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AN EMBEDDING THEOREM FOR
MIXED NORMED SPACES
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1. Introduction. If s,r, 3 > 0, a function f analytic on the upper
half-plane U = {z = 2 + iy, = € R, y > 0}, is said to belong to the
space A2 if

1A = / Y My, £ dy < o,

where

)= ([ e inra)”

o

Let 0 < p<s<oo, 0<q<r<ooand p be some positive finite
Borel measure on U. In this paper we will find conditions on p that
are equivalent to the estimate: There is a constant C such that

(S reraut)™) ™ < Cllslry, forai g € a2,

where Q;i are squares {z =  + iy, k2 <z < (k4+1)2, 2 <y<
2J+11 j and k are integers; i.e., the injection mapping from A”, to the
space LF:? (with the obvious definition) is bounded.

Our work was motivated by a recent paper of D. Luecking [5]. For
0 < p < s < o0, he has characterized the positive measures u on the
unit disc D for which there is a C' > 0 such that

([ @Pau)"" < Cllf s foran € 4%,
D

the Bergman space of functions f which are analytic in D and for which

1 2n
1£115.05 = / / F(pe®)(1 = )"~ dpdb < 00 (8> 0).
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His result is that this occurs if and only if
k(z) = u(D:(2))/ms3(Dc(2)) € L¥(my3), for 1/q+p/s=1,

where D.(z) is the pseudo-hyperbolic disc around z € D having radius
e and m, 3(z) = (1 — |z])**~1dm(z), for dm two-dimensional Lebesgue
measure on D.

In this paper we extend Luecking’s theorem to the mixed norm spaces
(0<p<s, 0<g<r). Actually, if p = q and r = s we have another
equivalent condition on the measure . The precise statement and
the proof will be given in §3. For technical reasons, our proof will be
performed in the upper half plane.

The main ingredient of Luecking’s theorem mentioned above is a
theorem of E. Amar 1] which says that every separated sequence in D
is a finite union of interpolation sequences for A?, (relevant definitions
will be given in §2). To make use of Luecking’s idea, we require such a
theorem for mixed norm spaces. This follows from our main theorem
in [3]. For the sake of completeness we restate it in §2.

F. Ricci and M. Taibleson’s decomposition theorem for mixed norm
spaces [6] is another key theorem used in the proof of the main theorem.

We conclude the paper with an application of the method used in §3.
Pointwise multipliers from A”_ to Ay, are characterized provided that
0<p<s<oo, 0<g<r<oo, 0<fB<a.

2. Interpolating sequences. Let p(z,w) denote the pseudo
hyperbolic metric

—w
l, z,w € U.

z
p(z.w)=l —

z2—-W
ForaeUand 0 <6 <1 let

Ds(a) ={z€ U : p(z,a) < 6}.

The following lemma is a simple consequence of the fact that Dgs(a)
is a disc in the Euclidean metric with center c = Rea+iIma -E%;- and
radius R = I—E%glm a.
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LEMMA 2.1. For gwen 0 < 6 < 1 there exist positive integers
ny, ng, ny,ny, depending only on 6, such that if a € Q,x then Ds(a) C

Q;‘:_), where Qﬁ) is a rectangle in U.

{z=zx+iy:(k—n)2 <z <(k+1+n2)2/, 207" <y < 2/H1Hns}

Let £, denote the mixed norm space of all double sequences a =
{ajr}, j. k € Z, for which

el = 3 (S laul’) " <2 0 < sr < ).
:

J

A sequence {2}, Jj.k € Z, in U is said to be é-separated if there
exists a & > 0 such that if (m,n) # (j. k) then

P(me zjk) Z 6

A sequence {zj;} in U is called an interpolation sequence for A”
if whenever {r;x} € £, then there exists f € A” satisfying
f(zji)(Imzj )PV = x4, ie., if the operator R defined by Rf =
{f(zj»)(Im zj£)?*1/*} is a bounded map of A?_ onto ¢,,.

It follows from the open mapping theorem that a constant M may be
associated with any given interpolation sequence {z;;} such that any
{zjr} with |[{x;i}||sr <1 is the image under R of a function f € A2
with ||flls.-3 < M. This M will be referred to as the interpolation
constant of {zx}.

