The 
word problems for free orthogroups and free orthocryptogroups were 
solved by Gerhard and Petrich [9]. If a is an element of a completely 
regular semigroup it is often convenient to denote by a0 the identity 
element of the maximal subgroup to which a belongs, so that a0 = aa~l. 

An equational implication is a formula of the form {ua — va}a^A —* 
w = z, where A is a finite set and ua,va(a E A), w and z are words 
in a free semigroup on a set of variables. The purpose of this paper 
is to obtain a set F of equational implications which defines the class 
of all semigroups which are embeddable in orthocryptogroups (in the 
sense that a semigroup S is embeddable in an orthocryptogroup if 
and only if S satisfies each implification in F). In §1 we apply a 
general result to guarantee that this class of semigroups can be defined 
by implications. We also show that a cancellative semigroup can be 
embedded in an orthogroup if and only if it can be embedded in a 
group, and we give an example of a cancellative semigroup which is 
embeddable in a completely simple semigroup but not in a group. In 
§2 we obtain necessary and sufficient conditions for a semigroup with 
identity to be embeddable in an orthocryptogroup. In §3 we obtain 
equational implications which define the class of all semigroups which 
are embeddable in V-orthocryptogroups, where V is any variety of 
bands (an orthocryptogroup is said to be a V-orthocryptogroup if its 
greatest band homomorphic image belongs to V). 

For general terminology and notation related to semigroup theory 
we refer the reader to Howie [11], and, for that related to universal 
algebra, to Grätzer [10]. 

1. Generalities and examples. Classes of algebras which are de
finable by equational implications are known as quasivarieties. General 
results on quasi-varieties are discussed in Malcev [14] and in Taylor's 
survey article [22]; an abridged version of this article appears as §63 of 
Grätzer [10]. In particular, a class <? of algebras is a quasi-variety if and 
only if <f is closed under the formation of isomorphic images, products, 
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subalgebras and direct limits. This characterization of quasi-varieties 
may be applied to yield the following result, which appears as Corollary 
5 (p. 216) of [14]. 

THEOREM 1.1. Let r and rj be types and suppose that r\ is larger than 
r. Let M be a quasi-variety of algebras of type rj. Let S be the class of 
all the algebras of type r which are subalgebras of r-reducts of algebras 
of V. Then £ is itself a quasi-variety. 

Completely regular semigroups and inverse semigroups are algebras 
of type (2,1) whose (2)-reducts are semigroups. The following corollary 
of Theorem 1.1 thus guarantees that the class of semigroups described 
in the title is definable by equational implications. 

COROLLARY 1.2. Let y be a variety of completely regular [inverse] 
semigroups. The class E of all semigroups which are embeddable in 
members of V is definable by equational implications. 

Let S be a subsemigroup of a completely regular semigroup D. Even 
if S is embeddable in a group, S need not be embedded in a subgroup 
of D. Indeed, let X be a set and let V be a variety of completely 
regular semigroups which contains the variety of all groups. Since the 
free semigroup Fx on X can be embedded in the free group on X, the 
subsemigroup of the free object F% in V on X which is generated by X 
is a copy of Fx- This copy of Fx intersects all P-classes of Fx in case V 
contains the variety of all semilattices. Also, this copy of Fx intersects 
all ^/-classes of Fx if V is a variety of completely simple semigroups. 

Obviously a semigroup which is embeddable in a completely regular 
semigroup need not be embeddable in a group. We have however the 
following theorem which was proved in special cases by Schutt [20]. 

THEOREM 1.3. A cancellative semigroup is embeddable in an or
thogroup if and only if it is embeddable in a group. 

PROOF. Let 5 be a cancellative semigroup which is embedded in the 
orthogroup O. We may suppose that O is generated as an algebra of 
type < 2,1 > by the elements of S. Then S has a non-void intersection 
with every V class of O. 

One easily verifies that the least group congruence a on O is given by 
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xoy o zxz — zyz for some z G 0 such that Dz < Dx and Dz < Dy in 
0/D(x, y GO). If, for x,y,z € 0, we have zxz = zyz and Dz < DX and 
Dz < Dy in O/D, then cxc = eye for all c G Dz. Since every P-class 
of O contains an element of S the condition above may be replaced by 
xoy <=> cxc = eye for some e G S such that Dc < Dx and / } c < Dy 

in 0/D(x, y G O). Hence if a, 6 G 5 and aaò, then cac = eòe for some 
e E S, and thus a = b since 5 is cancellativi From this we infer that 
a separates the elements of S. Therefore a* embeds S isomorphically 
into the group O/a. 

