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THE ASYMPTOTIC BEHAVIOR
OF NONLINEAR EIGENVALUES

JUAN PABLO PINASCO

ABSTRACT. In this paper we study the asymptotic behav-
ior of eigenvalues of the weighted one dimensional p Laplace
operator, by using the Prufer transformation. We found the
order of growth of the kth eigenvalue, improving the remain-
der estimate for regular weights.

1. Introduction. In this paper we study the nonlinear eigenvalue
problem:

(1.1) —(lu' (@) (@) = Mr(@)|u(@) P *u(@),

in [0, 1], with Dirichlet or Neumann boundary conditions. Here, the
weight 7 is a real-valued, positive continuous function, A is a real
parameter, and 1 < p < 4+00. The spectrum consists on a countable
sequence of nonnegative simple eigenvalues \; < Ag < --- < A < - -+
tending to +o0, see [5]. With the same ideas as in [1], it was proved
in [4] that the sequence {\}x coincides with the eigenvalues obtained
by the Ljusternik Schnirelmann theory.

We define the spectral counting function N(A) as the number of
eigenvalues of problem (1.1) less than a given A:

N(A) = #{k: A < A}

The problem of estimating the spectral counting function has a long
history in the linear case p = 2. See, for instance, [7, 8] and the
references therein. For p # 2, the asymptotic behavior of N(\) was
obtained in [4], by using variational arguments, including a suitable
extension of the ‘Dirichlet-Neumann bracketing’” method. In that
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paper, the authors obtained the following expansion for the spectral
counting function of problem (1.1),

1/p pl
(1.2) NOY ~ 2 / 3
0

Tp

as A — 0o, where f ~ g means that f/g — 1, and 7, is defined as

1
ds
= —1)i/p _
(1.3) m™=2(p—1) /0 (A= sn)i/7
It is easy to see that this asymptotic expansion is equivalent to

(1.4) A ~ ckP.
In this work, we give a shorter proof of the previous results, without
the use of the variational framework, following the ideas of Hoschtadt

[6]. By using the Priifer transformation, we prove the following
theorem.

Theorem 1.1. Let r(x) € C1[0,1] be a positive function. Then, the
eigenvalues of problem (1.1) satisfy

(1.5) (fo 1/p> +O(kP71).

Remark 1.2. Let us note that this result is better than equation (1.4),
which only gives A\ = 71"’lc”/(f1 1/PyP 4 o(kP). This implies a better
remainder estimate in the asymptotic expansion of N()\) for regular
weights.

Now, we obtain the asymptotic expansion of N(A) as a corollary.
Corollary 1.3. Let r(z) € C*[0,1] be a positive function. Then,

(1.6) N(\) = e P 4 O(1)

Tp Jo

as A — 0.



ASYMPTOTIC OF NONLINEAR EIGENVALUES 1983

Finally, we extend Theorem 1.1 to continuous weights, by approxi-
mating r(z) with regular weights. We prove the following theorem.

Theorem 1.4. Let r(z) be a real-valued, positive continuous func-
tion. Then, the asymptotic behavior of N () is given by equation (1.2).
Also, the eigenvalues of problem (1.1) satisfy

(1.7) A = <ffif/p>p + o(kP).
0

Remark 1.5. The remainder estimate cannot be improved. In fact,
see [6] for p = 2, or [4] for 1 < p < 400, where the second term of
N(}) is related to the regularity of r and the domain.

The paper is organized as follows. In Section 2, we introduce the
Priifer transformation. In Section 3, we prove the main theorems (1.1)
and (1.4), and Corollary (1.3).

2. The Priifer transformation. We need the Priifer transforma-
tion method introduced by Elbert [2] for the p-Laplacian. Let us call
Sp(x) the generalized sine function, the unique solution of

(2.1) u

The function S,(z) has a zero if and only if z = k7, where

2m/p

(2.2) = Sntel)

Remark 2.1. Let us stress that 7, is not the same as mp, see [1],
where the authors consider equation (2.1) without the factor (p — 1).
However, let us note that the kth eigenvalue of the problem,
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—(lu' (@) ()" = Nu(e) P~ *u(z)
(0)
(1)

(2.3)

e

0
0

u

is Ak = (p — 1)kPAE = kPP

Let us call Cp(z) = S,/ (z). Both functions are well defined in R, and
the following identity could be easily derived from equation (2.1):

(2.4) Cp(@)[P + [Sp(2)|P = 1.

Also, if Cp(z) # 0,

(2.5) [Co(@)[P72Cy () + | Sp () P28y () = 0.

As in [3], we define the following Priifer transformation:

Ar(zx) 1/p
(2.6) <—) u(z) = p()Sp(p(z)),

p—1
u'(z) = p(z)Cp(p(2)).

