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MULTIPLICITY RESULTS FOR
A SEMI-LINEAR ELLIPTIC EQUATION
INVOLVING SIGN-CHANGING WEIGHT FUNCTION

TSUNG-FANG WU

ABSTRACT. In this paper, we study the combined effect of
concave and convex nonlinearities on the number of solutions
for a semi-linear elliptic equation with sign-changing weight
functions. With the help of the Nehari manifold, we prove
that there are at least two solutions for the equation (Eg p).

1. Introduction. In this paper, we consider the multiplicity results
of solutions of the following semi-linear elliptic equation:

—Au = Aa(z)u? + b(z)u? in Q,
(Eup) u>0, uz0 in Q,
u=0 in 092,

where Q is a bounded domain in RV, 0 < ¢ < 1 < p < 2 -1
(2 = 2N/N =2) if N > 3, 2* = 00 if N = 2), A > 0, and the
weight functions a, b satisfy the following conditions:

(A) a* = max{a,0} # 0 and a € L"¢(Q2) where ry = r/r — (g+1)
for some r € (¢ + 1,2*), with in addition a(z) > 0 almost everywhere
in © in case ¢ = 0;

(B) bt = max{b,0} # 0 and b € L**(Q2) where s, = (s/s— (p+1))
for some s € (p + 1,2%).

The fact that the number of positive solutions of equation (E, ) is
affected by the concave and convex nonlinearities has been the focus
of a great deal of research in recent years. If the weight functions
a = b = 1, the authors Ambrosetti, Brezis and Cerami [1] have
investigated equation (Ej:). They found that there exists A\g > 0
such that equation (E; ;) admits at least two positive solutions for
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A € (0, A\g), has a positive solution for A = A\g and no positive solution
exists for A > X\g. Wu [8] proved that equation (E, ;) has at least two
positive solutions under the assumptions the weight functions a change
sign in Q, b = 1, and X is sufficiently small. For a more general result,
de Figueiredo et al. [4] proved the following result:

Theorem 1.1. Assume that the conditions (A) and (B) hold, and in
addition

(C1) there exzists a nonempty open subset Qq C Q such that, on Q,
a(z) > g1 for some g1 > 0 and b(z) is bounded from below,

(C2) there exists a nonempty open subset Qo C Q such that, on Qa,
b(x) > 2 for some €2 > 0 and a(x) is bounded from below.

Then there exists X > 0 such that if A € (0,)), then equation (E,})
has at least two solutions.

The main purpose of this paper is to use a new method to improve
Theorem 1.1. In particular, we do this without assuming conditions
(C1) and (C2). Our main result is the following.

Theorem 1.2. Assume that the conditions (A) and (B) hold. Then
there exists Ag > 0 such that for A € (0,Ao), equation (E,p) has at
least two solutions.

Among the other interesting problems which are similar to equation
(Eqp) for ¢ =1, Brown and Zhang [2] have investigated the following
equation:
1) —Au = Xa(z)u+ b(z)[ulPlu in Q,

u € Hy(Q),

where 2 is a bounded domain in RY and a,b: Q — R are smooth func-
tions which change sign in 2. They found existence and nonexistence
results for positive solutions of equation (1) as A changes.

This paper is organized as follows. In Section 2, we give some
notations and preliminaries. In Section 3, we prove that equation (E, ;)
has at least two solutions for A sufficiently small.
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2. Notations and preliminaries. Throughout this section, we
denote by S; the best Sobolev constant for the embedding of H}(Q) in
L'(f2), where 1 < [ < 2*. Associated with equation (E, ), we consider
the energy functional Jy, for each u € H}(Q),

1 A 1
Iy (u) = —/ \Vu|® de — —— [ alu|™ dz — —— [ bluf't" da.
2 Jo q+1Jg p+1Ja

It is well known that the solutions of equation (E, ;) are the critical
points of the energy functional Jy, see Rabinowitz [6]. Moreover, we
consider the Nehari minimization problem: for A > 0,

ax () =inf{Jx (u) | ue M, (Q)},
where M, (Q) = {u € H}(Q)\{0} | (J4 (w), w) = 0}.
Define

U () = (4 () ) = [full s — A / oo™ de — / bluf* dr.
Q Q
Then for u € M, (),

(WA (W) w) =2 ullz = (g + 1)A/Qalu|"“ dz—(p+ 1)/Qb\u|"+1 da.

