ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 39, Number 1, 2009

ITERATIVE APPROACHES TO
COMMON FIXED POINTS OF
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

D.R. SAHU, ZEQING LIU AND SHIN MIN KANG

ABSTRACT. In this paper, we design an iterative algorithm
that converges strongly to common fixed points of a sequence
of asymptotically nonexpansive mappings in a reflexive Ba-
nach space with weakly continuous duality mapping. Our re-
sults show that the uniform smoothness requirement imposed
on the space in the results of [9, 11, 29] is not required.

1. Introduction. Let D be a nonempty closed convex subset of a
Banach space X, and let T': D — D be a mapping. Given an g € D
and a t € (0,1), then for a nonexpansive mapping T we can define the
contraction Gy : D — D by Gz = tTxz + (1 — t)xg, * € D. By the
Banach contraction principle, G; has a unique fixed point z; in D, i.e.,
we have

(1.1) xy =tTzy + (1 — t)zo.

The strong convergence of the path {z;} as ¢ — 1 for nonexpansive
mapping T on a bounded D was proved in a Hilbert space indepen-
dently by Browder [1] and Halpern [8] in 1967 and in a uniformly
smooth Banach space by Reich [20]. More recently, it has been studied
in various papers, see e.g., [12, 26, 27, 31]. Halpern [8] and Reich [20)]
studied strong convergence of approximants defined by (1.1) to prove
strong convergence of the iteration

(1.2) Ynt+1 = an + (1 — an)Tyn, n €N,
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where z and y; are elements of D and {w,} is a real sequence such
that 0 < a,, <1 and a,, — 0. They obtained partial results and posed
problems for the convergence of the sequence defined by (1.2). In 1991,
Wittmann [29] proved the following result in a Hilbert space:

Theorem 1.1. Let D be a nonempty closed convex subset of a Hilbert
space H, let T be a nonexpansive mapping from D into itself such that
F(T), the set of fized points of T, is nonempty, and let {a,} be a
sequence in (0,1) with

oo o0
lim o, =0, g o, =00 and g |otnt1 — o] < o0.
n— o0

n=1 n=1

Then the sequence {y,} defined by (1.2) converges strongly to Pz, where
P is the metric projection from D onto F(T).

Very recently, Hara, Pillay and Xu [9] extended Theorem 1.1 to a
finite family of nonexpansive mappings in the same space setting. They
proved the following theorem:

Theorem 1.2. Let D be a nonempty closed convex subset of a Hilbert
space H, and let {T,,} be a sequence of nonexpansive self-mappings
on D such that F =: N2, F(T,) # @. Let {an} be a sequence in
(0,1) such that lim, oo, = 0 and > oo, @, = o0o. Assume that
V1,V2,..., VN : D — D are nonexpansive mappings with the property:
for any bounded set D of D, the following holds

(1.3)  lim (Sup T — w(Tnx)H) =0 foralli=1,2,... N.
n—o00 ~
zeD

Given u,x1 € D, define the sequence {z,,} in D by

(1.4) Tpy1 = apu+ (1 —ap)Thz,, neN.

Then {z,,} converges strongly to Pryyu € NI, F(V;), where Ppy) is
the metric projection from H onto F(V) := N F(V;).

The asymptotically nonexpansive mappings were introduced by Goebel
and Kirk [4] as a natural generalization of nonexpansive mappings. The



ITERATIVE APPROACHES TO COMMON FIXED POINTS 283

strong convergence of the Mann and Ishikawa iteration processes to
fixed points of asymptotically nonexpansive mappings has been stud-
ied by Huang [10], Liu and Kang [16], Rhoades [21] and Schu [22,
23] under the assumption of complete continuity. In [18], Osilike and
Aniagbosor proved that the theorems of Schu [23] and Rhoades [21] re-
main true without the boundedness condition imposed on the domain,
provided that the set of fixed points of the operator is nonempty. In
fact, Osilike and Aniagbosor proved the following:

Theorem 1.3. Let D be a nonempty convex subset of a uniformly
convex Banach space X, and let T : D — D be an asymptotically
nonezpansive mapping with F(T) # & and sequence of Lipschitz-
constants for the iterates, {T™}, of T, {kn} such thaty .- (k, —1) <
oo. Let {a,} be a sequence in (0,1) such that 0 < a < a, < b <1
for alln € N. Let {z,} be the sequence in D generated from arbitrary
z1 €D by

(1.5) ZTpy1 = (1 — ap)zn + @, T"2,, neN.

Then x,, — Tz, — 0 as n — co.

