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ON THE COLLAPSE OF THE
RESONANCE STRUCTURE IN A
THREE-PARAMETER FAMILY OF COUPLED OSCILLATORS

HANS G. OTHMER AND MASAJI WATANABE

1. Introduction. In many biological systems it is necessary to
scynchronize or otherwise organize the temporal activity of a popula-
tion of cells, and this is usually achieved through stimulation or ‘forcing’
by a pacemaker, or by mutual coupling within the population. While
the pacemaker is sometimes external to the organism, as in the case
of circadian rhythms, many interesting examples in physiology involve
endogenous pacemakers. Examples include the oscillatory networks of
neurons (the central pattern generators) that underlie a variety of pe-
riodic behavior 1, 2] and the SA node in the mammalian heart. In the
SA node individual cells generate periodic outputs, and the problem
is to understand how the output is synchronized in the population [3].
In central pattern generators the periodic output is often a network
property, in that individual cells do not burst periodically in isolation
[1], and the problem is to understand the patterns of interaction that
can generate the observed periodic behavior. However, synchronization
is not always desirable, as is illustrated by the fact that synchronized
bursting of large numbers of neurons underlies epileptic seizures [4].
Many other examples can be given to underscore the fact that knowl-
edge of how coupling affects the collective behavior of aggregates of cells
is important for understanding both normal and pathological processes
in numerous biological and physiological systems [5].

From a mathematical standpoint the simplest system that is relevant
in this context is a single periodically-forced system, and for such
systems much is known about the dependence of solutions on the
period and amplitude of the forcing function [2]. However, much less
is known about the dependence of solutions for a system of coupled
oscillators on biologically-relevant parameters, such as the intrinsic
frequency of the oscillators and the coupling strength. Some results
can be gotten by asymptotic methods in the limit of very weak or very
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strong coupling [6, 7, 8, 9, 10], but previous work on directly-coupled
oscillators shows that much of the interesting, and perhaps biologically-
important behavior arises at intermediate values of the parameters,
where there are subtle balances between competing processes [6, 8,
9, 10]. For example, it is shown in [10] that, for moderate values
of the coupling strength, a system of two identical coupled oscillators
may simultaneously have both stable synchronized solutions and stable
de-synchronized solutions. In addition, there are sequences of period-
doubling bifurcations and chaos as the coupling strength is varied,
but none of this behavior exists at very weak or very strong coupling
[8, 9, and 10]. This work has demonstrated the value of choosing
a simple model that can be more-or-less completely understood by a
combination of analytical and numerical techniques. Our objectives in
this paper are to develop a perturbation technique that is applicable to
other than directly-coupled oscillators, examples of which are given in
[11] and [12], and to extend the results in [8, 9, and 10] to nonsingular
linear coupling.

In the following section we develop a procedure for studying periodic
solutions of perturbed systems for which the unperturbed system has
an N-parameter family of periodic solutions. This approach, which is
related to earlier work by Urabe [13], does not rely on the existence of
a periodic surface for the perturbed system, and thus is applicable
in degenerate cases where other approaches such as averaging fail.
When N = 1 a straight-forward application of the implicit function
theory yields a local branch of periodic solutions [14], but when N > 1
the appropriate linear problem is singular and some form of reduction
procedure is required. In §2 we study a system of two directly-coupled
oscillators and show how to obtain the bifurcation equations for general
coupling functions. This reduction procedure also enables us to prove
that there is no subharmonic bifurcation, and to obtain persistence of
a smooth invariant torus via a center manifold construction.

In §3 we illustrate the reduction procedure for the system studied
in [10] and extend the results in that paper to more general types of
coupling. In particular, we recover the perturbation results in [10] di-
rectly, without appeal to results on persistence of invariant manifolds
and without construction of the leading-order terms in a perturbation
expansion of the perturbed manifold. In §4 we show how the resonance
structure found in [10] collapses as the coupling matrix approaches a
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multiple of the identity. The results show how the infinite family of
resonance zones found in [10] arise from a codimension-four singularity
that exists when the coupling matrix is the identity. In §5 we prove in
a limiting case that a certain bifurcation which was found numerically
in [10] occurs, and we are able to construct a global branch of periodic
solutions that result from this bifurcation. This branch varies between
a branch on which the oscillators are 7 radians out of phase and one
on which the oscillators are in phase, as the coupling parameter varies,
and at zero coupling one of the oscillators is at rest.

2. Perturbation of oscillators via weak coupling. To introduce
the general reduction of equations in a neighborhood of a periodic orbit,
we consider the parameterized autonomous system

dz
where F : R®" x R — R"™. Here and hereafter we assumed that all
vector fields are smooth (i.e., C”™ for r > 2) unless stated otherwise.
Let ¢(t, zo,6) be the solution of (1) with ¢(0,zg,6) = zg, and let ¢o(t)
denote a nonconstant periodic solution of the unperturbed system
dz

(2) pri F(z,0) = Fo(z)

with least period T > 0. Suppose that ¥(s) is an n X (n — 1) matrix,
each entry of which is a smooth function of s, with the properties

U(s+T)=Y(s)
3) U(s)TW(s) = I(n-1)x (n—1)
Fo(¢0(3))T¥(8) = O1x(n-1)
for all s € R. We shall say that ¥(-) is admissable for a given pair
(Fo, ¢o(+)) if ¥(-) satisfies (3). If Ps is a local section at ¢o(s) defined

by restricting the range of ¥(s) to a sufficiently small neighborhood of
the orbit at ¢g(s), then for each z € P, there is a y € R"~! such that

z = ¢o(s) + ¥(s)y.

