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MIXED MODULES IN L*
R. GOBEL AND B. GOLDSMITH

ABSTRACT. By assuming the set-theoretic hypothesis
V = L we show that, for a large class of rings R, there ex-
ist, for any regular not weakly compact cardinals &, strongly
k-cyclic mixed R-modules having endomorphism algebra iso-
morphic to the split extension of the R-algebra A by the ideal
of bounded endomorphisms provided A is free qua R-module
and k > |A|.

1. Introduction. In this paper we deal with endomorphism algebras
ERr(G) of certain mixed R-modules G in the universe V = L. We shall
always assume that R is a non-zero commutative ring with 1, with a
given countable multiplicatively closed subset S of non-zero divisors.
Let A be any fixed R-algebra which is S-reduced and S-torsion-free.
(These and related concepts are defined in §2.) It has been established,
working only in ZFC, that inter alia the following realization theorem
holds; see [1] and [2].

THEOREM. If A is an S-reduced, S-torsion-free R-module then there
exists a mized R-module G with Egr(G) = A & Bd(G). (Here and
throughout the paper Bd(G) will denote the ideal of bounded endomor-
phisms of G; ¢ € Bd(G) if and only if there is an s € S with (G¢)s = 0.)

Indeed the results can be extended to derive arbitrarily large rigid
systems and semi-rigid proper classes (i.e., classes which are not sets.)
Assuming V = L we can sharpen these results considerably by imposing
only slightly stronger conditions on the algebra A. In this context
cyclic A-modules will either be copies of A or torsion A-modules A/sA
for some s € S. Recall that, in general, a module is said to be -
cyclic if it is a direct sum of cyclic modules. Observe that X-cyclic
modules are reduced. A module is k-cyclic, for some cardinal «, if any
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submodule of cardinality < « is contained in a ¥-cyclic submodule of
cardinality < k. Furthermore a module H is said to be strongly s-cyclic
if any submodule Hy of H, with |Hy| < k, is contained in a X-cyclic
submodule H; of cardinality |H,| < k with H/H,&-cyclic.

By imposing the additional condition that A be cotorsion (see [1],
[3], [4] or §2) we shall obtain the following strengthened version of the
above quoted theorem.

THEOREM 1.1. (V = L) Let A be a cotorsion-free R-algebra and k
any regular not weakly compact cardinal > |A|. Then

(i) there ezist strongly k-cyclic A-modules G%(a < 2%) of cardinality
K such that Eg(G?) = A®BdA(G?) and t(G), the torsion part of G2, is
equal to T where T is any prescribed strongly k-cyclic torsion A-module.

(ii) if ¢ : G& — Gj:: is a homomorphism and (a, k) # (a', &), then
@ 1is bounded.

(iii) #f G is any strongly ko-cyclic A-module of cardinality ko < K,
then ¢ : G — G is bounded.

We remark that if x is singular or weakly compact then it is known
that any strongly k-cyclic module must be X-cyclic, and so the con-
ditions imposed on « in Theorem 1.1 are necessary. Observe that the
modules constructed in Theorem 1.1 are only strongly k-cyclic qua
A-modules. However it is easy to obtain a similar family of strongly
k-cyclic R-modules:

COROLLARY 1.2. Let R be cotorsion-free and let A be any R-algebra
with free underlying R-module structure and k any regular not weakly
compact cardinal > |A|. Then

(1) there exist strongly k-cyclic R-modules HX (o < 2*) of cardinality
k such that Er(H) = A®@Bd(HZ) and t(HY), the torsion part of HZ,
may be any prescribed k-cyclic torsion R-module.

(i) ifp: HX — H:: is a homomorphism and (a, k) # (a', k'), then
¢ 1s bounded.