COROLLARY 1.4. Let V be a variety of orthogroups which contains 
the variety of all groups. Let S be the class of all the semigroups which 
are embeddable in members of V. Then S cannot be defined by a finite 
set of equational implications. 

PROOF. Let <f be defined by the set E of equational implications. The 
set E supplemented by the implications 

xz = yz —> x = y and zx = zy —• x = y 

will be denoted by E'. Since V contains the variety of all groups, 
by Theorem 1.3, a semigroup with identity is embeddable in a group 
if and only if it satisfies the implications of E'. In [13(1939)] Mai-
cev establishes a countably infinite set M of equational implications 
which determines the class of all semigroups with identity which are 
embeddable in groups. The implications in E' can be derived from the 
implications in a subset M' of M according to the rules prescribed by 
Selman [21]. If E is finite, then E' is finite and Mf can be chosen to 
be finite. The set M1 would then be a finite set of implications which 
determines the class of all semigroups embeddable in a group. Accord
ing to Malcev [13 (1940)] this is impossible. Hence E is infinite. 

The following example shows that Theorem 1.3 does not necessarily 
apply in a more general situation: we give an example of a cancellative 
semigroup which is embeddable in a completely simple semigroup but 
which is not embeddable in a group. 

EXAMPLE 1.5. Let F be the free group on {a, c,p,v,y, z), let J = 
A = {1,2} and let P = ( \ l). Let D denote the Rees matrix semigroup 
M(/ ,F ,A;P) and let S be the subsemigroup of D generated by the 
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elements â = ( l , a , l ) , 6 = ( l , za , l ) , c = (2,c, l ) ,d = (l,zc, l),ir = 
(1,yz,l) ,y = (1,2/, 1),U = (1,V2,2), and v = (l ,v, 1). One verifies 
that S is cancellati ve by considering several cases. In S we have 
xa~ = yb,xc = y d , ü ä = ìJò, but üc ^ üd. Thus S does not satisfy 
the quotient condition and is therefore not embeddable in a group (see 
Lemma 12.11 of [5]). Furthermore, S1 is cancellative and, although 
embeddable in a completely regular semigroup, is not embeddable in a 
completely simple semigroup. 

2. Semigroups embeddable in orthocryptogroups. A semi
group 5 is embeddable in an orthocryptogroup if and only if S1 is. 
Therefore, in order to characterize those semigroups which are embed
dable in orthocryptogroups, we shall find implications which a semi
group with identity satisfies if and only if it is embeddable in an or
thocryptogroup. If S is any semigroup we denote the least semilattice 
congruence on S by rj. The ^-classes of any completely regular semi
group coincide with its D-classes. We make frequent use of the following 
lemma from [9]. 

LEMMA 2.1. ([9]). Let S be an orthogroup. For a, 6, e G S with e = e2 

let Da — Db < De. Then ab = aeb. 

If S is any semigroup then the least band congruence ß on S is 
generated by the relation ßo = {(x,x2) : x G S}. Two elements s 
and t of S are ^-related if and only if there exists a finite sequence 
of elementary /?o-transitions from s to t. (HR is any relation on a 
semigroup 5, then elements s, s' € S are said to be connected by an 
elementary R- transit ion if s = xpy, s' = xqy for some x,y € Sl where 
either p = q or (p, q) G R or (q,p) G R). The existence of such a 
sequence of elementary /^-transitions is equivalent to the existence of 
elements of S which satisfy a certain set of equations. We describe such 
a set of equations for the case in which S has an identity element. 

For any m > 1 let J m denote the following sequence of 2m + 1 
equations EQ,E\,. .. ,i?2m in the 6m + 2 variables x,y,Xi,gi,hi(i = 
1,2, . . . ,2m). 
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Eo : x = g\X\hi 

E2Ì-1' g2i-i{x2i-i)2h2i-i = 92i{x2i)2h2i (t = l , 2 , . . . , m ) 

E2i • 92iX2ih>2i: = 02t + lZ2i+lh2t+l (t = 1, 2, . . . , m - 1) 

E2m • g2mX2mh2m = V 

LEMMA 2.2. Let S be a semigroup with identity. Then aßb if and 
only if there exists a positive integer m and elements of S for which the 
equations in Jm are satisfied when the values a and b are assigned to x 
and y respectively. 

