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POSITIVE SOLUTIONS OF NONLINEAR
FOCAL BOUNDARY VALUE PROBLEMS

BENDONG LOU

ABSTRACT. This paper investigates the nth order ordi-
nary differential equation: —z(™ = f(t,z, ', z", ...  «(n=1)
with focal boundary value conditions. We give some estima-
tion results to deal with the term z("~1) which appeared in f.
By using the fixed point index theory, we obtain the existence
of positive and multiple positive solutions.

1. Introduction. In this paper we consider the existence of positive
solutions and multiple positive solutions of

(1.1) —™ = ft,x, 2’ 2", 2TY), o<t <1,

with focal boundary value conditions

(1.2) D) =0, 1<i<k

' 2 D(1) =0, 1<j<n-—Fk,
where {ri,...,r} and {s1,...,s,—x} form a disjoint partition of
{1,2,...,n} such that r; < -+ < rp and s; < -+ < $,_k. For each
0<i<n-—1, define
(1.3) o;=card{j|s; >i}+ 1.

We assume throughout that

(i) f € C[I x K,Ry] where I = [0,1], Ry = [0,+00) and K =
(=1)7° Ry x (=1)71 Ry x (—1)72 Ry x -+ x (=1)7"-2R, x R

(i) {re—1, e} #{n —1L,n}, {sn—k—1,sn-r} # {n — 1L,n}.
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(iiiy Forte I, z; € (1) 'Ry, 1 <i<n—1, |z, >c>0,

(1.4) ftzr, 20,0 X1, xn) < alt,T1,. .., Tpo1)
' +b(t, 21,y Tpe1)|Tnl,

where a, b are nonnegative continuous functions.

Denote C(I) the Banach space of continuous functions on I with
norm ||z|lc = maxo<i<i|x(t)]. Let P = {x € C(I) | =z(t) > 0
for t € I}; then P is a cone of C'(I) (see, e.g., [3], [8]). Denote
LMI)={a:1— R'| [} |z(t)|dt < +oc} and L'(I,u) = {x: I — R |
fol u(t)|z(t)| dt < +oo} where u(t) € P\ {0} is given. Then L'(I) and
LY(I,u) are Banach spaces with norm ||z|| ;1 = fol |z(t)| dt for x € L1(I)

and [|z[| 1 (7.u) = [y u(t) - |z(£)| dt for @ € L(I,u), respectively.

Many recently published papers are devoted to solutions of —z(") =
f(t,z) with two-point boundary value conditions (see, for example,
(1], [4]-[7], [10], [11]). For the case of second order boundary value
problems (BVPs), the above equation describes various phenomena,
such as nonlinear diffusion generated by nonlinear sources, thermal
ignition of gases and concentration in chemical or biological problems
where only positive solutions are meaningful (see, e.g., [1], [2]).

Eloe and Henderson [5], [6] investigated solutions for (k,n — k) con-
jugate BVPs, Agarwal, etc., [1] and Kaufmann [10] studied nonlinear
focal BVPs and Lou [11] studied (1.1) for n = 2 in abstract spaces, all of
them considered only the case f was independent of 2/, z”, ... z(™ 1),
and the Green’s functions for corresponding linear problems played im-
portant roles in them. By using their methods it seems difficult to ob-
tain the existence of (multiple) positive solutions for general focal BVPs
such as (1.2). Eloe and Zhang [7] investigated the second order BVPs
and required df/ax and 92 f/02* to be continuous, and their meth-
ods are difficult to be applied to obtain positive solutions (> 0, % 0).
This paper improves the results in [1], [5]-[7], [10], [11] and lots of
other recently published papers. First we deal with (1.1) instead of
—z(™ = f(t,z). We obtain the existence results by calculating the
fixed point index instead of using the monotone iterative method and
the methods as in [1], [5]-[7]. Second we will discuss both superlinear
and sublinear cases, and the nonlinearity of f is expressed by the first
eigenvalue of the corresponding linear problem rather than 0 and oo,
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hence it is difficult to apply the widely-used Krasnosel’skii’s theorem
(see, e.g, [1], [6], [10]). Third, since we discuss BVPs with bound-
ary value condition (1.2), we do not know the concrete expression of
Green’s function, we can only use the properties of it (see Lemmas
2.1-2.3 below).