Similarly to the method used in Tarantello [7], we split M, (Q2) into
three parts:

|
(2) M3 (Q) = {u € My (Q) | (¥} (v),u) = 0},
|

Then, we have the following results.

Lemma 2.1. There exists Ay > 0 such that for each A € (0, A1) we
have M§ (Q) = @.

Proof. Suppose otherwise, that is, M9(£2) # @ for all A > 0. Then,
for up € M$(2), we have

B) 0= (W5 (u),u)=(1—q)lulz (- q)/QbIU\erl dz

1) =Dl A p) /Q alul™* da.
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By the Sobolev imbedding theorem, there exist positive numbers C7, Cs
such that
2 1 2 +1
lullzn < Cullullfy and [Jullz < ACh [|ull3;:

or
Jull e > CHY2P and [l < (AC2)Y179.

If X is sufficiently small, this is impossible. Thus, we can conclude that
there exists A; > 0 such that for A € (0, A1), we have M(Q2) = @. O

Lemma 2.2 (i) If u € M (Q), then [, alu|?™! dz > 0;
(ii) If u € M3 (Q), then [, blu[P*! dz > 0.

Proof. The proof is immediate from (3) and (4). o

By Lemma 2.1, for A € (0, A1), we write M, (2) = M{ (€2) UM ()
and define

al ()= inf Jy(u); a, ()= inf Jx(u).
ueMY (Q) u€M; (Q)

The following lemma shows that the minimizers on My(2) are “usu-
ally” critical points for J).

Lemma 2.3. For A € (0,\1), if ug is a local minimizer for Jy on
M,\(Q), then J}(ug) =0 in H=1(Q).

Proof. Our proof is almost the same as that in [2, Theorem 2.3]. i

For each u € M, (), we write

1 —1
e (Y
(p—q) foblul" de

Then, we have the following lemmas.
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Lemma 2.4. Let Ay = (p—1)/(p — ¢)(1 — q)/(p — q)~D/(P~1) x
(1/(|lal|zra ST (L/(SPTL|b]| Lo )9/ ®P=1) | Then for each u €
M, (Q2) and X € (0, A2), we have

(i) of [ alul?t de <0, then Jx(u) = sup,sq Ja(tu) > 0;
(ii) if [ alu|?tt dx > 0, then there is a unique 0 < t7 = t¥(u) < tmax
such that tTu € M and

Iy (tTu) = 0<tinf Iy (tu), Iy (u) = sup Jy (tu).

<t<tmax t>tmax

Proof. Fix u € M (Q2). Let
h(t) =t179 ||u\|ip — tpfq/ b|u\erl dr fort > 0.
Q

We have h(0) = 0, h(t) = —o0 as t — 00, h(t) achieves its maximum
at tmax, increasing for ¢ € [0,tmax) and decreasing for ¢ € (tmax, ).
Moreover,

b ):< (1= q) [jullz )“‘”/“’”
"\ -0 [yl T de

2 (p—a)/(p—1)
( (1= ) |Jul: > o ol o
Q

(p—q) fobluf da

(1—q)/(p—1) (p—q)/(p—1)
1-— 1-—
= [lul| % [(—q> - <—q> ]
b—q pb—q

||uH1;I-|;1 )(1q)/(p1)
(e

JoblulPtt de

N ||u||‘1+11 (p - 1><1 . q>(1lZ)/(P1)< 1 >(1‘1)/(P1)
= \p—q/\p—q ST bl e ’
or

(5) P (tmax)