THEOREM A. [3] Let n,m be positive integers and my € {0,1,2....,
n — 1}. Suppose that {zmo+jnk}:J k € Z. is a sequence in U which
satisfies the following conditions:

(1) 2mo+ U=l < Imz,, ik < 2™0FUHD ] for qll k € Z;
(") !Re Zmo+j11.k1 - Re Z7”n+j7Lk21 Z (m+ 1)21”‘0-"“-{-1)"—11 kal ?’é k2-

If n and m are large enough, then T2 defined by

Tijr(f) = {f(znmw\-jn.k)lm :1nn+jﬂ-k)i3+l/s}» fe A.fra

is a continuous linear map A?_ onto €,,. In fact, there is a continuous
linear map V of €., into A2 so that T2V is the identity mapping on
Cor.
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Throughout the paper we use C,C},Cs, ..., to denote positive con-
stants, depending on the particular parameters r,s,..., M,6,7,0,...,
concerned in the particular problem in which they appear. They are
not necessarily the same on any two occurrences.

3. Embedding theorem for mixed norm spaces. Before stating
the main result we establish two more preliminary lemmas.

LEMMA 3.1. Let § > 0 and s,r,3 > 0. If f is a holomorphic function
in U, then the following statements are equivalent:

i) fe Al
ii) {21‘(6+1/s) SUP,eQ,, |f(2)]} € €,
lll) {2j(d+l/8) Supzeq(ﬁ) lf(Z)‘} € gsr-
ik

PROOF. From the decomposition theorem for the spaces A”?

ST

F. Ricci and M. Taibleson have obtained that [|f||srs is equivalent
to {27+ sup, e |f(2)|}ls.r (Lemma 6.3 in [6]). Obviously, iii)

implies ii). It remains to show that ii) implies iii). Recall that Qg.i) is
the rectangle

{z=z+iy: (k—n1)2j <zr<(k+1 +n2)2j,2j_"3 <y< 2j+1+"“}

for some positive integers n;,ng, n3 and ny depending only on 6. Thus,
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ZQj(B+1/S)’ ( Z sup ]f(z)|s)r/.Z

&
j K z€Q')
J+14ng k+14n2

syrenr(y 33w )"

k m=j-nzn=k-n,

j+na k+14n2 /s
<CZQJ(ﬁ+l/9)r Z (Z Z esgp If(z)ls)

m=j—ns k n=k-—n, mn

J+14n4
<CZQ’<B+1/“)T Z (Z sup |f(2)] )

m=j-n3

. r/s
sc}jzﬂﬂ“/ﬁ)’(z sup [£(2)") " .o
i K €k

LEMMA 3.2. [4] Let0<p<s< oo, 0<g<r <00, l/u=1/p-1/s,
1/v=1/q—1/r. Then, for any {zjx} € ly,, we have

I{zikHluw = sup |{zjkyik}lpa-

“{yjk}”sv‘:l

THEOREM 33. Let 0 < p < s < oo, 0 < ¢ < 17 < o0,
1/u=1/p~1/s, 1/v=1/q—1/r. There is a constant C such that

q/p\1/q
Z [ 11GIPdu@)™) " < Cllfllns, foralt £ € A%,
QJk

if and only if

1279 u(Qjk) P Hluw < 0.

PROOF. Let ||{277+1/9) 14(Q;x)/P}||u.r < 00 and f € AS . By using
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Hoélder’s inequality, with indices s/p and r/q respectively, we obtain

Z/ Pdu()) ")
< (Z(Z sup 1£(2)7) (ij))q/ll)l/q
J k
: (Z (Z(Z‘(‘)P |f(3)|’“)"/"(Zu(ij)u/p)‘J/”)l/q
J L 2€Whk -

< H2PHY) sup (£ Her 277 0(Q50) P H o

ZEQ]‘:

< C”f”s.r.ﬁl|{2vj(ﬂ+l/s>ﬂ(ij)l/p}|Iu.v

by Lemma 3.1.

To prove necessity, we fix n and m large enough, so that any sequence
satisfying the conditions of Theorem A is an interpolating sequence for
AP and construct a é-lattice, that is, a é-separated sequence {wj}
such that discs Ds(wjx) cover-U. Without loss of generality we may
suppose that 2"~ <Imw;; < 2"/, j, k€ Z.