PROOF. If aßb, then there is a sequence of elementary /Jo-transitions 
from a to 6. Since S has an identity element, elementary /^-transitions 
of the form ulv —• u\2v or ul2v —• ulv may be inserted to produce a 
sequence of elementary /Jo-transitions from a to b in which expansions 
and contradictions alternate, ensuring that the equations in J m for 
some m are satisfied. Conversely, if the equations in Jm are satisfied, 
then there is a sequence of elementary ßo- transit ions from a to 6, so 
aßb. 

LEMMA 2.3. Let S be a semigroup with identity. If S is embeddable 
in an orthogroup, then S satisfies the following implication for each 
positive integer m: 

nzr2 = riwr2 Ì 
y = xr\zr2x > —• xzx = xwx 

PROOF. Let S be embedded in the orthogroup T and suppose that the 
elements rx, r2, z, w, and x of S satisfy the equations on the left-hand 
side of (Km) when substituted for r\, f2, z, w, and x, respectively. Then 
Ii£l2 = L1YLL2 an(^' by Lemma 2.2, xßxrx z r 2 x . Since ß Ç 77 we have 
xryxTjZ^x, so xry < r ^ x r / < r2ry, xry < zrç, and xrç < wry. Thus, by 
Lemma 2.1, we have x z x = ^ ( r ^ l r j z ^ r ^ 1 ) ^ = x r ^ 1 ^ z r ^ r ^ x = 
x i T ^ E i W r ^ r ^ x = ^ ^ x ^ required. 

If S is any semigroup with least semilattice congruence 77 and i E S/rj 
we let St = {s E 5 : srj > i}. If r € S such that rrj = i we define the 
relation rr on Si by srr£ <=>> rsr = rtr(sit € Si). 
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LEMMA 2.4. Let S be a semigroup with identity which satisfies (Km) 
for all m > 1. Then: 

(i) un < rn = i implies TU\S{ 2 rr; 
(ii) ru = rr if and only ifunr. 

Furthermore, denoting by Ti the common value of rr for r G irf1 

(iii) T{ is a congruence on Si for all i G S/rj; and 
(iv) r = Uies/f7 ril î r? -1 Z5 a congruence on S. 

PROOF, (i). Suppose that urj < rn = i and let srrt(s,t G Si) so that 
rsr = rtr. Then (rsr)n = rn > urj and (ursru)n — un, thus (ursru)ßu. 
By (Km) for some sufficiently large m we have usu = utu, so srut. (ii) 
follows immediately from (i). (iii). Suppose rrj = i and STit(s,t G Si). 
Let c G Si. Then rsr = r£r implies crc • 5 • crc = crc • t • crc by (ii) 
since crcnr. Furthermore, r(crc • s • crc)rrjr implies r(crc • s • crc)rßr, 
so by (Km) for some sufficiently large m, rcsr = rctr and rscr = rtcr, 
that is, csTiCt and sctitc. (iv). Suppose srt for some s,t E S and let 
c G 5 . Then there exists i G 5/r/ such that srj = trj = z and sr^. We 
put (sc)// = {tc)rj = j and note that j < i in S/n. By (i) we conclude 
that STjt. So by (iii), scTjtc and csTjct. Thus scr£c and csrc£. 

Let M = {(Mm) : m = 1,2,3, . . . } be a family of implications such 
that a semigroup with identity is embeddable in a group if and only if it 
satisfies each implication in M. We can, for example, take M to be the 
family of implications of Malcev [13] which are described in [5]. For 
any positive integer m we write (Mm) as {ua = va}aeAm ~+ ™m = Zm, 
where the sets Am for m > 1 are finite and disjoint. For each m let Pm 

denote the set of all variables which appear in ua,va(a G Am ) , wm and 
zm. For each m choose a word p m which contains all the variables in 
Pm and no other variables. Let y be a variable which does not belong 
to any Pm(m > 1). 

LEMMA 2.5. Let S be a semigroup. If S is embeddable in an 
orthogroup, then S satisfies the following implication for every positive 
integer m: 

{Mm) 
- • PmyWmPmy = PmyZmPmy-

PROOF. Let xi, X2, . . . , xn be the elements of Pm. We can consider 
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W Q ) Vet 

(a€Am),Wm and 2m to be n-ary polynomials in these variables, 
Pm = P m ( ^ 1 ^ 2 , . -

Ua = Ua(xi,X2,. . 