N ar1 (P~ 1 1—g¢ (1-q)/(p—1) 1 (1—q)/(p—1)
= HUHHI o o N T .
r—a)\p—g ST bl0

2
[l s
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(i) fQ alu|?tdr < 0. There is a unique t~ > tpa, such that
h(t™) = fQ alu|9tt dz and A'(t~) < 0. Now,

R A U T

()P [(1 ~0) ()l ~ 0= 0) (7 [ plu dx]

(t7)H (7)) <o,

and
Tt tu) = () ulPe — ()TN alu|tt de
(3 (t )t u) = (¢7) [|ully ol
- (tf)p+1/ bluP do
Q
— ()™ [h )= [ alur dm} —o.
Q

Thus, t v € M, () or t~ = 1. Since, for ¢ > tmyax, we have

2

d
Iy (tu) <0

(-l - - [ baf s <o, G
Q

and
d 2 q+1 p+1
— I (tu) = t||ul|zy — At [ alul" " de -t [ bltulT dz =0
fort=t¢t".
Thus, Jx(u) = sup;>q Ji(tu). Moreover,

tptl

t2 2 —+1
Iy (w) > Jy (tu) > 5||u||H1 fm/Qb|u|p dr forallt > 0.

Similar to the argument in the function h(t), we obtain

/(p—1)
p—1 [ )2
I (u) > > 0.
2 () 2 2(p+1) (fﬂbu|p+1dx
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(ii) [ alu|?dz > 0. By (5) and

r

< H‘H'l <p - 1> (1 - q>(1—4)/(P—1)< 1 >(1—Q)/(P—1)
u L Y - -
o \p-q)\p—1a SB[ e,

< h(tmax) for X € (0,A2),

h(0)=0 <\ / au ™ dz < A fal| vy ST [Jull 54!
Q

there are unique ¢tT and ¢~ such that 0 < tT <t <t

h(th) = )\/ alu|™™ dz =h(t7)
Q
and
R(tT) >0>hn (7).
We have ttu € M (Q), t7u € M (Q), and J\(t"u) > Jy(tu) >
t

JA(tTu) for each t € [t7,¢7] and Jy(tTu) < Jy(tu) for each t € [0,¢7].
Thus, t~ =1 and

= + = 1 f
I (u) 212113 Iy (tu), Iy (tTu) ocinf Iy (tu) .

This completes the proof. o

Lemma 2.5 (i) () < o] (2) < 0;

(ii) Jx s coercive and bounded below on My ().

Proof. (i) Given u € M{ (2), we have
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(ii) For u € Mx(Q), we have [|ul|3;, = A [, alu|9Tt dz+ [, blu[Pt! da.
Then by the Holder and Young inequalities,

p—1 2 P—q / a+1
b= DY [ . S d
2@+ <<p+1><q+1>> oot de
D —

1 2 P—4q ) 1y a1
S A —2=L ) g, SO (ful| 2R

J)\ (u)

Thus, J) is coercive and bounded below on M (). o

3. Proof of Theorem 1. First, we will use the idea of Ni and
Takagi [5] to get the following results.

Lemma 3.1. For each u € My(R), there exist ¢ > 0 and a
differentiable function & : B(0;¢) C HE(2) — R such that £(0) =1
the function &(v)(u — v) € Mx(Q) and

, 2f VuVvde— (q—l—l))\f alul9 uy de— p—i—l)f blu|P " uw dz
(6) (£10),v) = (1=q) [ [Vul®do—(p—q) |, blul"* dz

for all v € H}(Q).