In [24], Schu considered the strong convergence of almost fixed points
T, = ppT"z, of an asymptotically nonexpansive mapping 7' in a
smooth and reflexive Banach space having a weakly sequentially con-
tinuous duality mapping. He also studied the convergence of Halpern’s
iteration process for asymptotically nonexpansive mappings under the
admissibility property, cf. [24]. To state Schu’s result, we need the
following definition:

Definition 1.1. Let {¢,} be a sequence in (0,0), and let {u,} be
another sequence in (0,1). Then ({e,,}, {tn}) is called admissible [24]
if

(1) {en} is decreasing;

(2) {un} is strictly increasing with lim, o pn, = 1;

(3) there exists a sequence {8,} of natural numbers such that

(i) {Bn} is increasing,

(11) lim;, 0 ﬂn(l - /J'n) = 00,
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(i) limp 00 (1 = intp,)/(1 = pn)) = 1, and
(iv) limy, s o0 ((€nBnbin+,)/ (1 = pn)) = 0.

Schu proved the following:

Theorem 1.4 [24]. Let X be a smooth reflexive Banach space
possessing a duality mapping J : X — X* that is weakly sequentially
continuous at 0; C' a nonempty closed, bounded, and star-shaped with
respect to zero; T : C — C an asymptotically nonerpansive with
sequence of Lipschitz-constants for the iterates, {T"}, of T, {k,} C
[1,00), and (I —T) demi-closed; A\, € ((1/2),1); 20 € C; zpy1 =
Ant1/knt1T" 2, for all n € N;

(a) limy, oo A = 15 pin := Ap/kyn for all n € N; k, < A2/(2\, — 1)
foralln € N; {(1 — pn)/(1 = A\y)} bounded; €, € (0,00) for eachn € N
such that ({en}, {un}) is admissible;

(b) ||T"z — T z|| <&, for alln € N and all z € C.
Then {z,} converges strongly to some fized point of T.

In Theorem 1.4, the strong convergence of the almost fixed points
Tp = ppT™x,, is applied to the convergence of the iteration process:

(1.6) Zn1 = (1 = png1)u + pn 17" 2,

where u is an arbitrary element in C, i.e., the iteration parameter p,
is also the parameter in the almost fixed point equation x,, = u,T"z,.
Moreover, choices of u,, and A,, are not simple.

The purpose of this paper is to develop an iterative algorithm to find
a solution of the problem:

(1.7) find z € D such that = € ﬂ F(T,),

n=1

for a sequence of asymptotically nonexpansive self-mappings {7, } on D
in a Banach space without complete continuity and property (A4). More
precisely, if F is the nonempty common fixed point set of a sequence of
asymptotically nonexpansive mappings on a closed convex subset of a
reflexive Banach space with a weakly continuous duality mapping J,,,
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then we are able to design an algorithm that converges strongly to a
solution of problem (1.7). Our results improve the main results of Hara,
Pillay and Xu [9], Jung [11] and Wittmann [29] by removing the need
for uniform smoothness of the space in their results.

2. Preliminaries. A Banach space X is said to satisfy Opial’s
condition [17] if, for sequence {z,} in X, z, — x implies

limsup ||z, — z|| < limsup ||z, — y||
n— oo n—00

for all y € X with y # z.

By a gauge we mean a continuous strictly increasing function ¢
defined on R™ := [0,00) such that ¢(0) = 0 and lim, ., ¢(r) = oo.
We associate with a gauge ¢ a (generally multi-valued) duality mapping
Jo 1 X = X* defined by

Jo(@) = {z" € X*: (z,2") = |[zlle(ll=[]) and [[«"[| = o(]lz[)}-

Clearly the (normalized) duality mapping J corresponds to the gauge
©(t) = t. Note that

p(ll=[)

]

Jo(z) = J(z), x#0.
Browder [2] initiated the study of certain classes of nonlinear operators
by means of duality mappings of the form of J,. For ¢t > 0, let

It is known that J,(z) is the subdifferential of the convex function
o(] - 1I) at .

Now let us recall that X is said to have a weakly continuous duality
mapping if a gauge ¢ exists such that the duality mapping J,, is single-
valued and continuous from X with the weak topology to X* with
the weak* topology. We know that if X admits a weakly sequentially
continuous duality mapping, then X satisfies Opial’s condition, see [7].
Every [P, 1 < p < 00, space has a weakly continuous duality mapping
with the gauge ¢(t) = tP~1.
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One sees that ® is a convex function and
Jo(z) = 02(||z]), =€ X,

where 0 denotes the subdifferential in the sense of convex analysis. We
need the subdifferential inequality:

O([lz +yl) < (ll«[]) + (y,j(x +y)) foralz,yeX

and
jlx+y) e Jo(z+y).