Vet = VCt(x\,X2, . . 

Wm = W m ( Z l , Z 2 , . 

Zm = Zm(X\,X2,. . 

• i %n) 

. ,xn) {a e Am) 
. ,x n ) ( a € A m ) 

• • •> %n) 

• , ^ n ) 

where every variable of course need not occur in each polynomial. 
Let a i , a 2 , . . . , an , è be elements of S such that, for each a G Am , 

p m ( a i , . . . , a n ) ^ a ( a i , . . . , a n ) p m ( a i , . . . , an)b 

= Pm (ai, • • -, a>n)bva ( a i , . . . , a n )p m ( a i , . . . , an)b 

We must show that 

P m ( û l » • • • Î a n ) ^ m ( û l , • • • , û n ) P m ( a i , • • • , u n ) * 

= Pm(ûi, • • •, €Ln)bzm{a\,..., a „ ) p m ( a i , . . . , an)6. 

Let T be an orthogroup in which S is embedded. Let TJT be the least 
semilattice congruence on T. Since pm contains all of the variables 
which occur in (Mm) we have 

(Pm(a i , . . . , ûn )%T <ua{au...,an)riT (a G Am) 

and 

( P m ( u l , . - . , u n ) 6 ) ^ T < V a ( û l , . . . , û n ) » 7 r (ûf G A m ) . 

Let y = (pm(ai , . . . ,an)6)r/r and let T̂  = {x G T : j < xrjr}. We 
define the mapping <f>:Tj -+ flPm(ûi>...,an)6

 bY 

s 0 = (Pm(ai , . . . ,an)ö)°5(pm (a i , . . . ,a n )6)° . Let s, £ G T.,. Then 

s<j)t<p= ( p m ( a i , . . . , an)6)°s((pm(ai , . . . ,an)b)°)2 t{pm{au . . . ,an)b)° 

= ( P m ( a i , • . • , a n ) 6 ) ° s ( P m ( a i > • • • > û n ) 6 ) ° * ( P m ( a i , . . . , U n ) * ) 0 

= (Pm(ai,. . . ,an)ft)°^(Pm(ai,. . . ,an)ft)° = («00» 

where the third equality follows from Lemma 2.1. Thus <j> is a 
homomorphism of 7} onto the maximal subgroup #Pm(ai,...,an)6-
Hence, for a G A m , 
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(Pm(ûl, • • - ,an)6)°Ua(ai> • • . ,a n ) (Pm(ai , . • • , ûn)&)° = U a (û i0 , • • • , Ûn0), 

(Pm(ûl, • - • , ûn)6)°^a(ai, - • • , ûnXPmfal, • • • Î « n ) ^ 0 = Va(ûl0> • • • , Ûn^)5 

(pm(ûi , . • •, a„)6)°tym(ai , . . . , an){pm{au . . . , a„)6)° = wm(ai<£,..., a n0) , 

( p m ( o i , . . . , o n )6 ) °^ m ( a i , . . . , a „ ) (p m ( a i , . . . , an)6)° = 3m(ai<£,..., a n0). 

Since a\<j),... ,an(j) belong to the same subgroup and since 
ua(ai(j),... , an(f)) = va(ai(j),..., an0) for all a € Am , we conclude by 
the definition of the family M of implications that wm{a\(j>^ . . . , an<£) — 
2 m ( a i 0 , . . . , a n 0) , from which we deduce that the required equality is 
satisfied. 

LEMMA 2.6. Let S be a semigroup with identity which satisfies {Km) 
and (M m ) for all m > 1. Then SÌ/TÌ is embeddable in a group for all 
i G S/rj. 

PROOF. TO establish the result we show that S;/rt satisfies each 
implication (Mm) in the family M. Let a\, 0 2 , . . . , an be any elements of 
Si such that a i ^ , a2Ti,..., anTi satisfy the equations ua = va, a G >tm. 
Then t t Q (a i , . . . ,an)rï = u a (a iTt , . . . , a n n ) = va(ai^i, • • • ,ûn^) = 
VQ(OI, . . . ,an)rt . Hence, for b G zr7_ 1 ,pm(ai , . . . ,an)ò G irç-1, and thus, 
by Lemma 2.4 we have 

(Pm(ûli • • • * ûn)&)ua(ai, • • • ,un)(Pm(ul> • • • > «n)*) 

= (Pm(ûl, - • • , ûn)6)Va(ûl, - • • , ûn)(Pm(ûl, • • • , «nW 

for each a G A m . But S satisfies (M m ) so 

(Pmfal, • • • ^ an)6)^m(ûl, • • • , Ûn)(Pm(ûl, • • • . ûfi)*) 

=(Pm(ûi> • • • >an)b)zm{ai , . . . ,a„)(pm (a i , . . . , an)b). 