The y’s are local coordinates in a hyperplane normal to the orbit at
¢(8). If o is sufficiently close to the orbit of ¢p and ¢ is sufficiently
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small, then ¢(¢, zg,6) € P, for some ¢, and it can be shown that there
are smooth functions y(s) and ¢(s) such that

#(t(s), z0,6) = do(s) + ¥(s)y(s)

[15, 13]. The functions ¢ and y satisfy the periodic system

dt
(4) % - T(S, y76)
dy _
(5) E - Y(83 yaé))
where

_ Fo(o(s))"[Fo(dos)) + ¥'(s)y]
T(0:9:8) = 7 (60(2)T F(do(s) + s}y, 6)

=1+T(s,y,96),

and

(6) Y(s,9,6) = U(s)"[r(s,9,6)F(do(s) + ¥(s)y,6) — ¥(s)y].

By the definition of s, t(s) — t(0) is the time it takes for the solu-
tion through zo € P, to reach P,, and y(s) measures the distance

between ¢(t(s), zo,6) and ¢o(s). Evidently 7(s,0,0) = 1, and therefore
T(s,0,0) =0.

Equations (4) and (5) are equivalent to equation (1) in the following
sense. If zg € Po,yo = ¥(0)T[zo — ¢0(0)], and ¢(s) satisfies (4) with
t(0) =0, then

y(S, Yo, 6) = \I’(S)T[¢(t(8)’ o, 6) - ¢0(8)]’

where y(s,yo,6) denotes the solution of (5) with the property that
¥(0,yo,6) = yo. Conversely, if

T(S, y(3, yo,a), 6) >0
for all s € R, and if zo = ¢o(0) + ¥(0)yo, then

(t, 20, 6) = do(s(t)) + ¥(s(t))y(s(t), v0,6),
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where s(-) denotes the inverse of ¢(-). In particular, if ¢(t,zo,6) is a
periodic solution of (1), then y(s,yo,6) is a periodic solution of (5),
and conversely, if y(s,yo,0) is a kT-periodic solutions of (5) for some
positive integer k, then ¢(t,z0,6) is a periodic solution of (1) with
period ¢(kT). Thus, for small §, (1) has a periodic solution near ¢q if
and only if (5) has a small periodic solution.

The function Y (s, y,6) in (6) has the form
Y(s,y,6) = P(s)y + Q(s,y) + 6G(s,y,6)
where
(7) P(s) = ¥(3)T[DFo(¢0(s))¥(s) — ¥'(s)],
Q(s,y) and G(s,y,8) are smooth functions of (s,y,6), periodic in s of
period T, and
Q(s,9) ~ O(lyl*)
uniformly for s € R. The variational equation of (2) with respect to
o(s) is

®) % = DF(so(s))e,

and ¢ = ¢ gives rise to 1 as a Floquet multiplier of (8). The remaining
n — 1 Floquet multipliers of (8) are the Floquet multipliers of

dy
Y — P(s)y.
25— P8y
Any solution of (8) has the representation £ = a¢y + ¥y for some
function af(:).

Next we shall apply this reduction to a system of two identical coupled
oscillators. The generalization to a system of N coupled oscillators is
straightforward, although it is advantageous to take account of any
special structure in the geometry of the coupling function in this case
[12]. Let f: R™ — R™, and suppose that #(t) is a nonconstant
hyperbolic periodic solution of
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with least period T' > 0. Let 21,20, € R™, denote z € R" by

z= [zl]
z2
and define F: R" x R — R" by

_ [£(z1) + 891 (21, 22,6)
F(z,6) = [f(z;) + 69.;(21,2;’5)]

where g1,92 : R® x R — R™. The unperturbed system (2) has a
one-parameter family of periodic solution

0 oolt.0) = [, 10, |

parameterized by 6 € [0,T). The family {¢o(t,6)|0 € [0,T),t € R}
defines a two-dimensional torus 7¢ that is invariant under the flow
when 6 = 0. Since we do not require that g; = g2, the formulation
includes the case of weak coupling of two oscillators whose frequency
differs by a term that is O(6). By modifying the formulation slightly,
it can also be used when the ratio of the frequencies differs from any
integer (not necessarily one) by a term that is O(§). Thus phase-locking
of non-identical oscillators can be studied in this framework.

When N = 2, a given®(-) that is admissable for (f,7n(-)) determines
m — 1 normal directions to each orbit, and the remaining one of the
2m — 1(= n — 1) normal directions is uniquely determined. Thus let
(s, 8) denote the n x (n — 1) matrix given by

_|a(s,0) ®(s) o
‘I’(S’a)‘[z(z,e) 0 ®(s+0)|°

where
1f(n(s + 6))]
,0 == )
O = VT + TG TR )
b(s,0) = /()] f(n(s +0)).

|£(n(s +6)IVIf(n(s))I* +1f(n +0))I?
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Clearly ¥(s,0) is a smooth function of (s, ), and it follows that ¥(-,8)
is admissible for (F,@(-,0)). Thus the perturbed system (1) has a
periodic solution in a neighborhood of the orbit of ¢(:,6y) for some
fixed 6y if and only if, for some 6 near 6y, the equation

dy
(10) 'd—s' - Y(S, Y, 0,6)

has a periodic solution. The function Y is given by
Y(S,y, 0,6) = W(S,ﬂ)T[T(S, y,0, 6)F(¢0(3,0) + \Il(sa o)ya‘s) - \I’I(Sa o)y],
where

(¢0(3,0))T [Fo(do(s,0)) + ¥'(s,0)y]
(@05, 0))T F(do(s,0) + U5, 0)y,6) — -1 1 (&:9:0:9)

7(s,9,0,6) = ;};

as before.