(iii) if H is any strongly ko-cyclic R-module of cardinality ko < k,
then ¢ : HY — H is bounded.
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PROOF. This follows immediately from Theorem 1.1. given that A is
free quA R-module. O

It follows immediately from Corollary 1.2, that, in V = L, essentially-
rigid families of maximal size exist (and are composed of “almost” free
modules) for all regular not weakly compact cardinals. Similarly using
Corollary 1.2(i), (ii) it follows that a proper essentially rigid class (i.e.,
not a set) of almost free R-modules exists. (We remark that part (iii)
of Corollary 1.2 has been used in the proof to establish part (ii) of
Corollary 1.2.) It also seems worth observing that when working in
ZFC it is only possible to establish the existence of proper essentially
semi-rigid classes of R-modules [1]. The existence of an essentially-rigid
class would be in conflict with the Vopenka-principle (cf. [12]).

It is, by now, a well established procedure to use this type of
realization result to show the existence of various pathological groups
and modules. It is worth noting that the usual choices made for the
algebra A to produce such results are such that A is a free qua R-
module. Hence the restriction in Corollary 1.2 is not serious if one
wants to show the existence of such pathological modules (cf. 1], [3].)

As a final application of our result we derive a generalization of
Griffith’s solution of the Baer problem. Recall that a torsion-free
abelian group G is a Baer-group (see [8; Vol II, p.189]) if every mixed
group M splits when M/tM = G. Griffith [13] showed that Baer-
groups are free. Extending the notion of Baer-group to Baer-modules
in the obvious way we obtain

THEOREM 1.3. (V = L) If G is a Baer-module which is contained in
some @SR, then G is a submodule of a free R-module.

PROOF. Suppose G is a Baer-module of cardinality . Since k% is
automatically regular we may find from (1.1) a strongly x*-cyclic R-
module H with torsion part tH of cardinality x. Moreover, ®, S “IRC
H/tH follows from the construction of H and thus G may be embedded
in H/tH. Let K denote the preimage of G in H. Since |K| =« < k%
we conclude K is contained in a Y-cyclic submodule of H containing
tH. But, if G is a Baer-module then K = tH & G, whence G is a
torsion-free submodule of a free module. O
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REMARK. If R is a domain with quotient field @ countably gener-
ated over R, then S™'R = Q for a suitable (countable) S. In this
case all torsion-free modules are submodules of some ®S~!R and the
implication of Theorem 1.3 holds for all S-torsion-free Baer-modules

G.

We remark that Griffith’s solution of the Baer problem has been
recently extended to arbitrary torsion theories over Dedekind domains
in [10].

Finally observe that the results obtained in this paper are indepen-
dent of ZFC. This follows since the torsion part of our modules is
prescribed; in particular if T = 0 then we reduce to the cotorsion-free
torsion-free case and this is known to be independent (3].

2. Preliminaries. In this section we develop some notation and
derive two simple results which are useful for the rest of the paper.

Throughout, R shall be a commutative ring with 1 having a count-
able multiplicatively closed subset S containing no zero divisors and
satisfying the Hausdorff condition NscgRs = 0. We enumerate the
non-units in S as sy, s,... and define ¢, in S by ¢, = [];<,, si- Thus
gn(n < w) is a null sequence of non-units in S, and if m < 7n < w then
the fraction ¢, /¢, is a well-defined element of S. The S-topology on
an R-module M has the countable set of submodules Ms(s € S) as a
basis of neighbourhoods of 0; it is Hausdorff if and only if NgesMs =0
or, as we shall also say, if and only if M is S-reduced. The notation M
is reserved for the S-completion of M and the completion topology on
M coincides with the S-topology. The notions of S-pure, S-divisible
and S-torsion-free are defined in an analogous fashion to that used for
Abelian groups. Note that if ¢ : M — N is a homomorphism then ¢ ex-
tends uniquely to a homomorphism ¢ : M — N. Where no confusion is
likely we shall continue to call the unique extension ¢. Throughout the
rest of the paper A shall denote a fixed R-algebra which, qua R-module,
is cotorsion-free; recall that an R-module G is said to be cotorsion-free
if it is S-reduced, S-torsion-free and Hom(R,G) = 0. (See [4] for fur-
ther details.) Since the set S is fixed throughout we shall often omit
the prefix S.

We shall say that B is a standard mized A-module with a chain of
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summands {B,} if B can be written in the form

B = ®n<w (a, h)A ® @n(w(,@, TL)A,
a€l, Bel
where Ann(a,n) = ¢, A, Ann(8,n) = 0 and I,,, I are non-empty index
sets (usually infinite) and, moreover, B can be expressed as U,<., B,
where each B, is a direct summand of B. We shall also write B = T F
where T is the torsion part of B and F is free. Similarly B, = T, ® F,,.