For a smooth X we have
21)  @(flz+yl) <2(lzl) + (¥, Jp(z +y)) forallz,y € X;

or, considering the normalized duality mapping J, we have

Iz +yll* < [|lz|* + 2(y, J(z +y)) forall z,y € X.

Recall that a self-mapping 7" defined on a subset C' of a Banach space
X is said to be demi-closed if for any sequence {uy} in C the following
implication holds:

U, ~u€C and ITu, —w|| =0 implies Tu=w.

lim
n— oo
The following result can be found in [5, page 108].

Lemma 2.1 (Demi-closedness principle). Let X be a reflexive Ba-
nach space which satisfies Opial’s condition, C' a nonempty closed con-
vex subset of X and T : C — X a nonexpansive mapping. Then the
mapping I — T is demi-closed on C, where I is the identity mapping.

The mapping T is said to be asymptotically reqular on C' if
lim ||T"z — T""'z||=0 forall z € C.
n— oo

The concept of asymptotic regularity is due to Browder and Petryshyn
[3]. Two very interesting examples of asymptotically regular mappings
without fixed points can be found in [14, 28].
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The mapping T is said to be uniformly asymptotically reqular on C
if limy, o0 (sup,ec [Tz — T™z||) = 0. T is said to be uniformly
asymptotically reqular with sequence {e,} if | T"z — T"*'z|| < e, for
all z € C' and n € N, where ¢,, — 0 as n — oo.

In the sequel, we need the following result:

Lemma 2.2. Let D be a nonempty subset of a Banach space X and
T : D — D a Lipschitzian mapping. If {z,} is a sequence in D with
lim, oo [[2n — T"2,|| = 0 and lim,, o [| T2, — T 12,| = 0, then
limy, 00 ||2n, — T2n|| = 0.

Proof. Let L be the Lipschitz constant of 7. Then

lzn = Tznll < llzn = T" 20| + (| T" 20 — Tn+1zn|| + HTn+1Zn — Tz, ||
S A+ LD)lzn =T znl| + | T" 20 — Tn+1zn||
—0 as n— oo. O

We should note that the condition lim,,_, ||[T"2, — T" "z, = 0 is
not necessary if 7' is uniformly asymptotically regular with sequence
{en}

Let C' be a closed convex subset of X, D a nonempty subset of C'
and Pp a retraction from C into D, that is, Ppx = x for all z € D. A
retraction Pp is said to be sunny if Pp(Ppxz+t(z— Ppz)) = Ppx for all
x € C'and t > 0. The set D is said to be a sunny nonexpansive retract
of C if there exists a sunny nonexpansive retraction of C' onto D.

In the sequel, we shall need the following results.

Lemma 2.3 [6]. Let C' be a nonempty convezr subset of a smooth
Banach space, D a nonempty subset of C' and Pp a retraction from C
onto D. Then Pp is sunny and nonezxpansive if and only if

(x — Ppz,J(z — Ppx)) <0 forallx € C and ze€ D.

Lemma 2.4. Let {a,}, {Bn} and {y,} be three real sequences
satisfying the following:
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(a) {an} C [Oa ]-]7 Zzozl Qp = 00;
(b) {Bn} C [1,00), 32571 (Bn — 1) < 003
(c) limsup,,_, o, Yo < 0.

Let {6,} be a sequence of nonnegative numbers which satisfies the
inequality

(2.2) Ont1 < (1 — an)Bnbn + @nyn, neN.

Then lim,,_,o, 6, = 0.

Proof. Since limsup,,_,., vn < 0, for a given € > 0, there exists a
positive integer ny such that

Yo < e for all n > nyg.
Hence, from (2.2), we infer that
Ont1 < [(1 — ap)dpn + anel|B,  for all n > ny.

Thus, inductively we get that, for all n € N,
(2.3)

b= (TE ) [T 0w+ (1T - a0) ]

i=TLO i=n0 i=n0
Using conditions (i) and (ii), we obtain from (2.3) that

lim sup §,, = limsup 6, 4n, < €.
n—r o0 n—r 00

Since ¢ is an arbitrary positive real number, we conclude that §, — 0
as n — 0o. o

3. Existence of sunny nonexpansive retraction. First, we
show that, under certain conditions, the set of fixed points of an
asymptotically nonexpansive mapping in a reflexive Banach space is
a sunny nonexpansive retract of its domain. Note that for the case of
nonexpansive mappings such a condition is not necessary.
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Theorem 3.1. Let X be a reflerive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed convex bounded subset of X and T : D — D a uniformly
asymptotically regular and asymptotically nonexpansive mapping. Then
F(T) is a nonempty and sunny nonexpansive retract of D.