Equation (10) can be written in the form

(11) W Pls,0)y +Q(a,3,0) +6G(s,1.0,0)

where the terms on the right-hand side are defined as follows:

P, 3a0 P, 8’0
P(S,B) = I:P;igs,ag P;zgs’og]

_d(, (@GP G+ 0P
Pul0 =75 (‘ ()P + 17 n(s +0))|2)

Py(s,0) = (a(s, 0)TA(s),b(s,0)TA(s + 0)), Pyy(s,0) =0,

®(s)TA %
Pya(s,0) = [ (8)0 ©) ®(s+0)TA(s + 0)]

and
A(s) = Df(n(s))®(s) — ¥'(s).

Furthermore,
Q(sv Y, 0) ~ 0(|y|2)
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uniformly for s,0 € R.

The fundamental matrix (s, 8) of the variational system
ﬂ/. =
ds

with ©(0,8) = I has the form

=[50 39

P(s,0)y

where

Qu1(s,0) = 1FOD2 + £ mO)2 [ 1f(0(s)2 - | (n(s + 6)))2
B |F((0)[2 - [f(n(@)I? \ [f(n(s)|? + |f(n(s + 6))?

S
Q12(s,0) = / Q11(5,0)Q77 (u, 0) Pr2(u, 0)Qao(u, §)du
0

_[ve 0
922(3,0)—[ 03 V(s+9)V_1(0)]

and V(s) is the fundamental matrix solution of

dv T

(12) i ®(s)" A(s)v

with V(0) = I. Clearly Q41(kT,0) = 1, and we assume that
42(kT, 0) = 0, for we can always choose a coordinate system in which
this is true, and it is easy to see that this choice does not alter the
fact that P2;(s,0) = 0. Moreover, since Pa(s,0) is the direct sum of
the matrices P(s) associated with each m-dimensional subsystem, the
fact that the orbit #(t) is hyperbolic implies that (22 (kT,8) has no
eigenvalues of modulus one.

In the coupled system the first coordinate of y is a ‘phase-like’
coordinate, in that it measures distance orthogonal to the orbit ¢q(s, )
in the tangent space to 72. (When there are N oscillators there are
N — 1 such coordinates.) The remaining 2(m — 1) coordinates are
normal coordinates, and it is advantageous to split y into ‘phase-like’
and normal coordinates. Therefore we write

-
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where ¢ is the first component and r is the vector consisting of the last
n — 2 components of y. Similarly let

_ | @i(s,0,7,0)
Q(s,9,0) = [Q;(&ﬂ@ T’e)] ’
_ [Galsn,9)
G(S,y,076) - [G;(Sa ‘parao’é)] .

Then (11) becomes

d
(13) d_(g' = P11(570)S0 + P12(S,0)’I‘ + Ql (37 ©,T, 0) + 6G1 (3, v, 0» 6)

d
(14) T =Pu(s.0)r+Qals, p,r,0) +5Ga(s, p,7.0,).

The solution of this system that satisfies the initial condition
©(0,70,0,6) =0, 7(0,70,0,8) = ro.
will be denoted

170,0,6
o= [5me)

To determine whether any of the one-parameter family of solutions
(9) that exists at § = 0 can be continued for § # 0, we look for solutions
of the equations

(15) tp(kT, 7‘0,0,5) = 0, T(kT, r0,0, 6) —r0=0

for some positive integer k. Since y = 0 is a solution of (11) when
6 = 0,(ro,8) = (0,0) satisfies (15) for any 8 € [0,T"). Moreover it is
easily shown that

%[T(kT, r0,0,6) - ’ro] = ng(kT, 9) - 1.

This matrix is invertible in light of the remarks following (12), and
the implicit function theorem implies that there is a smooth Ry(0,6)
defined for all 8 € [0, T) and small §, with the properties that

’I'(kT, Rk(ea 6): 0, 6) - Rk(oa 6) =0
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and Rg(f,6) — 0 as 6 — 0. It follows that the equation
(16) o(k, T, R(0,6),0,6) =0

is satisfied at 6 = 0 for any 6 € [0,T). Thus there is a C"~! function
hi(8,8) such that

o(kT, Re(0,6),0,6) = 6hi (8, 6),
and, for § # 0, (16) is equivalent to the equation
hi(8,6) = 0.

If hi(0,0) has a simple zero at some 6y i.e., if (Ohi(8,0)/88)q, # O,
then the original equation (10) has a periodic solution near ¢o(-,00)
whose period is close to kT for all small 6.

It can be shown that
kT
hi(6,0) = Q7 (u,0)[Pi2(u, 0)
0
u
/ Qa2 (u,0)Q57 (v,0)G2(v,0,6,0)dv + G1(u,0,6,0)]du
0

and therefore
hi(6,0) = chq1(8,0).

In other words, hx(#,0) and h;(6,0) have the same zeros (if there are
any) and they give rise to the same periodic solutions for small §. Since
hy is a smooth function of § these zeros are smooth functions of §. We
summarize these results in the following proposition.