Let G be a free R-module, G = ®;cre;R and ¢ € G. Then the
support [z] of x (with respect to the given decomposition for G) is
defined by [z] = {i € I|r; # 0 where z = Ze;r;}. Clearly [z] is a finite
subset of I. If y € G then it is well known that y may be represented
as y = Ye;r; where {r;} is a null sequence, and so the support of y, [y],
may be similarly defined. In this case [y] is a countable subset of I.
More generally, if X is a subset of G we define [X] = U,¢x[z].

LEMMA 2.1. If F is a free A-module with a strictly increasing
chain of summands {F,} (n < w),F = Upc<,F, and ¢ : F —» G
ts an unbounded homomorphism from F into a torsion module G,
then there are decompositions F,.1 = F, & D, and basis elements
dn € Dy, (n < w) such that {d,¢} is unbounded.

PROOF. Consider any decomposition F,,; = F, ® C, and, since
¢n # 0, write ¢, = cpoA ® C). If we can find elements ¢, € C,
with the properties of the d, in (2.1) then we select these. If not we
conclude, without loss of generality, that (&C,)¢ is bounded. Since
F =F,®®,<,C, we conclude that F,¢ is unbounded. Choose basis
elements e, of F, so that {e,¢} is unbounded. Now set d,, = e, + cpo
and take D,, = d,A® C}. A routine check shows F,,;; = F,, & D, and
the elements d,, have the desired properties. O

In the sequel we shall several times use properties of strongly k-cyclic
modules, and so now give a characterization of such modules. Because
of Shelah’s singular compactness theorem there is nothing to show if
is singular. Hence we restrict ourselves to regular cardinals.

LEMMA 2.2. Let k be a regular uncountable cardinal. Then G is a
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strongly k-cyclic A-module if and only if G = UacxGa, a k-filtration,
where |G| < & and G/Gg is k-cyclic for all non-limit ordinals 3.

PROOF. Assume G is strongly k-cyclic and let G = UG, be any «-
filtration by sets G} and suppose inductively that G,(a < 7v) has been
constructed. If y = a+1 then, since |G,| < k we can find Y 2 G,UG),
with |Y] < k,Y Z-cyclic and G/Y k-cyclic. Set G, =Y. If v is a limit,
take G, = Ua<1Gqa. Conversely suppose G = Ua<kGa, |Gal| < K,Gq
is L-cyclic and G/Gjy is k-cyclic for all non-limit ordinals 8. Now if
X C G with |X| < k then X C G,, some a. Let Y = Gq41. Since
a + 1 is not a limit we have X C Y,|Y| < k,G/Y k-cyclic. Thus G is
strongly k-cyclic. O

We shall refer to the module G, in a filtration of a strongly s-cyclic
module G as the a layer of G. Finally we make the following simple
observation:

LEMMA 23. If G,(a < K) is any layer of the strongly k-cyclic module
G then there is a layer Gg O G, such that G is closed in the S-topology
on G.

PROOF.: Since a+ 1 is not a limit, if we set 5 = a+1 then Gg D G,
and G/Gpg is k-cyclic. However since cyclic and k-cyclic A-modules are
necessarily reduced, this ensures Gz is closed.

To place the construction of strongly x-cyclic groups in a more general
setting we introduce the notion of almost cotorsion-free (cf. [9].)

DEFINITION. A reduced A-module G is said to be almost cotorsion-
free if every homomorphism o : B — G is bounded where B =
®n<w tn A with Ann(t, A) = ¢, A. If we now assume that the base ring
R is a countable Dedekind domain then we obtain the characterization

THEOREM 2.4. Let R be a countable Dedekind domain which is not a
field and let S = R\{0}. IfG is a separable R-module then the following
are equivalent:
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(1) G 1is almost cotorsion-free.

(2) Every homomorphism ¢ : B ® R — G is bounded where B =
®Bn<w tn R with Annt,R = ¢, R;

(3) Rp C G for any localization R, of R.