Therefore, by Lemma 2.4, wm(aiTi,... ,anTi) = wm(ai,... ,an)ri = 
zm, ( a i , . . .,an)Ti = zm(aiTi,.. . ,anTï), as required. 

LEMMA 2.7. Let S be a semigroup with identity. If S is embeddable 
in an orthocryptogroup, then S satisfies the following implication for 
every positive integer m: 
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PROOF. Suppose S is embedded in the orthocryptogroup T and let 
a and ft be elements of S which satisfy the left-hand side of (Lm) , 
that is, suppose a3 = aba and, by Lemma 2.2, a/36. Since T is an 
orthocryptogroup, aßb implies that a and b belong to the same maximal 
subgroup of T. Therefore since a3 = aba wre conclude that a = b. 

LEMMA 2.8. Let S be a semigroup with identity which satisfies (Km) 
and (Lm) for all m > 1. Then ßf]r is the equality on S. 

PROOF. Suppose that (a, ft) e ßf]r. Then by the definition of r, 
arj = brj = i for some i G S/rj and art-6. By Lemma 2.4 we have r2 = ra, 
thus a3 = aba. Since aßb, there exists, by Lemma 2.2, some m such 
that a and ft satisfy J m , and hence by applying (Lm) we conclude that 
a — ft. 

THEOREM 2.9. A semigroup S with identity is embeddable in an 
orthocryptogroup if and only if S satisfies the implications {Km), (M m ) 
and (Lm) for all m > 1. 

PROOF. The direct part is immediate from Lemmas 2.3, 2.5 and 2.7. 
Suppose, conversely, that S satisfies the implications (Km)i (Mm) and 
(Lm) for all m > 1. By Lemma 2.4, Ti is a congruence on Si for each 
i G S/rj; let Gi be the free group on the semigroup SÌ/TÌ. By Lemma 
2.6, the canonical homomorphism 6i : SÌ/TÌ —• GÌ is an embedding. If 
i > j in 5/r/, then, by Lemma 2.4, the mapping SÌ/TÌ —> SJ/TJ defined 
by STi —• STj is a homomorphism which, by the universal property of 
the free group on a semigroup, can be extended in a unique way to a 
homomorphism faj of Gi into Gj. Let T be the semilattice of groups 
Gi,i € S/rj, which is obtained in this way. 

By Lemma 2.4 r is a congruence on S. Let ip : S/T —• T be the map
ping defined by sr —• (STÌ)0Ì where i = srj. Then ip is injective since 
each 6i is an embedding. Furthermore, if s, t E 5 with 577 = z, £77 = j , 
then, setting (5̂ )77 = fc, we have ((sr)(tr))ip = ((st)r)ip = {{st)Tk)0k = 
({srk){trk))0k = {(sTk)0k){{tTk)0k) = ( ( s r t ) ö t ) ^ - ( ( ^ ) ^ ) ^ = (*r)tf. 
(£T)Î/>, so t/> is also a homomorphism, and thus an embedding of S/T in 
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T. 
The mapping £ : S —» S/ß x T defined by s —+ (s/?, (ST)^J) is a homo

morphism since /? and r are congruences and xp is a homomorphism. If 
s,£ G S and s£ = ££, then s/ft and, since t/> is injective, sr£. Therefore 
s = t by Lemma 2.8, so £ is also injective and is thus an embedding of 
S in the orthocryptogroup S/ß x T. 

We note that a semigroup S with identity satisfies both of the 
implications {ua = va}aeA -+ w = z and {i^ = Vß}ßeB —> w' = z* 
(where we assume that the sets of variables appearing in the two 
implications are disjoint) if and only if S satisfies the implication {ua = 
va}a€A,{uß = vß}ß€B —• wu>' = zz1. Therefore the implications of 
Theorem 2.9 can be replaced by a countable sequence (7i), (h), (^3), • • • 
of implications with the property that if S satisfies (7n), then S satisfies 
{h) for k <n. 