Since {wj } is separated we can split it into ny sequences X, such that
each of them has at most one point in any square Q. Now split each

of the sequences X, into m sequences X,,, ¥ = 1,2,...,m, defined
by wjr € X, if and only if wjr € X4 N Qy, where t = y(mod m).
Finally, we split X,, into n sequences X4,V = 1,2,...,n, so that

Wik € Xaqw if and only if wjr € Xay N Que, where [ = v(modn). To
obtain N = ngmn interpolation sequences for A” we enumerate the
sequences X,-,, so that the conditions of Theorem A are satisfied.
We may suppose that all are 7-separated for some 7. Let {a;t} =
{wme+jns Sk}, 0 < mp < n — 1, be one of the sequences X,,,. By
Theorem A, any sequence {y;r} with [[{yjr}|lsr = 1 is of the form
{f(a;x)(Imajx)?*'/} for some f € AP with ||f||sr3 < M, where M
is an interpolation constant associated with {a;ir}. (Note that M is
also an interpolation constant for any sequence X,.,.)

Thus, by Lemma 3.2,

127"+ Y9) (D (@) P oo

(3.1) y
< Cl{f(ax)u(Ds(ajr)) " Hip.gs
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for some f € A? with ||f||s-5 < M. Let f satisfy (3.1). Then

(32) [, Pt

> Cilf(ax)Pr(Ds(ajk)) = Co | |f(2) = flaze)Pdp(2),

Dg(ajk)

where C; and C; are positive constants depending only on p. Summing
over k, raising both sides of the inequality (3.2) to the power g/p,
applying inequality of type (3.2) with p replaced by ¢/p and summing
over j, we obtain

/p
505 fo 1789
> (X (3 ftamPui@stase)) ) "
J k
. So, i ; 1Y/
Wemer s (s S IAS Pt iR) ")

! () Pdm(z)

(2) = flae)l? < CF Zrprsy Dy(as0)

where the constant C' depends only on 7 and p (see [5] for details).

(Z(2

- flasPau)"") "

Dﬁ(a]k)

<08( 3 (L umutan) sw 11r)"")"
J

zGG m

Here, G ;i denotes the square Q.+ (j+1)n—1,s, Which contains the point

wm;+ jn,se = @jk and G;Z) is the rectangle associated with Gjx (Lemma
2.1).
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Proceed as in the proof of sufficiency to conclude that
q/p\ 1/q
(Z (Z fap)Pdu(z) ")
Dﬁ(a k)
< C8|1{277" P+ ) u(Ds(ax)) P Hluw
||{27m @+ sup ID(2) }Hlp.q

n
2€Q i+ )n 1,0y

(3.4) < C §||{277" B u(Dg ()P Hluow
{2+ sup [£(2)Hlpa
zer:0+(j+l)n—l,k

<C 6'|{2_jn(B+1/s)H(D6(ajk))l/p}IIu.v

H{ijﬂ/s) sup If(z)””pw
zEQ;nk)

<C 6“{2—jnw+l/s)l‘(Dé(ajk))l/p}llu.v”f”s,r.ﬁ
by Lemma 3.1.
Since the discs Ds(a;i) are disjoint, we have

(2 (Z 2)Pdul ))0/10)1/0

D6(‘1;A=)

Z/m |Pd#(z))0/p)1/q

m0+(J+l)n 1,3

s@(;/w mznpdma)""’)‘“

mo+(G+)n—1,k

a/p\1/q
S (X [, r@raua)™)
Now proceed as in the proof of Lemma 3.1 to conclude
a/p\1/q
(2 A Herae)")
/p\ 1/
(3 [iserpant)™) ™ < Cllstlrs,
k Y Qik

(3.5)
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by assumption.

If we choose 6 small enough, then from (3.1), (3.3), (3.4) and (3.5)
we see that

{277 ) (@5 (a54)) P Hfuww < C-

Sum over the N sequences X,-, to get

(3.6) {2779 w( Qs (wi)) /P Hluw < 00.

Recall that each square Q;x contains at most ngy points of the sequence
{wjr}. On the other hand, {w;t} is a é-lattice. Thus, using these facts
and (3.6), we conclude

I{277C V) u(Q k)Pl < 00

4. Multipliers of mixed normed spaces. Let M(A? Ap,) be

ST q

the collection of all functions which multiply A?. into Ap,, ie., fgis

A2 for all g € A5 In [2], M (AL ALP) is characterized in the case
0 < p < s < 00. Using the same method as in §3 we can find multipliers
in the following cases.

THEOREM 4.1. Let 0 < p < s < 00, 0 < ¢ < r < o0,
0<fB<a<oo, lJ/u=1/p—-1/s, 1/uv=1/q—1/r. Then
M(AS, A%) = ASP.

uv

We omit details.
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