PROOF. (1) implies (2) since R is a direct summand of B. (2)
implies (3) since Rp is a complete discrete valuation ring and so we
could construct an unbounded map B & R — G. Finally to see
that (3) implies (1) consider any o : B — G with ¢ unbounded.
Then B¢ is a cotorsion submodule of the reduced module G. It now
follows, since R is Dedekind, that we have B¢ = A & C, where A is
torsion-free algebraically compact and C = T" is the cotorsion hull of
T = t(Bg). (cf. [8, Theorem 55.5].) If A # 0 is algebraically compact
it contains a copy of RP, and so we must conclude that A = 0. It now
follows, by an analogous argument to that given by Harrison (see 8,
Theorem 56.5]), that if T is unbounded (and thus T/T # 0) we have
(T')! = Hom(Q/R,T/T) # 0 where Q is the field of fractions of R
and ( )! denotes the first Ulm submodule of ( ). But this is clearly
impossible since T° C G and G is separable. Thus ¢ is bounded.

We note that if R is an incomplete Dedekind domain and G is a
k-cyclic R-module of cardinality x > |R|%" then G is almost cotorsion-
free. This follows, since if Rp C G then |R,| < |R® < &k which
would imply that Rp is contained in a free R-module. But then
Hom(R, R) # 0 and this is possible if and only if R is complete (cf.
[4]. Since this was excluded the result follows. O

3. The main algebraic construction. When using the set-
theoretic condition V = L to realize endomorphism algebras it is by
now standard (cf. [3], [5], [11]) to develop the necessary algebraic tools
separately in a series of step-lemmas. In this section we develop two
such step-lemmas which will be vital to our construction in the final
section of this paper.

STEP-LEMMA A. Let k > |A| be a regular uncountable cardinal,
G a strongly k-cyclic A-module, B a standard mized A-module with
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a strictly increasing chain of summands {B,} and ¢ : B — G an
unbounded R-homomorphism. Then there ezists an extension B' of B
such that

(i) B! is a ©-cyclic A-module;
(ii) B'/B is S-divisible and S-torsion-free;
(iii) B, is a direct summand of B';

(iv) ¢ does not extend to an R-homomorphism B! — G.

PROOF. The proof is split into two cases:
Case (i). F¢ is unbounded.

(a) F¢ C tG. In this case we can find a countable rank A-summand
F* of F (say F = F* & F**) such that F*¢ C tG. Since |F*| < k and
K is regular, F*¢ is contained in some layer G; of G. As observed in §2
we can find a layer G; 2O G; such that G; is closed in the S-topology
on G. Set G; = T; ® H; where T; is torsion and H; is torsion-free.

Thus we have a sequence F* gGiLHi. Then, by a similar argument
to [6, Lemma 2.1}, we can find an extension F! of F* with F! a free
A-module, F!'/F S-divisible S-torsion-free, F*(= F,, N F*) a direct
summand of F! and such that ¢m does not lift to an R-homomorphism
Fl i Hi.

Now set B! = F!@T®F** and we note that (i), (ii) and (iii) all clearly
hold. However if ¢ extends to an R-homomorphism ¢! : B! — G then,
since F'/F* is S-divisible, we can conclude that B'¢' C G; = G;.
This however is impossible since it then follows that ¢'x restricted to
F! would extend ¢m. Thus (iv) also holds.

(b) F¢ C tG. Choose, as is permitted by Lemma 2.1, decompositions
Fo41 = F, ®D,, and elements d,, € D, such that {d, ¢} is unbounded.
Set F* = @pcwdnA and write F = F* & F**. Since |F*¢| < & we
can find, as in (a) above, a closed layer G; = G; of G such that
F*¢ C G;NtG = T; say. Observe that T; C T;;; = tG;y1. Since
F*¢ is unbounded we can construct inductively elements e; = d;gx,,
with k; strictly increasing, g, = 1, such that Ann{e;¢} form a strictly
descending chain and the e;¢ have pairwise disjoint supports; these
supports are calculated in J where Ti4; = ®jeyt;A. There will be
no loss in generality if we assume that the elements e; are indexed by
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1€ w.