PROPOSITION 1. Suppose that the periodic orbit n(t) of the uncoupled
system 18 hyperbolic and that the bifurcation equation
(17)

T
h1(6,0) = /0 17 (u,0)[P12(u,0)

u
/ Qa2 (u, 9)0;21(v,0)G2(v,0, 6,0)dv + G1(u,0,8,0)]du
0
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has a simple zero at 8g. Then, given an arbitrary neighborhood N of
the orbit ¢o(-,00), there is 6o > O such that, for all § € (—bp,8) (1)
has a periodic solution ¢s that is a smooth function of 6, whose orbit
s contained in N, and whose period is close to T. Furthermore, for
sufficiently small 6 there is a neighborhood of the orbit of ¢o(-,6p) in
which there is no periodic solution of (1) whose least period is close to
kT for any k > 1.

REMARK 1. Under the conditions in the proposition, bifurcation from
the continuum of solutions that exists at 6 = 0 is transcritical, which
means that the bifurcating solutions exist on both sides of 6 = 0. If
one does not require that the zero be simple, then the dependence of 4
on 6 need not be smooth, and bifurcation may be one-sided.

REMARK 2. The stability of the bifurcating branches can be deter-
mined by a perturbation analysis of the critical multiplier or exponent.
A branch is asymptotically stable for 6 > 0 and unstable for § < 0 if
the O(6) term in the critical exponent is negative. It should be noted
that there is no exchange of stability at § = 0, even though there is
a change in the stability of the bifurcating branch at the bifurcation
point.

REMARK 3. As we mentioned in the Introduction, this method
for treating the continuation of periodic solutions separately from the
continuation of an invariant surface can be used in cases where it is not
possible to prove that the surface persists under perturbation. However,
it is known that the invariant torus perturbs smoothly in the problem
just analyzed [10], and in the remainder of this remark we indicate
how this can be proven within the present framework. We can write
the integrated form of equations (13) and (14) as

1 = p(T) = po + F1(r0, Yo, 6)
r1 = (T) = Q22(T, 0)r0 + F2(70, ©0, 6),

and to these equations we append the equation §; = &g for the
parameter. These can be written in the form

T = G(xo,a),
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where z = (p,6,7)T and G : R>™ x [0,T] — R*™. Since the spectrum
of Qa2(T, 0) lies strictly within the unit disk, the spectrum of DG(0, 8)
has 2(m — 1) points within the unit disk and two points on the unit
disk. Thus the center manifold theorem for maps in the form given
in [16] can be used to prove the existence of a center manifold, whose
representation is

T = h(p,0,6)

where h is T-periodic in . The ¢ = 0 section of this generates a
closed curve on the section s = 0, and the perturbed torus has the
representation

z = ¢o(s,0) + ¥(s,0) 90(;, h(0, g,a),

3. Preliminaries for a three-parameter analysis of coupled
planar oscillators. In order to obtain an analytically-tractable
problem for intermediate coupling strengths, one must choose a simple
vector field having a periodic solution in the uncoupled state, and
simple coupling functions. It was shown in [8, 9, and 10] that a great
deal can be done analytically when two planar systems described by
the vector field

az + By — z(z? + y?)

f@y) = [—ﬂ:c+ay —y(e? +v%)

:I, a?:B>O’

are coupled linearly. In the coordinates

_|T — | T2

the governing equations analyzed in [8, 9, and 10] are

(18) % = f(a) +6D(s2 — 1), S22 = f(z) +8D(e1 ~ 22),

where D is the 2x2 matrix with all entries equal to one. Since the vector
field f is invariant under rotations, the vector field for the coupled
system is equivalent under an orthogonal transformation to one in
which the coupling matrix is given by D = diag (D;, D;) = diag(2,0).
Our purpose here is to determine how the structure of the bifurcation
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set changes when the coupling matrix is made nonsingular. When D5
is small an elementary perturbation argument shows that the structure
given in [8, 9 and 10] persists, but we shall analyze the changes that
occur as D ranges from diag(2,0) to diag(2,2). However, we first
rederive the perturbation results given in [10] to illustrate how simple
the reduction procedure is for this system. Without loss of generality
we may set « = 1 and fix Dy, and in order to compare our results
with those in [8, 9 and 10], we set D; = 2. Furthermore, we write
Dy = 2(1 — 2¢) where € € [0,1/2]. In component form (18) becomes

%Etl = o1+ Byr — 21(23 +9) + 26(21 — 21)

" %ytl = —PBzy +y1 — y1(z2 +42) +26(1 - 26)(y2 — y1)
% =23 + Byz — £2(25 +y3) + 26(z1 — 22)
%/tz = —fz3 +y2 — y2(73 + v3) + 26(1 — 2¢)(y1 — ¥2).

Thus € = 0 corresponds to a coupling matrix that is a multiple of the
identity, and € = 1/2 corresponds to the problem studied in [8, 9 and
10].

Each two-dimensional subsystem of the uncoupled system has a
unique periodic solution, whose period is T = 27/8, given by

(20 )= 5l
An admissible ®(-) is
B(s) = [ cos s ] ,

—sin 8s

and for this choice of ®(-),a(s,d) and b(s, 8) are given by

1 in 8 _ 1 [sinp(s+0)
olo,0) = 2= [28] 0o, 0= - I [mBe+ O]

Therefore P(s,0) is given by

0o 0 0
P(S,B)EI:O -2 0],

0o 0 -2
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and it follows that Q;;(s,0) = 1,Q42(s,0) = (0,0), and
e 0
Q22('5a0) = l: 0 6—23} .

Clearly Q32(kT,0) — I is nonsingular for any positive integer k. Thus
the equation for y has the form assumed in (11) without applying a
coordinate change.