Proof. Let {k,} be Lipschitz constants of {I™}. For u € D, define
the contraction mapping T,, : D — D by

Tox=(1-X)u+ A\, T"z forallneN,

where {\,} C (0,1) satisfies the conditions: A,k, < 1 for all n € N,
lim, 0 Ay = 1 and lim, o (k, — 1)/(1 — A\,) = 0. It follows from
the contraction mapping principle that, for each n € N, there exists
exactly one point z,, in D such that

(3.1) Tn = (1= Xp)u+ NI 2.

Then
1-, 1-X

len —ull <
n n

|0 — T"an|| < " diam (D),

where diam (D) is the diameter of D. Hence, z,—1"x, — 0 asn — 0o.
We remark from Lemma 2.2 that x,, — Tx, — 0 as n — oco.

Since X is reflexive, there exists a subsequence {z,,} of {z,} such
that {z,,} converges weakly to a point w € D. By demi-closedness of
I — T, we conclude that w € F(T).

From (3.1), we arrive at
(3.2) Ty — T @y = (L= Ap)(u— T"wy),
so that for y € F(T)
(@n =T "0, Jp(@n —y)) = (X —y +T"y — T wp, Jo(xn — y))

~(kn = D|zn — ylle(lzn — yll)
—(kn — 1)M’

v v

for some constant M’ > 0. It follows from (3.1) and (3.2) that
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(3.3)
-1
<mn—u,J¥,(mn—y)>§llcn \ M' forallne N and ye€ F(T).

n

Therefore, for all ¢ > 1

[2n; = wlle(lzn; —wl)
= <$n1 - w, Jtp(wnz - w)>
= <.’En1 - U, J‘P(l‘nz o w)> + <u - w, J‘P(l‘nz o w)>
kn, —1
< M + <u - w, Jtp(xnz - ’U))>
1—Ap,
From J,(z,, — w) %0 weakly and lim; o (kn, —1)/(1 = A,,) = 0, we
get that x,, = w as ¢ — oo.

To complete the proof, let {z,,} be another subsequence of {x,} such
that z,; — 2z # w, where z = T'z. It follows from (3.3) that

(z—u,Jy(z—w)) <0 and (w—u,J,(w—2))<0.
Adding these two inequalities gives
(2 — w, Jp(z — w)) = |2 — wllg(lz — wl)) <O,
and thus z = w. That is, {z,} strongly converges to w. Hence we can

define a mapping Pp(r) from D onto F(T') by lim, e ©n = Pr(1yu,
since u is an arbitrary point of D. Again, from (3.3), we know that

(u — Pp(ryu, Jo(w — Pp(ryu)) <0 forallue D and w € F(T).

This proves that Pp(r) is a sunny nonexpansive retraction on D by
Lemma 2.3. u]

Corollary 3.1. Let X be a reflezive Banach space with a weakly
continuous duality mapping J, with gauge p. Let D be a nonempty
closed convex bounded subset of X and T : D — D a nonexpansive

mapping. Then F(T) is a nonempty and sunny nonexpansive retract
of D.
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Proof. In the case of a nonexpansive mapping, (3.1) reduces to
zn = (1—A\)u+ ATz, forallneN.
By boundedness of D,
z, —Tx, — 0 as n — oo.

By Lemma 2.1, since I — T is demi-closed at zero, it follows that
F(T) # @. Moreover, from Theorem 3.1, we conclude that F(T) is
a sunny nonexpansive retract of D. ]

Remark 3.1. In Theorem 3.1 and Corollary 3.1, boundedness of D
can be replaced by the assumption “F(7') is nonempty.”

4. Convergence analysis. Let D be a nonempty closed convex
subset of a Banach space X, and let {T,,},cn be a sequence of
asymptotically nonexpansive self-mappings ([19]) on D with Lipschitz-
constant sequence {k,}, i.e., for each n € N, there exists a positive
constant k,, > 1 with lim,,_, k, = 1 such that ||T,2—T,y|| < k,||z—y||
for all z,y € D.

We now introduce our iteration scheme:
Given u, z; € D, define a sequence {z,} in D by
(I) Zpy1 := apu+ (1 — ap)Thxn, n € N, where {a,} is a sequence
in [0, 1].
Recall that a sequence {z,} in a subset D of a Banach space X is an
approzimate fixed point sequence for a mapping 1 : D — D if

(4.1) nh_}n;o |z — Tz,|| = 0.