Now consider y = Y. __ e;, an element of F*. Observe that y¢ € T;.
However [y¢] = U[e;#], and so y¢ has infinite support (calculated in J.)
Thus we conclude y¢ € T;,,. However, y¢ € Ti_‘_l, so it follows that
Y9 € Giy1. But if yo € G then yo € T.NG C G; = G, by the choice of
G;. This is clearly a contradiction since G; C G, and so we conclude

Yo ¢ G.

Define a divisibility chain y, (n < w) for y by yo = y, yn =
Yisndi(qr,/qr,) and set B' = (F*,y,A(n < w)) ® F* & T. It
is immediate that (ii) and (iv) hold. However by observing that
d, = y, — Yn+14k,,, one easily obtains that (F*,y,A(n < w)) =
Dn<w YnA. Moreover (iii) will follow if ®;<,d; A is a summand of (F*,
ynAn < w)). However a direct -calculation shows that
(F*, ynA(n < w)) = Bi<n diA D Br>nyk A

Case (ii). F¢ is bounded. Since ¢ is unbounded we deduce that T'¢
is unbounded and so there exists an unbounded A-module B*, a direct
summand of T with B*¢ C T; unbounded where T; is the ¥-cyclic
torsion part of some closed layer G; of G. But now it follows that
we can find b € B* with bo ¢ G; if B*¢ C G then we would have
B*¢ C T,NG = T; = T,, and this is impossible since T; is X-cyclic
torsion and B*gb contains torsion-free elements.

Write b = 3, aig,, where {a;} is a basis of B* and define a
divisibility chain for b by b = by, by = ank a;i(gn,/qr). Note that
[bk — bry15k41] = {ai|n; = k} and this is a finite set since the sequence
qn, is Cauchy. Let N = {k € w|[bx — bk+15k+1] # 0} and note that
this is an infinite subset of w since the support of b is infinite. There
will be no loss in generality in assuming N = w. Then, for k < w,
write e, = Zn.-:lc a;; observe that, by a suitable re-arrangement of
the original basis of B*, we can take e, as a basis element of B*.
Set F = @<, exA and note that E is a summand of B*, whence of
T; T = E® D say. Then b = Yerqy, has a “normal” form and we have
b — bmt1Sme1 = em(m < w).

Consider now y = >, feqr € F where fi is a free generator
of F. Let F* = ®pc,frA and let F = F* @ F**. Now define a
divisibility chain yx for y by yo = ¥, Yn = D _g>n fe(ak/qn). fyo ¢ G
set B! = (F* y, A(n < w)) ® F** & T, and a routine check shows (i) -
(iv) hold. If, however, y¢ € G then set £ = b+ y and observe z¢ ¢ G
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since ¢ = yo + by and by ¢ G. Let =, = b, + y,, and observe
that the sum of the modules z,, A is direct since the elements f,, are
independent. Now set B! = (E® F*,2,A(n < w)) ® D & F**. Since
(E® F*,z,A(n < w)) = BncwenA D Bnec, T, A, Bl is a E-cyclic A-
module. Moreover B!/B is S-divisible and S-torsion-free and ¢ does
not extend to an R-homomorphism from B! to G since ¢ ¢ G. Thus it
only remains to verify (iii). But observe from the above argument giving
B! to be S-cyclic that T is a direct summand of B! (and tB! = T.)
Thus it suffices to verify that F, is a summand of B!. If F,, C F** this
is immediate so we can reduce the argument to showing that &,., f; A
is a summand of (E & F*,z, A(n < w)). However a direct calculation
gives (E® F*, 1, A(n < w)) = Bicn ;i AD D, [iAD Bisy, r;A. O

STEP-LEMMA B. Let B be a Y-cyclic mized A-module of infinite
rank having a strictly increasing chain of summands {B,} and let
B* = B® D, where D is a free A-module of countable rank or 0.
Then, if ¢ is an endomorphism of B* leaving B invariant and ¢ is not
an element of A® BdB, there erists an extension B' O B* such that

(i) B! is B-cyclic,
(ii) B'/B* is S-dinsible and S-torsion-free,
(iii) B, is a direct summand of B! for all n,

(iv) ¢ ¢ E(B').