One finds that
G1(u,0,0,0) = (—4(1 — &) sin # — 2¢ sin 2Bu + 2 sin 28(u + 0))/v2
and according to (17), h1(6,0) is given by

/B 4/2(1 - &)

hy(6,0) = /0 G1(1,0,0,0)du = == sin

Therefore Proposition 1 applies, and the simple zeros of hy are g =0
and 8y = w/B for all k. It is easy to show that the former is
asymptotically stable for § > 0 and unstable for § < 0, and that the
latter has the opposite stability properties. This leads to the bifurcation
diagram shown in Figure 1.

In the following we call the orbits of periodic solution which bifurcate
from 6 = 0 the in-phase orbits and those that bifurcate from 6 = 7/
the out-of-phase orbits, and we denote them by wg and wy, respectively.
The orbit of wg lies in the linear subspace 0 C R* defined as

0 = {(21,22) | 21 = 22},

and because g;(z,2) = 0,wp exists for all § € R. The orbit of w, lies
in the subspace

H = {(21,22) | 21 = —22}.

The variational equation of (19) with respect to either wg or wy splits
into the systems

(21) dd% = K(t)&, ‘% — [K(¢) — 26D)és
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S u

® |

u S

O o= e - =

> 3

Figure 1. The bifurcation diagram for bifurcation from the continuum
of solutions at § = 0. The solution labelled 0(w/8) corresponds to wo

(respectively, wx).

where K(t) is the Jacobian of f along the orbit. Therefore the
fundamental matrix solution of (21) has the form

W(t) = [Wb(t) Wf(t)]

where W; and W, satisfy the first and the second equation in (21)
respectively, and the initial conditions W;(0) = I and W5(0) = I.

To simplify the description of the changes in the stability properties
of periodic orbits, we define the Floquet signature of an orbit v € R*
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as follows. We associate a ‘+’, a ‘—’, or a ‘0’ with each multiplier of
the periodic variational system for the orbit, according as the modulus
of the multiplier is greater than one, less than one, or equal to one,
respectively. The Floquet signature of the orbit is then defined as
o(v) = (01,02,03,03), where o; is +,—, or 0. When dealing with
orbits that lie in O or in [], the first (second) pair of entries of o(-) will
refer to the multipliers associated with the first (respectively, second)
equation in (21).

It is quite easy to show that wg is asymptotically stable for all § > 0,
and unstable for § < 0 and either sufficiently large or sufficiently small
in magnitude. A sketch of the proof of this fact goes as follows. In the
coordinates

21 + 29 21 — 29
m=Tg w= T

adapted to O and [], (18) becomes

d{% - %[f(w1 + wa) + f(wr — wa)]

W = E[f(wl +'U)2) - f(w1 —_ w2] —26Dws

and wy is given by

wi(t) = [—C(s)fnﬂ;t] . wa(t) =0.

For this orbit the matrix K(¢) is given as

_ [ —(1+cos2pt) B + sin 26t
K= [ —B+sin2pt —(1 —cos2ﬁt)} '

Let {A1,A2} and {As)A4} be the eigenvalues of W;(T) and Wo(T)
respectively. Since

_ [ cospt sinpt][e 2 0

Wl(t)h[—sinﬂt cosﬂt}[ 0o 1|’

A1 = 1 and A3 = ¢~2T. By an argument identical to that used in
proposition 2 of [10], it can be shown that the pair {A3, A4} lies inside
the unit circle when 6 > 0. Similarly one can show that at least one
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of the pair lies outside the unit circle when § < 0 and either | ¢ |
is sufficiently small or § < —1/4(1 — ¢). Thus the Floquet signature
of wp is (0,—,—,—) for § > 0, and (0,—,+,+) for § < 0 and either
sufficiently large or sufficiently small in magnitude. It is not known
whether or not wq is stable on a subset of the excluded set of negative
6 values.

Next we determine the region of existence of w, in (8,6,¢) space.
Because f is odd; w; = 0 is the first component of a solution of (22)
provided that wo satisfies

d’lU2

W = f(w2) - 25D’ll)2

The components (u,v) of wy satisfy the system

du = (1 —46)u + v — u(u? +v?)
(23) @

i —Bu+ (1 —46(1 — 2€))v — u(u® +0?).
For —f/4e < 6 < min(1/4(1 — €), B/4€) we introduce the coordinate
transformation

U\ _ (Pcos¢) _ U
(v) = (Famg) =4 (3)

where

A=(\/1+k 0 >’ R¢=(cos¢ sinqS)

0 1-k —sing cos¢
and
_ 48¢ _1 B
(24) k= \/[1—46(1—5)]2+ﬂ2’ ¢= ZarCtanl—‘i(S(l—E).

Then (23) becomes

3
fidé =(1 -kcosZs‘){[l —46(1—¢)|P - lf_kz}

% = —BVI— K2+ [1 - 46(1 — €)]ksin 2,
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and by (24), | ¥ |< 1 and thus %% < 0. Therefore P = /(1 — k2)(1 — 46(1 —¢))
is the orbit of a limit cylce in the (U, V')-plane whose period is

_ 27 dg _ 2
T:(5,8) = /0 BVI—R2—[1—45(1—e)lksin2g /B — (48e)?.

In the polar coordinates u = pcosf,v = psinf, (23) becomes

dp =p—p° —46p(1 — 2esin? 0)
dt

(25) b
p7i —f + 4eé sin 26,

and in these coordinates the limit cycle is given by

_[1-46(1 —4e)](1 - k?)
() = + keos2(8(t) — ¢)

where 0(t) satisfies (25). In w coordinates w, is given by (0,0,
p(t) cosb(t), p(t) sin 6(¢))T.