The approximate fixed point sequence plays an important role in
the fixed point theory of nonlinear operators. The importance of
approximate fixed point sequences is that once a sequence has been
constructed and proved to be an appropriate fixed point sequence for
a continuous mapping 1, the convergence of that sequence to a fixed
point of T is then generally achieved under some compactness-type
assumptions either on T or on its domain.
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In Theorem 1.2, condition (1.3) gives that the sequence {T),z,} has
an approximate fixed point subsequence in D for the family {V;}.
Motivated and inspired by condition (1.3), we now consider a more
general situation:

AF point property. Let D be a nonempty subset of a Banach space
X, and let {T},} be a sequence of self-mappings on D. A sequence {z,}
in D is said to have the approzimate fized point property (in short, AF
point property) for {T},} if lim, o0 ||2n — Tnzn|| = 0.

The following extended notion of demi-closedness will prove perti-
nent to establishing the strong convergence of (I) to a solution of prob-
lem (1.7).

Condition D. Let D be a nonempty closed convex subset of a
Banach space X and {7}, } a sequence of self-mappings on D. A family
{I—T,} is said to be demi-closed at zero if for every bounded sequence
{2n} in D, the following condition holds

(D) 2 — Tnzn — 0 = wy(2,) C F, where w,y,(2,,) is the set of weak
cluster points of the sequence {z,}.

We now show that the iterative sequence {z,} defined by (I) enjoys
the AF point property for {T,}, a sequence of asymptotically non-
expansive self-mappings in a Banach space which is not necessarily
uniform convex.

Theorem 4.1. Let D be a nonempty conver subset of a Ba-
nach space X and {T,} a sequence of asymptotically nonerpansive
self-mappings on D with Lipschitz-constant sequence {k,} such that

S0 (b — 1) < oo.
Given u,x; € D, define a sequence {z,} in D by
(4.2) Tpy1 = apu+ (1 —ap)Thz,, neEN,

where {a,} is a sequence in (0, 1) satisfying the following conditions:
(4.3) lim o, =0 and Z oy = 00;

n—o00
n=1
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lim ‘1 ~ M _0 and  lim " =0,
(4‘4) n— oo Q41 n—00 Qpy1
where  &n = ||Tnxn — Tnt1n||-

If {z,} is bounded, then x, — T2, — 0 as n — oo.

Proof. Since {z,} and {I,,z,} are bounded, there exists a constant
K > 0 such that

|znt1 — zn]| < K and ||[Thz, —ul| < K forall n € N.
It follows that for all n > 2

lZnt1 — znll
= [(atn — n—1)(u — Tp—1Zp_1)

+ (1 = an)(Thzn — Tn12p-1) ||
<lan —an 1K + (1 = o) [Ty — T 1%0 1|
<lap — an—1|K + (1 — an)([|[Tnzn — Thzn-1||

+ 1 Thzn—1 — Th—12n-1l])
<lan —an 1K + (1 = an)kn||zn — 2ol
+ [ Tnzn—1 — Tn-1ZTn_1]
= (1 —ap)knl|lTn — Tn-1|| + an <‘1 -

Qn_1

K+E"_1>.

n an
Applying Lemma 2.4, we obtain that =, — z,+1 — 0 as n — oco. Since
[#nt1 = Tnn|| = om||Than — ul|
< apsup [Tz, —ul| >0 as n— oo,
neN

it follows that

lzn, — Tnxn|| < ||Zn — Znt1l| + [|Tnt1 — Tnzn|| = 0 as n — oo. o

Theorem 4.2. Let D be a nonempty conver subset of a Banach
space X and T : D — D an asymptotically nonexpansive mapping with
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Lipschitz-constant sequence {ky} for the iterates, {T™}, of T, such that
> [(kn — 1) < 0o. Given u,z1 € D, define a sequence {z,} in D by

n=1
Tpy1 = apu+ (1 —ap)T"z,, neN,

where {ay,} is a sequence in (0,1) satisfying the conditions (4.3)—(4.4)
with €, = ||T"x, — T" 'x,||. If {x,} is bounded, then z,, — Tx, — 0
as n — 0o.

As a direct consequence of Theorem 4.1, we have the following:

Corollary 4.1. Let D be a nonempty closed convexr subset of a
Banach space X and T : D — D a nonexpansive mapping. Given
u,z1 € D, define a sequence {x,} in D by

(4.5) ZTpy1 = apu+ (1—ap)Tz,, neEN,

where {ay} is a real sequence in (0,1) such that lim, . a, = 0 and
Yoo Ly =o00. If {x,} is bounded, then z,, — Tz, — 0 as n — oo.

We begin with a strong convergence of the iteration scheme (I) for
approximation of common fixed points of a finite family of nonexpansive
mappings in a Banach space.