Proof. For u € M (), define a function F : R x H}(Q) — R by

Fu (& w) = (A (§ (u—w)), & (u—w))
_§2/ |V (u—w dxf§q+1)\/ﬂa|u7w|q+1 dz

f§’[’+1/b|u7w|p+1 dz.
Q

Then F,(1,0) = (J}(u),u) = 0 and

d

—F,(1,0) = 2/ |Vul|® dz — (¢ + 1) )\/ alu)®™ do
dg Q Q

f(p—}-l)/ blulP™ da
Q

~(-q) [ [VuPde - q) [ bluf™ do 20,
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According to the implicit function theorem, there exist ¢ > 0 and a
differentiable function £ : B(0;¢) € H*(RY) — R such that £(0) = 1,

— g1 — p—1
_ 2f9 VuVodz (q—ﬂ—l)AfQ alul?” ‘uv dz—(p+1) fﬂ blu| wv dz
(1-q) [ IVul? do—(p—q) [ blu/"** da

(€'(0),v)

F,(§(v),v) =0 forallve B(0;¢)

which is equivalent to
(JA (€ () (u=)),&(v) (u—v)) =0 forallve B(0e),

that is, € (v) (u — v) € M, (). O

Lemma 3.2. For each u € M (), there exist ¢ > 0 and a
differentiable function £~ : B(0;e) C H(2) — R* such that £~ (0) =
1, the function £~ (v)(u —v) € M, () and
(7)

_ 2 [ VuVvdr—(g+1)A [ _alu|? tuv dz—(p+1) | blu|? tuvdz
<(§ )I(U),U>: fg — fnz —— p+ifn
(1—q) [ |Vul? de—(p—q) [ blu/*** da

for all v € H}(Q).

Proof. Similar to the argument in Lemma 3.1, there exist ¢ > 0
and a differentiable function ¢~ : B(0;¢) C H!(RY) — R such that
€ (0) =1and & (v)(u—v) € MA(R) for all v € B(0;¢). Since

W () 1) = (1 — q) Jull’ — (0 — q) / bluP Y da < 0.

Thus, by the continuity of the function £~, we have

(W (€ (v) (u—v)) € (v) (u— v))
—(1- 9 @ (ufv)||f{r(pfq)/ﬂb\£’ (0) (u— 0) [ d < 0

if e sufficiently small, this implies that £~ (v)(u —v) €e M, (). O
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Proposition 3.3. Let Ag = min{\;, A2}, then for X € (0, Ay),

(i) there exists a minimizing sequence {u,} C Mx(2) such that

J)\ (un)

[e%Y (Q) +0(1),
A (un) = o

1) in H1(Q);
(ii) there exists a minimizing sequence {u,} C My (Q) such that

I (un) = ay (@) +o(1),
Ji (un) =0(1) in H1(Q).

Proof. (i) By Lemma 2.5 (ii) and the Ekeland variational principle
[3], there exists a minimizing sequence {u,} C M, (Q) such that

(8) J)\(Un)<04,\ (Q)‘f—%

1
(9) J)\(un)<J,\(w)+E||w—un||H1 for each w € M, ().

By taking n large, from Lemma 2.5 (i) we have

p+1
1 1
10 _ |- _ q+1
(10) <q+1 p+l>)\/a|un dx
1 Q
<a)\(Q)+ 06)\2( )

This implies
(11)
+1)(p+1) ax(Q)
all prg ST || |55 > / alu,|' ™ dz > (g
lall, [[un[F" > ; |t -9 5
Consequently, u,, # 0 and, putting together (10), (11) and the Holder
inequality, we obtain

> 0.

1/(q+1
(g+1)(p+1)ay (Q)S_(‘1+1) ” ”_1 /(g+1)
Alp—q) 2 e

12 funl > [
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and

1/(1—
2\ (p - Q) Sq+1 /- .

13 Up, < | ———= lla|l ;¢ S}
13wl < | gy gy Ml
Now, we will show that

||J§\ (un)”Hfl — 0 asn— oo.