The region of existence of w, and its stability properties relative to
I1 are readily deduced from the preceding results. For convenience we
summarize the information about wp and w, in the following proposi-
tion (see also Figure 2).

PROPOSITION 2.

(a) The periodic solution wq ezists for all§ € R and € € [0,1/2]. It
is asymptotically stable for all 6 € RY, and there is a 6o(g) > 0 such
that wo 1s unstable for all 6 € (—o0, —1/4(1 — €)) U (—6p,0).

(b) The periodic solution wy ezists for —(3/4e < 6§ < min{1/4(1 —
€),B/4e}. When B> ¢€/(1—¢€) and § > 0, w, disappears via a Hopf bi-
furcation at the origin as 6 — 1/4(1—€). When é > 0 and B < e(1—¢),
or when 6 < 0, the period T¢(6,8) — o0 as 6 — £f/4e, and a pair of
fized points appear on w.

4. Changes in the resonance structure for ¢ € [0,1/2]. In
this section we analyze how the stability of w, varies with 3,6, and e.
Since most of the results are direct extensions of those in [10] to the
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Hopf bifurcation

Infinite period bifurcation

B=-4¢8 /B=4€8

—=3

-

4(1-¢)

Figure 2. The region of existence of w, in the (6, 8)-plane for fixed
€ €[0,1/2].

case € # 1/2, we refer the reader to that paper for background. The
variational equation of (18) with respect to w, has the form in (21)
with
(26)
K(t) = 1 —2p%(t) — p2(t) cos26(t) B — p*(t) sin 26(t)
—B — p?(t) sin 20(t) 1—2p%(t) + p%(t)cos20(t) | -

It follows from Proposition 2 that (03,04) = (0,—) in the Floquet
signature of w,, and therefore we only have to determine how {1, A2}

vary with 3,6 and e.
According to Liouville’s formula,

Te(6,8)
A1X2 = exp (/ trK(s)ds).
0
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This integral can be evaluated explicitly, and the result is that

Mg = 6xp { 4n[8(1 — )6 — 1] }

V% — (4¢6)?

Consequently

=1 if6=1/8(1-¢),

>1 ifé6>1/8(1—¢)
which implies that w, is unstable for 6 > 1/8(1 — ¢) and is asymptoti-
cally stable whenever § < 1/8(1 —¢) and | A |=| A2 |

In order to analyze the variational equation
a6
dt
with K(t) as given in (26) we introduce the polar coordinates
£ = Rcos¥/2
1= | Rsin¥/2

and double angle 8 = 26. Then (27) and equation (25) define the
autonomous system

<1 if6<1/8(1—¢)
Ada

(27) = K(t)&

% = —2(8 — 4e6sin O)
(28) =19 -5©)sin(¥ - o)
% — R[1 - 25(8) — S(8) cos(¥ — 8)),
where
_[1-4(1-¢)b)(1 - k?) _ —B
5(8) = 1+kcos(®—®) ’ ® = arctan y —4(1—-¢€)§’

When 3 > 4e6 we can use B as the independent variable in (28) and
obtain the system

dv B - S(8)sin(¥ - 8)

ae B —4eb6sin B

dR _ R[1-25(8)— S(8)cos(¥ —8)]
e 2(B — 4¢6sin B)

(29)
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Let ¥(6,600,%0,8,8) be the solution of (29) which satisfies
¥(80,60, ¥, 6,8) = V. Since the right hand side of (29) is 27-
periodic in © and ¥, the flow of this equation defines a circle map C of
the section © = O to itself. The rotation number

r(6,8) = lim ¥ (69 + 2k, ?Z;T‘I’o, 6,8) — ¥

of this map is defined and continuous on D, = {(6,8) | 0 < 6 <
1/4(1 — €), 8 > 4¢6} and is independent of ©y and ¥q. The relation-
ship between the eigenvalues of W (T¢ (6, 8)/2) and the rotation number
is given by the following lemma, which is proven in [10].

LEMMA 1. W1(T.(6,8)/2) has a real eigenvalue if and only if there
are Og and Vg for which

\11(90 + 27,09, ¥, 6, ,3) =Wy + 2nm

for some integer n.

Said otherwise, Wi (T (6, 8)/2) has a real eigenvalue if and only if the
circle map C has a fixed point. If (6, ) is not an integer the eigenval-
ues of Wy(T¢(6,3)) are either complex conjugates, or, if they are real,
they must be equal. The following proposition follows from Lemma 1
and this observation.

PROPOSITION 3. If (6,8) € DN {(6,0) | 6 < 1/8(1 —€)} and r(8, B)
18 not an integer, then wy 18 asymptotically orbitally stable with asymp-
totic phase.

At sufficiently small § or sufficiently large # the rotation number is
always less than two. The proofs of the following two lemmas, which
make this statement precise, are analogous to the proofs of similar re-
sults given in [10], although the details in Lemma 3 are different.

LEMMA 2. Let
4eb
Des = {(6,8) € D |

1-4(1—5)5S1,"|k|}‘
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Then, for each (6,8) € D¢ 1, 7(6,8) = 1.

LEMMA 3. There exists C > 0 independent of € € (0,1/2] such that
of
3e 1 e(l—-¢)-C\/B2(1—¢)2+¢e2
= S0 -
bea={(6.0) €082 =62 4 e 3
then, for all (6,8) € D 2,7(6,8) < 7/4.