Theorem 4.3. Let X be a reflerive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed convez subset of X and {T},} a sequence of asymptotically non-
expansive self-mappings on D with Lipschitz-constant sequence {k,}
such that Y o7 (kn, — 1) < 0o and F # @. Let {a,} be a sequence in
(0,1) such that

o0

nlglgo a, =0 and Zan = 0.
n=1

Let us assume that V1, Va,... , VN : D — D are nonexpansive mappings

with the property:

for any bounded set D of D, the following holds

(4.6) ILm (sup | Tz — V,(Tnm)||> =0 foral i=1,2,...,N.
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Suppose also that Py is the sunny nonexpansive retraction from D
onto F(V) := N, F(V;). Given u,z, € D, define a sequence {x,} in
D by

(D) zpy1 = apu+ (1 — ap)Thzy,, n € N.
Then {x,} converges strongly to Pp(yvyu.

Proof. We note that condition (4.6) implies that @ # F C F(V).
Hence, the sunny nonexpansive retraction Pp(yy from C onto F(V) is
well defined. We proceed with the following steps:

1. {xn} is bounded. Let v be an element of F. Set M :=
max{|lu — vl|, ||z1 — v[|}. Since

|z —v|| < k1M,
and
lzz — v|| < agllu — v|| + (1 — az)ksal|ze — v|| < ki1ko M.

So, in general,

n—1

lzn — v]] < ( H k1>M for all n > 2.

i=1

The condition Y, (k, — 1) < oo implies that [[ >, k, = 1, i.e., the
sequence {H;:ll k;} is bounded. Hence, {z,} is bounded.
2. {Thxn} is bounded. For all n € N and for any v € F,

[Tnzn|| < [ Thzn — vl + [[o]] < knllon — ol + |lv]] < My
for some constant M; > 0.
3. Tpt1— Trhxn — 0. From (I) we deduce that
|Znt1 — Tpxnl|l = anl|Tozn — ul] < anMs

for some constant M, > 0.

4. limsup,, (v — Prv)u, Jo(Tny1 — Prevyu)) < 0. Since X is
reflexive and {T},z,} is bounded, there exists a subsequence {T,, z,, }
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of {T,,x,} such that T, x,, — z € D. By our assumption we infer
that for D = {z,,}

0= 1i_>m <sup Tz — VZ(Tn:v)|> > limsup || T2, — Vi(Thay,)||

zeD n— oo

> lim || T2, — Vi(Tnpn, )|,

k—o0

and it follows that

lim | Th, @n, — Vi(Th,zn,)|| =0 forall i=1,2,... N.

k— o0

By the demi-closedness principle, see Lemma 2.1, we have that z €

NN, F(V;). Since Pr(y) is the sunny nonexpansive retraction from D

onto NI, F(V;) and J,, is weakly continuous, it follows from Lemma 2.3

that

limsup(u — Prv)u, Jo(Tnzn — Prvyu))

n— oo

= lim (u — Pr)u, Jo(Tn, Tn, — Prvyu))

k—o0

= (u — PF(V)ua J(p(z — PF(V)U)> < 0.
Hence, by Step 3 we have that

lim sup(u — Pp(v)u, Jo(€ni1 — Ppvyu)) < 0.

n—o0
Set O, := ®(||zn — Pp(vyul|). Observe that

On+1 = ®([lan(u — Provyu) + (1 — an)(Tnzn — Prayu)l|)
< (1~ an)|[Thzn — Prevyull)
+ an(u — Ppvyu, Jo(Zni1 — Prevyu))
< ©((1 = an)knllzn — Prayull)
+ an(u — Prvyu, Jo(Tnt1 — Preyvyu))
< (1= an)kn®n + an(u — Ppvyt, Jo(Tny1 — Prvyu)).

Applying Lemma 2.4 we conclude that ©, — 0, completing the
proof. o
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The following result is a direct consequence of Theorem 4.3 which
generalizes [9, Theorem 3.3] from a Hilbert space to a Banach space.

Theorem 4.4. Let X be a reflexive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed convex subset of X and {T,} a sequence of nonexpansive self-
mappings on D such that F # &. Let {a,} be a sequence in (0,1) such
that lim,, .o, o, = 0 and Z;.Lod a, = co. Assume that Vi,Vo,... ,Vy :
D — D are nonexpansive mappings with the property:

for any bounded subset D of D, the following holds
1i_>m (sup Tz — Vl(Tnm)H> =0 forali=1,2,...,N.
xeD

Suppose also that Py is the sunny nonexpansive retraction from D
onto F(V) =: N, F(V;). Given u,x1 € D, define a sequence {x,} in
D by

(4.7) Tpt1 = apu+ (1 — ap)The,, n€N.

Then {x,} converges strongly to Pp(yvyu.

As a direct consequence of Theorem 4.4, we have the following
corollary which is Theorem 5 of Jung [11].