Applying Lemma 3.1 with u,, to obtain the functions &, : B(0;&,) —
R™* for some ¢, > 0, such that &,(w)(u, —w) € M,(Q). Withn € N
fixed, we choose 0 < p < ¢,. Let u € H}(Q) with u # 0, and let
w, = pu/||lul|gr. We set 1, = &n(w,)(un — w),). Since n, € M (Q2), we
deduce from (9) that

1
Ix(p) = Ix (un) 2 = 0o — unll s

and, by the mean value theorem we have

(4 an) s 1p = ) 0 (p = il ) 2 = I = s
Thus,
(1) (5 (), =) + (6 (10p) = 1) 5 () (i = 0,)
> 2ty = wnllgs 0 (I1p =~ ) -

From &, (w,)(un — w,) € M(Q2) and (14), it follows that

F <"A (1), ||u|H1>
(6 (1) — 1) (5 () — T (1) (1 — 0,))

1
> =—lmo = wnll g + o (Imp = wnll ) -

Thus,

(15)

(3, ot <ol o= wole) 6 f) =)
[wll 2 np p p

X (Jx (un) = I3 (1) (tn — wp)) -
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Since
175 = tnll s < 1€ ()] + €n (205) — 1] 14l o
and
lim 1602 Z1 yer o)1
n—rco p

If we let p — 0 in (15), then by (13) we can find a constant C' > 0,
independent of p, such that

(4 ) o) < 5 0+ 1 O

We are done once we show that ||£/,(0)] is uniformly bounded in n. By
(6), (13) and the Hélder inequality, we have
o]l g
2 p+1
(1—1q) [ |Vup|"dz — (p — q) [ bun] d:p‘
for some d > 0.

(€. (0),v) < ‘

We only need to show that

>c

(16) \(1—q> [Vl e 0= [ blul " de

for some ¢ > 0 and n large enough. We argue by contradiction. Assume
that there exists a subsequence {u,}. We have

(17) <1—q>/ﬂ|wn|2dw—<p—q>/ﬂb|un\p“ dz =o(1).

Combining (17) with (12), we can find a suitable constant k¥ > 0 such
that

(18) / blu,[" dz >k for n sufficiently large.
o

In addition, (17), and the fact that u, € M, (Q) also give

/\/ alun| " dz = |un|| 3 7/ blug [Pt da
Q Q

p—1

== - buanrldx—i—ol
— 1)
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and

19)  funl < [A(f;%q) lall e SEH Fo1).

1/(1—q)
i |
This implies
(20) I (un)

Hu ||2P1 1/(p—1)
—K ) ()l
Q

Jo b un P da

p —
_ C,;q>p/(p_l)<p _ 1> (p—q/1—q)* (fQ b up [+ da:) 1/(p—1)
o 1-a be|un|p+1 dx

-1
S blu, [P da
1-qJa
=o0(l).

However, by (18), (19) and X € (0, Ao),

I)\ (un)

> K (p,q) <Sp+1

= Junl%:" (K (9, @) SED/OP B fun | 5 = ASE fall -, )

et | 57

1/(p—1) ) 1
= AST ) al| g |unl|?
Ty 7 a5

> a5 B () S0 o 20y 0

p—gq ) —q/(1—q) )
(220 lalla sz | = At ale |-

This contradicts (20). We get

/ _uw \_C
<°’A (), ||u||H1> W

This completes the proof of (i).

(ii) Similarly, by using Lemma 3.2, we can prove (ii). We will omit
the detailed proof here. a
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Now, we establish the existence of a local minimum for J) on M ().

Theorem 3.4. Let Ag > 0 be as in Proposition 3.3. Then for
A € (0,Ag) the functional Jy has a minimizer ui in MY (Q) and it
satisfies

(1) Ja(ug) = ax(Q) = o} ();

(ii) ug is a solution of equation (E,}).

Proof. Let {u,} C Mx(€2) be a minimizing sequence for J) on M (2)
such that

Iy (un) = ax (@) +o0(1) and Ji(u,)=0(1) in H'(Q).

Then by Lemma 2.5 and the compact imbedding theorem, there exist
a subsequence {u,} and uj € H}(Q) such that

u, — uf weakly in Hy ()
and
(21) U, — ui strongly in L"(Q) for 1 <r < 2*.