3. Semigroups embeddable in V-orthocryptogroups. Let 
V be a variety of bands. An orthocryptogroup S is said to be a "V-
orthocryptogroup if the greatest band homomorphic image of S belongs 
to V, that is, if S is an orthodox V-band of groups. The class of 
V-orthocryptogroups is clearly a variety of type (2,1). Unlike the situ
ation for orthocryptogroups in general, it is not necessarily true that S 
is embeddable in a V-orthocryptogroup if and only if S 1 is. Therefore, 
unlike §2 in which conditions for embeddability were given in terms of 
semigroups with identity, we now obtain implications which define the 
class of semigroups which are embeddable in V-orthocryptogroups. 

We begin by obtaining implications which define the class of semi
groups which are embeddable in groups. As in §2 M = {(Mm) : m = 
1,2,3, . . .} denotes a family of implications such that a semigroup S 
with identity is embeddable in a group if and only if S satisfies each 
(Mm) , m > 1. The complication which results from working with semi
groups rather than semigroups with identity is that each implication 
(Mm) must be replaced by a finite set M ^ of implications. We use the 
notation preceeding Lemma 2.5. For each subset Q of Pm let (Mm(Q)) 
denote the implication obtained by substituting the empty word A for 
each variable from Q which appears in (Mm) , and then replacing each 
equation of the form t = A or A = t (where t ^ A) by t = t2, and 
replacing each equation of the form A = A by u = u (where u is any 
variable). Let M ^ = {(Mm(Q)) : Q C P m } , let (M0) denote the im
plication u = u2, v = v2 —• u = v, and let M* = (Um=i ^m) u (M))-
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LEMMA 3.1. A semigroup S is embeddable in a group if and only if 
S satisfies each implication in M*. 

PROOF. Suppose S is embedded in the group G. Then S1 is embedded 
in G and the sole idempotent 1 of S is the identity of G. The implication 
(MQ) is clearly satisfied by S. Let m be a positive integer, let Q be 
a subset of P m , and suppose the equations on the left-hand side of 
the implication (Mm(Q)) are satisfied by elements of S. Then these 
same elements of 5 , together with 1, comprise a set of elements from 
S1 which satisfy (Mm) when all variables in Q are set equal to 1 (for, 
since S is embedded in G, if a\,..., an are elements of S which satisfy 
t = t2 where t = t(x\,... , x n ) , then t(a\,... , an) = 1 in S1). Therefore 
the right-hand side, say w = z, of (Mm) is satisfied by these elements of 
S1 , and thus the right-hand side, say wf = z1', of (Mm(Q)) is satisfied 
by the required elements of S. 

Conversely, suppose that S satisfies each implication in M*. Let m 
be a positive integer and suppose the equations on the left-hand side 
of (Mm) are satisfied by elements of S1. Then these elements, other 
than 1, satisfy the equations on the left-hand side of Mm(Q) where Q 
is the set of variables in (Mm) which are assigned the value 1. Hence 
the right-hand side, say w' = z*', of (Mm(Q)) is satisfied, and hence the 
right-hand side, say w = z, of (Mm) is satisfied (in case wf = z' has 
the form t = t2 and t{a\,... , a n ) = t(a\,... , a n ) 2 , we conclude that 
t(ai,...,an) = 1 applying (Mo)). Since each (Mm) is thus satisfied by 
S1 we conclude that S 1 , and thus 5, is embeddable in a group. 

We let M* be the family of implications obtained from M* in the 
same way that M was obtained from M; that is, if the implication (/) 
belongs to M*, then each side of each equation of (/) is pre-multiplied 
and post-multipled by p/t/, where pj is a word containing all the vari
ables used in (/) and no other variables, and where y is a variable which 
does not appear in (/). 

Any variety V of bands is, apart from the equation which guar
antees associativity, determined by the equation x — x2 and, in 
case V is a proper subvariety of the variety of all bands, by one 
more equation of the form u = v [1,7,8]. If S is any semigroup, 
then the least V -congruence ßy on S is generated by the relation 
{{x,x2),{u(xi,... ,xn),v{xi,... ,z„)) : x,xu...,xn € S}. A family 
of equations can be used to characterize those pairs of elements which 
are ß\-related in 5 , by analogy with Lemma 2.2. 
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First suppose V is a proper subvariety of the variety of all bands. 
A ßy-sequence is a finite sequence 61,62,... ,6 m of length m > 1 
where each b{ is one of the symbols in the set {L,L*,R,R*}. Any 
/^-sequence B of length m determines a sequence Bm of m -I-1 equa
tions F 0 , F i , . . . , Fm in the m(n + 2) -f 2 variables x,?/, x%3, g%, hx, where 
i = 1, 2 , . . . , m and j = 1, 2 , . . . n, as follows. 