A straightforward computation shows that p(z),p(z) are continu-
ously differentiable functions satisfying
(2.7)

¢'(x) = (r(@)/p = 1)'7 + (1/p) (' (@) /r(2)|Cp ()P~
xCp(#(2))Sp(p())
p'(z) = (1/p) (r'(z)/r(2))p(2)|Sp(p())[?

Remark 2.2. Let us note that uy(z) = (\er(z)/p — 1) /P pg(x) x
Sp(pr(z)) is an eigenfunction of equation (1.1) corresponding to Ag
with zero Dirichlet boundary conditions if and only if p;(0) = 0 and
¢x(1) = k@p. This is a consequence of the well-known fact that the
kth-eigenfunction has exactly k nodal domains, see [4, 9] for a proof.

3. Asymptotic behavior of eigenvalues. In this section we prove
our main theorems.
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Let us rewrite the first equation in (2.7) as an integral equation,

* % / %‘CNG))I”20p<so(t>>sp<so<t>> .

Now we are ready to prove Theorem 1.1.

(3.1)

Proof of Theorem 1.1. Let us begin with Problem (1.1) with Dirichlet

boundary conditions.
Let (A, ux) be an eigenpair of problem (1.1). Then, the correspond-
ing phase function ¢ (z) satisfy:

¢x(0) =0,
(pk(].) = ]{?ﬁ'p

Replacing in equation (3.1), we obtain

A 1/p p1 Y
~ — p
kft, (p—— 1) /0 r /P (t) dt

;7 /0 :I((f))wpw(t))lpZCp(sa(t))Sp(so(t))dt

Now, by using that |S,|,|Cp| < 1, the second integral is bounded,

32 & [ ZOic oo eas e @

p r(t)
1)
<7 /0 r(t) =6

where C' is a positive constant independent of k.
Multiplying by (p — 1)1/1’/f01 r1/P(t) dt, we have

—1)i/p
< -1rC

)\1/17 _ ka
T forrde

b () de

and the result follows.
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Let us consider now the Neumann boundary condition, which only
requires minor changes. Let (\g,uy) be an eigenpair of problem (1.1)
with «/(0) = 0 = u/(1). The corresponding phase function ¢x(z)
satisfy: )

Tp

¢r(0) = 5
1\ .
pe(l) = (k+ 5 | .
In much the same way, we obtain,

(p—1)'/? 1
: Sy rie(t) dt <C+ 2)’

mpk

)\llc/P _
Jo ri/e(t) dt

and this finishes the proof. ]
Now we study the asymptotic expansion of N(X).

Proof of Corollary 1.3. Let us introduce the function N(p) =
” {k AP < u}-
From Theorem 1.1 we know that
mwh - DVPC o mk (p—1)YrC
Jirve(eyde  [iete(eyde —F T [lel/e(eyde [ ri/e(t)dt

Thus, we have

~ _ 1)\L/p

Ny <# {k: b DO L
[y rt/p@t)dt [ ri/e(t)dt

~ _1)\1/p

N> # (ks b o= DFC 1
[y ri/p(t)ydt [ ri/e(t)dt

This gives
L/p(t) dt ~ Ll/p(t) dt
[Muﬁpc gN(u)glf r ) p+ #,C
Tp Tp
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Hence, we obtain,

when p — +oco0.

Clearly, we have
NQA) =#{k : M <A} =#{k : )\Ilc/p < AP = N(AV/P),

and the proof is complete. ]
Finally, we arrive at the proof of Theorem 1.4.

Proof of Theorem 1.4. Let r be a positive bounded continuous
function. For ¢ sufficiently small, there exists 7., r¢ € C[0, 1] satisfying
0<r. <r(z) <r®and ||r® — rel]|eo < €. Let us write N(\,r) in order
to stress the dependence on the weight function. We have

N()\, TE) < N()\,T‘) < N()‘vrs)u

which is an easy consequence of the Sturmian comparison principle, see
[9]. From Theorem 1.3, we obtain an upper bound for N(A,r)

)\l/p 1
N(re) = S— [ ()7 dt +0(1)
(3.3) AlI;P °
<Z | @) +e)"? dt+0(1),

=7
and a lower bound for N (A, r),

1/p
(3.4) NOr) > 2

/1 (r(t) — &)V? dt + 0(1).
0

Tp

From equations (3.3) and (3.4), taking the limit as ¢ — 0+ we get

)\l/p 1
(3.5) N\ r)=2— [ 7YP(t)dt + o(A/P).

Tp Jo
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Finally, the following asymptotic formula for the eigenvalues:

(3.6) Ak = (ﬁﬁp)p + o(kP)

follows immediately from equation (3.5) since k ~ N (), which gives:

Tk P
)\k ~ (—fQ 7-1/11) .

This completes the proof. a
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