Corollary 4.2. Let X be a uniformly smooth Banach space with
a weakly continuous duality mapping J : X — X*, D a nonempty

closed convex subset of X and T,, : D — D, n = 1,2,..., non-
expansive mappings such that F := N2, F(T,,) # &. Assume that
Vi,Va,...,Vn : D — D are nonexpansive mappings with the property:

for any bounded subset D of D, the following holds
1i_>m (sup Tz — VZ(Tn:p)H) =0 forali=1,2,...,N.
xeD

Let {a,} be a sequence in (0,1) such that lim, oo, = 0 and
S an =00. Given u,x1 € D, define a sequence {z,} in D by

(4.8) Tpy1 = apu+ (1 —ap)Thz,, neN.
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Then {zn} converges strongly to Pp(yyu, where Pp(yy is the sunny

nonezpansive retraction of D onto F(V) := NN, F(V;).

Using Theorem 4.3, we obtain the strong convergence of our iteration
process to the common fixed points of a finite family of asymptotically
nonexpansive mappings.

Theorem 4.5. Let X be a reflexive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed conver subset of X and {T,} a sequence of asymptotically non-
expansive self-mappings on D with Lipschitz-constant sequence {k,}
such that Y o> (kn — 1) < co and F # @. Let {a,} be a sequence in
(0,1) such that

— < 1 = = .
(1—ap)k, <1 forall neN, nh_}rlgo o, =0 and Z:l o = 00
Let us assume that V1,Va,..., VN : D — D are asymptotically nonex-

pansive mappings with the property:
for any bounded subset D of D, the following holds

(4.9) lim <su[3 Tz — Vz(an)H) =0 foralli=1,2,... N.

Suppose also that Pr(v) is the sunny nonezpansive retraction from D
onto NN, F(V;). Given u,x1 € D, let us define a sequence {x,} in D
by

(D) zpy1 = apu+ (1 — ap)Thz,, n € N.

Then {x,} strongly converges to Pp(yyu.

Proof. From Step 2 of Theorem 4.3, {T,,x,} is bounded. Thus, there
exists a subsequence {1}, x,, } of {T,z,} such that T, x,, — z € D.
From condition (4.9), we infer that

klim 1T, zn, — Vi(Tho®n, )| =0 foralli=1,2,... N.
—00
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Since, for each i, 1 < i < N, I —T; is demi-closed at zero, we obtain
that z € F (V). Therefore, Theorem 4.5 follows from Theorem 4.3. O

It is well known that, for every asymptotically nonexpansive mapping
T defined on a closed convex bounded subset of a uniformly convex
Banach space, I — T is demi-closed at zero, see e.g., [13, 30].

Corollary 4.3. Let X be a uniformly convex Banach space with
a weakly continuous duality mapping J, with gauge p. Let D be a
nonempty closed convez bounded subset of X, and let {T,,} be a sequence
of asymptotically nonexpansive self-mappings on D with Lipschitz-
constant sequence {k,} such that > - (k, — 1) < oo and F # @.
Let {a, } be a sequence in (0,1) such that

oo
lim o, =0 and g Qa, = 00.
n— oo 1

n—

Let us assume that V1, Va,... , VN : D — D are asymptotically nonex-
pansive mappings with the property:

for any subset D of D, the following holds

(4.10)  lim (sup | Tz — V,(Tn:U)H> =0 forali=1,2,...,N.
n— oo 1:65

Suppose also that Pp(yy is the sunny nonexpansive retraction from D

onto NN, F(V;). Given u,z, € D, define a sequence {z,} in D by

(D) zpy1 = apu+ (1 — ap)Thz,, n € N.

Then {z,} converges strongly to Pp(yyu.

Next, we turn our attention to the strong convergence of scheme
(I) to common fixed points of an infinite family of asymptotically
nonexpansive mappings in a Banach space.

Theorem 4.6. Let X be a reflerive Banach space with a weakly
continuous duality mapping J, with gauge p. Let D be a nonempty
closed convez subset of X and {T},} a sequence of asymptotically non-
expansive self-mappings on D with Lipschitz-constant sequence {k,}
such that > (kn, — 1) < 00 and F # @.
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Given any u, 1 € D, define a sequence {x,} in D by
Tpt1 = apu+ (1 —ap)Thz,, neEN,

where {a,} is a sequence in (0,1) satisfying the following conditions
(4.3)—(4.4). Assume that the family {I — T, }neN s demi-closed at zero
and Pr is the sunny nonexpansive retraction from D onto F. Then
{zn} converges strongly to Pru.