Next we consider the behavior of the rotation number near the half
line £ = {(6,0)|6 = 1/4(1 —¢€),B8 > ¢/(1 — €)}, on which the Hopf
bifurcations occur. For 8 > ¢/(1 —¢€), let p =1 —4(1 — €)é, and write
(29) in the form
dv
e
where f is 2m-periodic in ¥ and © and the average frequency of the
unperturbed flow is

1 M pl-ede B(1—e¢)

2r Jo B(l—¢)—esin® (/BZ1—c)2 -2

When p = 0 the ¥ — B flow is periodic if and only if @ is rational, i.e.,
if and only if 7(1/4(1 — €), 8) is rational, and the question is whether

such periodic solutions can be continued for g > 0. Equations of the
form (30) have been studied in [17], where it is shown that the set

H, = {(6,08) € D: | 7(6,8) = p for p rational }

(30) =w+uf(¥,6,u),

W=

is a cusp-like region with apex at

_ 1 Ep
00 (4(1—s)’ (1-5)\/,7:1)'

In light of Proposition 3, it is necessary to determine where the rotation
number is an integer in order to determine the stability of w,. In fact,

if
(De\u 2Hn> N {(&ﬂ) | 6< 5(1;—6—)}
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is not empty, then w, is stable for some (6,8) € D.. The sets
H,,n=2,3,4,... are called resonance horns in [10], and it remains to
determine the behavior of these sets in D;.

Firstly, a horn cannot terminate in D, for this would violate the
continuity properties of the rotation number as a function of (8, 3).
Moreover by the uniqueness of the rotation number of (29) different
horns cannot intersect each other. By Lemmas 2 and 3 H,, must remain
in the region

He = (De\De,1) N (De\De 2).

From these facts it follows that each horn must terminate on the
line § = 4¢é for some 6§ € (67,1/4(1 — €)), where 67 is the value of
6 for which 00, ; intersects the line § = 4e6. Furthermore, it can be
shown that r(6,80) — oo as § — fo/4e for any Bp € (g,e/(1 — ¢)).
Thus all the horns must terminate on the open interval I = {(6,3) |
B = 4€6,6f < 6§ < 1/4)}, and it can be shown that they accumu-
late only at (6,8) = (1/4,€) (cf. Figure 3). On the other hand,
In=In{6,8)|8>0,0<6<1/8(1—¢)} coincides with I when
€ =1/2, but is a strict subset of I for any € < 1/2. Thus only finitely
many of the resonance horns intersect the region of the (6, 5)-plane in
which A1\ < 1 for any € < 1/2. Furthermore, one can show that there
is an €p € (0,1/2] such that for all € < &g, Iy is empty, which implies
that all the resonance horns are confined to the region in which w, is
unstable. Finally, if we let 6; be the § coordinate at which the left
boundary of H; intersects I, then we can show that there exists an &;
such that §; < 1/8(1 —€) when € € [e1,1/2]. We may summarize these
conclusions as follows.

PROPOSITION 4. For each € € [e1,1/2] there is an open set in D. on
which wy 18 asymptotically orbitally stable with asymptotic phase. For
each € € [0,1/2]wr is unstable for § > 1/8(1 —¢).

Note that we have not ruled out the possibility that w, is stable
in some subset of D, when the resonance horns do not intersect the
region in which A;A2 < 1. From the foregoing it is easy to see that
the closure of ¥. converges to the point (6,8) = (1/4,0) as € — 0,
i.e., all the resonance horns collapse to a point at € = 0. Furthermore,
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Figure 3. Schematic of the region in the (§,3)-plane in which the
resonance horns exist. The rotation number is 1 in D¢,; and less than
7/4in Dg 2. A1A2 < 1for 6 < 1/8(1 —€). As € — 0 the Hopf bifurcation
line (6 = 1/4(1—¢)) approaches § = 1/4, the infinite period line (8 = 4¢6)
approaches § = 0, and ¥¢ shrinks to the point (6, 3) = (1/4,0).

the period-doubling cascades suggested by numerical work in [10] must
also disappear at this point.

One finds that at (6, 8,¢) = (1/4,0,0) the Jacobian at the rest point
(0,0,0,0) is similar to Is & O, where O is the zero matrix, and thus
there is a codimension-four singularity at this point. Our results show
that the resonance structure found in [10] for € = 1/2 arises from the
three-parameter partial unfolding of this singularity analyzed herein.

Clearly it would be desired to have a complete unfolding of this singu-
larity.
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5. Analytical results on the first bifurcation from w,. The
uncoupled system also has periodic solutions of the form ((0,0) x n(t))
and (n(t) x (0, 0)), where 7(t) is given by (20). Numerical computations
done in [10] show that the continuations of this pair of solutions for
6 > 0 connects to wy for some 6§ € (0,1/2). In this section we obtain
this result analytically when € = 0, i.e., when the coupling matrix is a
multiple of the identity.