F0 : x = gizohx, 

Ft : 0t-w,-/ii = gi+iZihi+x, i = 1,2,. 

* m • Qm^m^m = Vi 

. . , r a - 1, 

where, for z = 0 , 1 , . . . , m — 1 

Zi = < 

f Zt+l 
I X 2 

W ( ^ l , t + 1 , " 

1 v (a ; i , t+ i , - -
? %n,i+l) 

» ^ n , 2 - f - l 

if 6z+i = L 
if 6 i + 1 = L* 
if Òi_|_i = Ä 

if 6 i+i = fi* 

and, for i = 1,2,... ,ra, 

U>v = < 

Xi if 6Z = L* 
x\ if 6t = L 

I v(zi,i+i,--- ,Zn,»+i) if 6» = R. 

If V is the variety of all bands the situation is simplified by the absence 
of the equation u = v. Specifically, a /^-sequence is now a finite 
sequence 61,62,-- , 6m of length m > 1 where each b{ G {L.L*}. 
Any /^-sequence i? of length m determines a sequence Bm of ra + 1 
equations F 0 , F i , - - , F m as defined above in the 3m -I- 2 variables 
x,y,Xi,gi,hi where i = 1,2, • • ,ra. 

Now if V is either the variety of all bands or a proper subvariety, 
for every subset Q of the set Gm = {g%,hi : i = 1,2, ••• ,ra}, let 
Bm{Q) denote the sequence of equations obtained from Bm by deleting 
each occurence of each element of Q in the equations of Bm. Let 
B*m = {Bm{Q) : Ç Ç G m } and let J^ = Um = i #m- The elements 
of J y are thus finite sequences of equations. Since each sequence of 
elementary (ßy )o-transitions is associated with some element of Jy we 
have the following result. 

LEMMA 3.2. Let S be a semigroup. Then aß^b if and only if there 
exists some element J of J^ and elements of S for which the equations 
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in J are satisfied when the values a and b are assigned to x and y 
respectively. 

Let Ky denote the family consisting of all implications 

r\zr2 = riWT2 Ì 
y = xr\zr<2X > —+ xzx — xwx 

J J 

for J an element of J{ and let L\ denote the family consisting of all 
implications 

for J an element of Jy. 

THEOREM 3.3. Let V be a variety of bands. A semigroup S is 
embeddable in a V -orthocryptogroup if and only if S satisfies each 
implication in K^, L\ and M*. 

PROOF. The result follows from the observation that Lemmas 2.2 
through 2.8 hold if "semigroup with identity" is replaced by "semi
group", "orthogroup" and "orthocryptogroup" are replaced by "V-
orthocryptogroup", "/?" is replaced by "/?v", and the families {J m : 
m > l},{(Km) : m > ^ { ( L ^ m > 1} and {(Mm) : m > 1} 
are replaced by Jy,Ky,Ly and M* respectively. In fact, with these 
replacements the proofs of the lemmas hold verbatim with one excep
tion; in Lemma 2.3 the fact that ß Ç rj was used. In general, for a 
semigroup 5, ßy need not be contained in r\. If V contains the variety 
of semilattices, however, then ß\ Ç rj and the proof of Lemma 2.3, 
with the replacements above, is valid. It remains to establish the ana
logue of Lemma 2.3 for V a variety of bands contained in the variety 
of rectangular bands. So suppose the semigroup S is embedded in the 
rectangular group T. If a, 6,ci,C2 and d are elements of S such that 
C\ac2 = C\bc2, then since T is a rectangular group we have aarb, where 
GT denotes the least group congruence on T. Hence dadardbd. But dad 
and dbd belong to the same maximal subgroup of T and so dad = dbd 
since OT restricts to the equality on subgroups of a rectangular group. 
Therefore S satisfies the implication r\zr2 = r\wr2 —* xzx = xwx, and 
thus 5 satisfies each implication in Ky. This establishes the analogue 
of Lemma 2.3 and thus completes the proof of the theorem. 
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