First, we claim that [, alug |7"! dz # 0. If not, by (21) and the Holder
inequality we can conclude that

/a|un\q+1 d:c—)/a‘ua"qﬂ dr =0 asn— 0.
Q Q

Thus,
/|Vun\2 d:v:/p|un\p+1 dz +o0(1)
Q Q

and

1 1
I (un) = <5 _ m) /Q |Vun|® dz+ 0 (1),

this contradicts Jy(uy,) = ax(2) < 0 as n — co. Moreover,

0(1) = (J5 (un),¢) = (J5 (w0) ,¢) +0(1) forall ¢ € Hy (Q).
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Thus, ua' € M, is a nonzero solution of equation (E, ;) and Jy (uar) >
ax(£2). We now prove that Jy(ug) = ax(Q2). Since

1 A
J)\ (’U,EJ‘F) = 5 ||’U13_||21 — q—i——]_ a |’U,3_|q+1 dz
e

1 1 2
(5= 541 I
A A +1a+1
+<p—+1_q+1>/9au0 dr
< lim inf 1 1 2
> ;m_}lolg §—m ||Un||H1

A A
+<———>/aun|q+1 da:)
p+1 q+1) Jq

= liminf Jy (un) = ax ().

n—ro0

Thus J)\(uar) = a)(Q). Moreover, we have uj € M+(Q) In fact, if
Uo (Q), by Lemma 2.4, there are umque t& and t, such that
td uO M (Q) and t;ud € M, (), we have t§ < ¢, = 1. Since

& (tud) >0,

iJ)\(t‘|r ):0 and 72

dt

there exists t§ < t <ty such that J)(tjug) < Ja(fug). By Lemma 2.4,
I (tgug) < I (fug) < Ia(tgug) = Ia (ug)

which is a contradiction. Since Jy(ug) = J(|ug]) and |ug | € MJ (),

by Lemma 2.3 we may assume that ug is a solution of equation (Ea,b) |

Next, we establish the existence of a local minimum for Jy on M} (Q).

Theorem 3.5. Let Ag > 0 be as in Proposition 3.3. Then, for
A € (0,Ag), the functional Jx has a minimizer ug in M, () and it
satisfies (i) Jx(ug ) = o (Q);

(ii) ug is a solution of equation (Eqp).
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Proof. By Proposition 3.3 (ii), there exists a minimizing sequence
{u,} for Jx on M, () such that

I (up) =ay () +o0(1) and Ji(u,) =o0(l) in H(Q).

By Lemma 2.5 and the compact imbedding theorem, there exist a
subsequence {u,} and uy € M (£2) such that

u, —uy  weakly in Hg(Q),
Up, — Uy strongly in L°(Q)

and
up, —> uy  strongly in L"(Q) for 1 <r < 2",

Since
0 (1) = (J} (un),8) = (J3 (u0) ,9) + 0 (1) for all ¢ € Hy (Q)

and
0> (8 (tn) s tn) = (2 = 0) un] 32 — (0 — ) /mg|un|” ds
> (2 - q) Juoll%n — (p— ) /mgmov” ds.

Thus, u; € M, () is a nonzero solution of equation (E,p). We now
prove that uw, — ugy strongly in H}(Q2). Suppose otherwise; then
llug [|gr < iminf, o ||un| g: and so

i 5 =2 [ alug "™ do = [ blug]"*" da

< lim inf <||un||§{1 — )\/ a|un“1+1 de — / b|un|P+1 d:c) =0.

This contradicts uy € MJ (). Hence, u, — uy strongly in Hg(Q).
This implies

Ix (ug) — Jy (ug) =a, () asn—oo.

Since Jx(ug ) = Ja(Jug|) and |ug | € My (©2) by Lemma 2.3, we may
assume that ug is a solution of equation (E, ). O
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Now, we complete the proof of Theorem 1.2: By Theorems 3.4, 3.5
and equation (E,;), there exist two solutions uj and u, such that
ug € M1 (Q), ug € Mj (). Since M () N M (Q) = &, this implies
that ug and u, are different.
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