When € = 0, the representation of w, in z coordinates is given by

. cos (3t

_ (@) _ —sin Gt

2(t) = (z;(t)) =vi-4 —cos (it
sin Gt

This solution exists for § € (—oo, 1/4) and bifurcates from the origin at
6 = 1/4. In order to analyze the bifurcations from w, we perform the
reduction done in §2. For each (F(-,6), 25(-)), the matrix ¥(-) given by

% sinfs cosfs 0
% cosfBs —sinfs 0
71,_7 sin Bs 0 cos s
715 cos 3s 0 —sin fs

(31) U(s) =

is admissible, and (7) takes the form

46 0 0
P(s,6) = U(s)T[DF (¥5(s),6)¥(s)—¥(s)] = ( 0 2(56—-1) 26 ) .
0 26 2(56 — 1)

Since the eigenvalues of P(s,6) are 46,2(66 — 1), and 2(46 — 1), the
Floquet multipliers of the variational equation

dy _
a’; —'P(s,é)y

are €807/B ¢4(66-1)7/8 and ¢4(46-1)7/B  Thus periodic solutions may
bifurcate from w, at § = 1/6. To facilitate the bifurcation analysis, let
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u=1/6 -6 and let F(:,u) be the vector field in (19). Then one finds
that the equations for the normal components are

dyy V2By: 2

291 _ 4— 392 — 2/3(ys — 6

ds  6[v3B8+yi(ys + ys)][ u \/_(yz bs) + 42t
dys ﬁﬂ

[4v/3y2 + 2v/3y3 + 2

ds 6v/3[v38 + y1(y2 + y3))
— (V3y2 + 1)(3y% + 2(V3y2 + 1)?)
- 3V3y}(y2 + ys) + 12u(V3y2 — V3ys + 2)]
dys V23
ds 6v/3[V38 + y1(y2 + y3)] (230 +4V34s = 2
— (V3ys — 1)(3y} + 2(v3ys — 1)?)
- 3v3y3(y2 + y1) — 12u(V3y2 — V3ys + 2)].

One steady-state solution of these equations is

y11=0

ya = %(\/12,”1—1)
Y3z = —%(\/ 12/l,+ 1- 1),

and this solution corresponds to w,. It is easy to verify that another
pair of solutions is given by

y1=0
(32) y2=é[\/2—3u—\/§:i:3\/ﬁ]
Y3 = %[—\/2—3u+\/§:|:3\/;7]

whenever u € [0,2/3] or, equivalently, when § € [-1/2,1/6]. These
solutions are the normal components of periodic solutions that bifurcate
from wy at p =0 (6§ = 1/6) and connect with wo at u = 2/3 (i.e., at
6 = —1/2). For (F(-,p),21/6) as before and ¥(s) as in (31), equation
(4) becomes

dt _ V28

ds V2B +yi(y2 +ya)




RESONANCE STRUCTURE OSCILLATORS 429

Consequently,
ﬂ =1
ds —
along the solution given by (32). It follows that the two periodic

solutions that bifurcate from w, at § = 1/6 have the representation

r1 cos Bt r1 cos Bt
15 _ | —risingt 2/ _ | —r1singt
2 (t) = —ricosft | 78 (t) = —ricos Bt |°
71 8in Gt r1 8in Bt

where

V1+26++/1-66 and g = \/1+26—\/1—66.

2 2

rL =

These solutions are symmetry pairs under interchange of the oscillators
and inversion through the origin. It is clear that

cos (3t 0
—sin gt 0
A= 70| Bermn = oog |-
0 — sin Gt

and that these coincide with the periodic solutions (n(t)) x (0,0) and
(0,0) x (n(t)), respectively.

To analyze the stability of the solutions 2%,7 = 1,2, we define

’ .
#ffg’ sinfBs cospfs 0

L cosfs —sinfs 0
\I’a (3) Tf +1'2 . ﬂ ﬂ
—LL— sin Bs 0 cos 3s
\ /r1§+r§

r .
—Ssin
7'?_'? Cos ,38 0 S ,38

This matrix is admissible for (F(-,1/6), 2} (-)), and (7) becomes

Ps(s) = Us(s)T[DF (1,5(5), 6)¥s(s) — ¥5(s)]

1-26 0 0
= 0 1-25-3r} 26 .

0 26 1—26—3r2
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nwall
/le'

Wo

Figure 4. The global branches of periodic solutions that exist at € = 0.
: Floquet signature = (0, —, —, —); — — —: Floquet signature
= (0,—,—,+); — - — -: Floquet signature = (0, —, +, +)

Since the solutions 2} exist for § € (—1/2,1/6) it follows that

1—26 — 312 26 _
“( 26 1-25-3rg>"(1‘25)<°
and
1-26 —3r2 26 _
det( 26 1—26—3r§) =2(26+1)(66 —1) <0.

Thus the Floquet signature of z} is

(33) (0,—,+,+) for —1/2< 6 < 1/6.
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A similar argument shows that the Floquet signature of 22 is also given
by (33), which leads to the following proposition.

PROPOSITION 5. When e = 0 there is a supercritical bifurcation of un-
stable periodic solutions from wy at § = —1/2. These periodic solutions
coincide with the periodic solutions (n(t)) x (0,0) and (0,0) X (n(t)) at
6 =0, and disappear via a second Hopf bifurcation from w, at 6 = 1/6.
The Floquet signature of solutions on this secondary branch satisfy (33).

The global branch of solutions that bifurcates from wg at § = —1/2
is shown in Figure 4. It is noteworthy that this branch varies between
solutions on wg and solutions on w, as § varies in [—-1/2,1/6]. Thus
there is a smooth transition between in-phase and out-of-phase oscil-
lations. Numerical results in [10] for € = 1/2 show that the periodic
solutions (n(t)) x (0,0) terminates either by connecting to a periodic
solution that bifurcates from w, as for € = 0, or via an infinite-period
bifurcation, depending on the magnitude of 3. At present it is not
understood how the solution structure found at € = 0 relates to the
structure found numerically at € = 1/2.
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