Proof. First, we show that {z,} satisfies condition (D) for {T}.
Since {z,} is bounded, by Step 1 of Theorem 4.3 and the reflexivity of
X, there exists a subsequence {z,, } of {z,} such that z,,, — z € D.
Since xp,, — z and x, — T2, — 0 as n — oo by Theorem 4.1, it follows
from the demi-closedness of {T,} that z € F. Thus,

Zn — Tnzn = 0= wy(2,) C F,

i.e, condition (D) is satisfied. Since Pz is the sunny nonexpansive
retraction from D onto F, it follows from Lemma 2.3 that

(4.11) (x — Pz, J,(z — Pz)) <0.
From (4.11) and the weak continuity of J,, we have that

lim sup(u — Pru, J,(z, — Pru)) = klim (u — Pru, Jy(2n, — Pru))
n— 0o —00

= (u — Pru, J,(z — Pru)) <O0.

Hence, Theorem 4.6 follows from Theorem 4.3. ]

As an immediate consequence of Theorem 4.6, we have the following
result which extends Theorem 1.1 from Hilbert spaces to Banach
spaces and also from nonexpansive mappings to a much larger class
of asymptotically nonexpansive mappings.

Theorem 4.7. Let X be a reflerive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed convex subset of X and T : D — D an asymptotically nonex-
pansive mapping with Lipschitz-constant sequence {k,} for the iterates,
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{T™}, of T, such that Y . (kn —1) < co and F(T) # @. Assume that
Pp(ry is the sunny nonexpansive retraction from D onto F(T). Given
u,x; € D, define a sequence {x,} in D by

(4.12) Tpt1 = apu+ (1 —ap)T"2,, neN,

where {ay, } is a real sequence in (0,1) satisfying conditions (4.3)—(4.4)
with e, = ||T"xy —T" 2y ||. Then {z,} converges strongly to Pp(ryu.

Proof. Note that Theorem 4.2 implies that {z,} has the AF point
property for 7. Since X is reflexive and I — T is demi-closed at zero,
it follows that

zn, —Tx, — 0 = wy(z,) C F(T).

Thus, condition (D) is satisfied. Therefore, the result follows from
Theorem 4.6. O

Combining Theorems 3.1 and 4.7, we obtain the following result.

Theorem 4.8. Let X be a reflexive Banach space with a weakly con-
tinuous duality mapping J, with gauge ¢. Let D be a nonempty closed
convez bounded subset of X. Let T : D — D be uniformly asymptot-
ically regular and asymptotically nonexpansive with Lipschitz-constant
sequence {ky} for the iterates, {T™}, of T, such that > .- (k, — 1) <
0o. Given u,z1 € D, define a sequence {z,,} in D by

(4.13) Tpt1 = apu+ (1 — )T z,, n€eN,

where {a, } is a real sequence in (0,1) satisfying conditions (4.3)—(4.4).
Then {x.} converges strongly to Ppryu, where Pp(ry is the sunny
nonezpansive retraction from D onto F(T).

Proof. Since T is uniformly asymptotically regular, it follows from
Theorem 3.1 that F(T') is nonempty and a sunny nonexpansive retract
of D. Let Pp(r) be the sunny nonexpansive retraction from D onto
F(T). Hence the conclusion follows from Theorem 4.7. O

Remark 4.1. Theorem 4.8 is similar to Theorem 2.3 of Schu [24],
which requires property (A). In our approach the convergence of the
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sequence defined by (3.1) is not used to prove the convergence of the
iterative sequence {z,} defined in (4.13).

The following result shows that Wittmann’s result, see Theorem 3.1,
is valid in Banach spaces under certain conditions.

Corollary 4.4. Let X be a reflexive Banach space with a weakly
continuous duality mapping J, with gauge ¢. Let D be a nonempty
closed convex subset of X and T : D — D a monexpansive mapping
such that F(T) # @. Let {an} be a real sequence in (0,1) satisfying:

On

n—o0 n—oo

lim o, =0, lim ‘l —

oo
=0 and E oy, = 00.
Qn+1 n=1

Given u,x; € D, define a sequence {z,} in D by
(4.14) ZTpy1 = apu+ (1 —ap)Te,, neN.

Then {z,} converges strongly to Ppryu, where Ppry is the sunny
nonezxpansive retraction from D onto F(T).

Proof. 1t follows from Corollary 4.1 that ||z, — Tz,|| — 0, i.e., {zn}
satisfies the AF' point property for 7. Moreover, from Corollary 3.1,
there exists the sunny nonexpansive retraction Pp(r) from D onto F(T).
Hence, {z,} converges strongly to Pp(r)u. o

Corollary 4.4 is similar to Theorem 10 of [25], which requires a star-
shaped domain and property (H). Our results do not carry over to
star-shaped domains.

Remark 4.2. In the case of a Hilbert space, see [8, 15].

Acknowledgments. The authors are indebted to the referees for
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