PROOF. Suppose ¢ : B — B is not an element of A ® BdB. Let
B = T @ F. Denote by ¢* the homomorphism induced from ¢ by
mapping modulo T,¢* : FF — F. If ¢* is not multiplication by a € A
then, as in [3, Corollary 2.8.], there is an extension F' D F which
satisfies (i)-(iii), and ¢* does not extend to an endomorphism of F'
since if it did extend to ¢! then (¢')* would extend ¢*. Suppose then,
that ¢* is multiplication by an element of A. Thus there exists a unique
a € A such that ¢ —a : B — T. (The uniqueness is immediate, for if
we have a,a! then a — a' : B — T which is clearly impossible unless
a—a'=0.) Set y =¢—a:B — T. Clearly ¢ is unbounded. Then,
for all n < w and b € A, we have ¢,v» — b ¢ BdB. (This follows
immediately from Lemma 3.1. below.) But from Step-Lemma A we
deduce that, for each pair (g, b), there exists an element z** € B such
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that % (g, — b) ¢ B. Moreover z*? is a divisibility chain of z** and
B, is a direct summand of (B, 1‘“’A(n < w)).

Now pick a free A-module D of countable rank, say D = @e; A,
and let d = ¥ _ e,q, € D. Let {d,} be a divisibility chain for
d. Ifdy ¢ (B® D,d,A(n < w)) then setting B* = B® D and

''=(Ba D, d,A(n < w)) will do since this B! will clearly satisfy
(i)-(iv).

If dy € (B® D,d,,A(n < w)) then there exists a € A,qx € S such
that d(gqv» ~a) € B® D. Set w = d + z¥* and put w, = d, + 1"“‘.
If wy € (B@ D,w,A(n < w)) then there is m € w,b € A such that
w(gm ¥ — b) € B@® D. Without loss of generality we may take ¢, = qx
and so obtain w(qx¥ — b) € B4 D. But then we have w(qyy — b) =
(d+z*)(qxy—b) € B® D implying that d(a— b)+1“”(q;.w b) € B&D.
Smce d € D and r*(q.y — b) € B this forces a = b, and so

*(gr) — a) € B - contradiction. Set B' = (B@ D,w,A(n < w));
(ii) and (iv) are then immediate. Moreover (i) follows exactly as in
Step-Lemma A while (iii) follows as in Step-Lemma A once we observe
that (B® D, w, A(n < w)) = (B, 2% A(n > w) < ® < D,d, A(n < w)).
This completes the proof of Step-Lemma B. O

If the implication of Step-Lemma B holds for D = 0 we say that
Option I holds; otherwise we will use Step-Lemma B as stated and we
say that Option II holds.

LEMMA 3.1. If B=T ® F is a T-cyclic A-module and F # 0 then
A® Bd B is S-pure in E(B).

PROOF. Suppose s¢ € A @ Bd B where ¢ € E(B). Letting * denote
homomorphisms induced modulo T = tB we have that there is an
a € A such that (s¢ — a)* = 0. Thus s¢* = a* = a and if we consider
any basis element f of F we get f(s¢*) = fa implying a = sb for some
b € A. Thus s(¢ — b) € Bd B, and since this latter is clearly pure in
E(B) we conclude that ¢ — b € Bd B, whence ¢ € A @ Bd B. Thus
A @ Bd B is S-pure in E(B). O

4. Proof of the main theorem. In this section we construct A-
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modules with the properties claimed in Theorem 1.1. The construction
proceeds inductively with the underlying sets being prepared in a
suitable fashion for the o-machinery to yield the desired type of A-
module. The set-theoretic preliminaries are standard (see<14]) and
similar constructions have been used previously in (3], [5], [7] and [11].
Let & be the given regular not weakly compact cardinal > |A|. Choose
any sparse stationary subset F C {A < k|cf(A) = w}. Using Solovay’s
decomposition theorem we get a partition F = F. U Ex U Uq<xEq
into pairwise disjoint stationary sets E,(a € T = x U {e, k}). Let
H = U,<. H, be any k-filtration of some set H of cardinal k and let X
denote a family of 2% incomparable subsets of k. Since we are assuming
V = L holds we may assume o, (FE,) for all a € T and derive Jensen
functions {¢, : H, — H,,a € E.} guessing endomorphisms of H and
Jensen sets {Uy C Hy : a € E;} guessing kernels of homomorphisms
into A-modules of cardinality ko < k. In addition, we obtain, for each
¥ < K, Jensen sets of the form {(@q, +a, o) C H.xA: a € E,}. These
latter sets are supposed to guess the additive and scalar multiplicative
structure on the H, and homomorphisms of these modules. (Thus
+a CH2, -« CHyx Ax Hy, ¢, C H2.) Further details of Jensen sets
and functions may be found in [14, p. 226.]. Suppose that the torsion-
module T has a filtration T = U, .7, where T, is £-cyclic. Such a
filtration exists since T is assumed to be strongly k-cyclic. For each
X € X and a < k we define inductively an A-module HX with domain
H,,, and the desired A-modules will be obtained as HX = U(.<,.-,Hf.
The filtration of T may be so arranged that, for o < 8 < k, T, is
a direct summand of T if « ¢ U{E; : 7 € X U {e, k}}; let T3, be
some fixed complement of T;, in T3. The induction depends on X and
proceeds as follows:

(1) H¥ =T, and each HX (a < k) is a Z-cyclic A-module.

(2) If « is a limit then HX = Up<aHY .

B)Ifa<pB<kand a ¢ U{E, : 7€ XU{e'k}} then HY is a direct
summand of Hj.

(4) If HX has been defined let (4.0) HX,, = HX ® A® Ty 1.4 except
in the following cases:

(41) If o € E, and ¢, : HY — HX is a homomorphism not in
A @ BdHZX and Option I holds then we choose a sequence a,, in a\E
strictly increasing to a. Since a, ¢ E we have by (3) that {HJ }
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forms a chain of direct summands of HX. Now apply Step-Lemma B
to obtain an R-module B! = HY, | extending H; such that ¢, does
not lift to an endomorphism of HZ, . Step-Lemma B (iii) ensures that
(3) remains satisfied at this new stage, since if v < o and v ¢ UE,
then there exists a, with v < a,,. But then Hf is a summand of Hf"
which is, in turn, a summand of HY,,.

(4.2) If « € E; and U, C HZY is a submodule then let 7
HX — HX/U, be the canonical projection. If 7 is an unbounded
homomorphism into a strongly ko-cyclic A-module HX /U, (where
ko < k) then we apply Step-Lemma A to obtain an extension H;fH D)
HX. Moreover if a, is a strictly increasing sequence with limit a then
HZ is a summand of HY,, and 7 does not lift to HY, . Step-Lemma
A (iii) ensures, in a fashion similar to (4.1) above, that (3) remains

satisfied at this stage.

(4.3) If @ € E, for some v € X and (Ha,+a, a) is a Kg-cyclic A-
module with ¢, : HX — (H,,+a, ) an unbounded homomorphism,
then we construct H,ﬁ_l via Step-Lemma A as in (4.2). Once again (3)
is preserved.

As we noted at each stage this inductive construction is consistent,
and so we obtain an A-module HX = U, ., H,;Y. Since the filtration
of T is smooth we also obtain T = tHX. A routine check shows that
since T is strongly &-cyclic so also is HX. Before establishing the main
result we derive the following simple result which is clearly analogous
to corresponding results in [5] and [11].

LEMMA 4.1. Let B = Uy<xBs be a k-filtration of the mired A-
module B and ¢ : B — H a homomorphism into the A-module H. If
V={vex| ol B, is bounded } is unbounded in k and cf(k) > w
then ¢ is bounded.

PROOF. For each v € V let g,(,) € S be such that B, ¢ q,(,) = 0.
Clearly if {n(v) | v € V} is bounded then ¢ is bounded. Suppose
{n(v) | v € V} is unbounded and choose a strictly increasing sequence
n(v1) < -+ < n(y)---. Since V is unbounded and cf(k) > w, we
can find a v € V with v; < v for all i. But v € V implies ¢ | B, is
bounded, and since B,, C B, we have n(v;) < n(v) contrary to the
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unboundedness of the sequence n(v;). This establishes the lemma. o

Since X = 2 and T = tHX for each X.E X, it suffices to derive
the following four results to derive the main Theorem 1.1: For any
X #Y € X we have

(a) E(HX) = A® BdHX.
(b) If ¢ : HX — HY is a homomorphism then ¢ is bounded.

(c) If ¢ : HX — G is a homomorphism into a strongly rq-cyclic
A-module of cardinality ko < k then ¢ is bounded.

(d) If k < k! are regular not weakly compact cardinals > |A| and Y
s the indexing set associated with the clonstruction at the cardinal !,
then any homomorphism ¢ : HX — HY  is bounded.

PROOF. (a). Clearly A® BdHX C E(HX). So suppose that there
isa¢ e E(H*)\A® BdHY. Let C = {a < k|HX¢ C HX} and
observe that C is a cub in k. Denote by Cy and C, respectively the
sets {a €| ¢ | HY € A®BdHX}and {a € C | ¢ | HX ¢ A®BdAH}X
and Option II holds}. We claim Cj and Cy are bounded. C) is bounded
since the construction in 4.0. ensures that there exists a 8 > a with
B3 < |A| < k at which Option I may be chosen. If C; were unbounded
in & then, for all v € Cy, there exists a, € A such that (¢ —a,) | HY
is bounded. But then if v < u € Cy we would have that (¢ —a,) | H,f(
and (¢p—a,) | Hj( are both bounded. However this implies that a, —a,
is bounded on H;X which can only happen if a, = a, (= a say.) But
then (¢ — a) | HX is bounded for all v € Cy. It now follows from
Lemma 4.1. that ¢ — a is bounded, a contradiction. Thus Cj is also
bounded.

Let C* = C\(Ch U C}); C* is still a cub in k. From o,(FE.) we have
that D, = {v € D, | ¢, = ¢ | HX} is a stationary set so there exists
a € D.NC*. Thus ¢po = ¢ | HX : HX — HX. By the construction 4.1,
¢ does not lift to a homomorphism ¢' : HX_, — HZ . However Step-
Lemma B (ii) gave that HX, \HX is S-divisible, and since HX /HX, |
is k-cyclic we conclude that HX, , is the completion of HY in H*. But
this immediately tells us that ¢ extends to a homomorphism HX ' —
Hfﬂ, or, equivalently, ¢ | H,i( = ¢, extends, a contradiction. Thus
no such ¢ exists and we have established that E(HX) = A ® BdHX.
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(b). Suppose ¢ : HX — HY is unbounded. Then it follows, as in the
proof of (a), from Lemma 4.1. that C = {v < s | HX¢ C HX.0 | HY
unbounded} is a cub in k. Note that HX = HY qua sets. Let
(+y,y) from HY x HY — HY and HY x A — HY denote the
module structure on HY. From o.(E,) (7 € k\Y) we see that
u/'y = {V e E, I +y ! (HUXHU) = tu,y [ (H,xA)=-,0 | H, = ¢u}
is a stationary set in x because of the choice of Jensen sets in the
construction. Since C' is a cub we can find a € CNW,. Step-Lemma A
(ii) ensures HX |\ H 1s S-divisible and, as in the proof of (a) above, we
conclude that HX,; is the closure of HX . Observe that the construction
4.3. implies ¢ | HX : HX — HX does not lift to a homomorphism
HYX,, — H). However since a € E, and v ¢ Y we have from the
construction of HY that HY is closed. This immediately implies that
¢ | HXY = ¢, does extend to a homomorphism HY , — HY a
contradiction. This establishes (b).

(c). This is identical to the proof of (b) but using the construction
4.2. rather than 4.3.

(d). If ¢ : HX — HY' is a homomorphism then |HX ¢| < |HX| =
k < k' = |HY'| , we conclude that HX ¢ is S-cyclic since HY  is k-
cyclic. If HX¢ is not bounded then we can find a projection onto either
a free module or an unbounded direct sum of cyclic modules. In either

case these modules are strongly x-cyclic which contradicts (c¢). Thus
HX ¢ is bounded. 0
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