2. Preliminaries. It is well known that finding solutions of
(1.1)-(1.2) in C™(I) is equivalent to finding solutions of

(2.1) x(t) = /o G(t, 8)f(s,z(s),2'(s),... ,x(”fl)(s)) ds,

in C(I) where G(t,s) is the Green’s function for —x(") = 0 with
boundary value conditions (1.2). Eloe [4] has shown that, for 0 <
1<n-—2,

(2.2) (—1)01'5—; G(t,s) >0 on (0,1) x (0,1),

where o; is given by (1.3) as well as the fact that

n—2

is the Green’s function for —y” = 0 satisfying

(2.4) y(0)=9y'(1)=0, ifrp=n—1, s,_k=n,

or

(2.5) y(0)=y(1)=0, ifrp=n, s,_p=n-—1

Hence,

(2.6)
t 0<t<s<1 1— 0<t<s<1

K(t,s) = =t=S=0 g K(t,s) = U= t=sss
s 0<s<t<I1. 1-t 0<s<t<I1.

in the case of (2.4) or (2.5), respectively. By careful analysis one can
get the following properties of G(t, s):

(P1) G(t,s) is the (n — 1)th polynomial with respect to ¢ and s on
Q1,09 where QO = {(t,s) € Ix I |s<t}, Qo ={(t,s) e IxI|t<s}
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(P2) (0'/0t")G(t,s), (0'/0s))G(t,s), 0 < i < n — 2, are continuous
onl xI.

(P3) (9"~ 1/ot"~1HG(t, s) and (9"~ 1/0s"~1)G(t, s) are bounded and
continuous on 2y, {29, respectively.

By (2.2), (-1)?°G(t,s) > 0 for t,s € (0,1). Without loss of
generality, we assume hereinafter that oq is even, i.e.,

(2.7) G(t,s) >0, t,se(0,1).

Define a linear operator G : C(I) — C(I) by

Gh(t):/o G(s,t)h(s)ds.

Then G is a positive linear completely continuous operator and the
spectral radius of G : r(G) = ry satisfies r; > 0 (see Nussbaum [12]).
Therefore, by the Krein-Rutman theorem (cf. [12]), p1 € P\ {0} exists
with [|p1||c = 1 such that

1
(2.8) Gpi(t) = / G(s,t)pi(s)ds =r1-p1(t).
0
By (2.7), (2.8) and (P1)—(P3), it is not difficult to prove that

Lemma 2.1. A constant 61 > 0 exists such that

(2.9) pi(s) > 1G(t,s), Vt,sel.

It is easy to see that (2.1) is equivalent to

xl(t) = fol Gl(tv S)f(S,xl(S),xQ(S), s axn(s)) ds
= Al(I17x27 e ,In)(t),

wa(t) = [y Ga(t, 8) (s, 21(5), 22(5), .. , 2n(5)) ds

(2.10) = Ay(z1, 22, .. ,xn)(t),

2a(t) = [ Gult,s) [ (s,21(5), 22(s), .. ,xa(s)) ds
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where G1(t,s) = G(t,5), Gi(t,s) = (071 /ot 1)G(¢t,s), 2 <i < n.

By (2.2) and the Krein-Rutman theorem, p; € P\{0} and ||p;||c = 1,
1=2,3,...,n— 1, exist such that

(2.11) ripi(s) = /0 (—1)7 1 Gy(t, s)pa(t) d

where 7;, i = 2,3,... ,n — 1, denote the spectral radii of the linear
integral operators with kernel (—1)?i-1G,(t, s), respectively. Clearly,
pi(t) > 0,0 <t <1, and in a similar way as establishing (2.9), we can
get, fori=2,3,... ,n—1,

(2.12) pi(s) > ;- (1)1 Gy(t,s), Visel,

for some §; > 0.

Lemma 2.2. There exist a; > 0, i =1,2,... ,n— 1, such that for
any x; € (-1)% 1P, i=1,2,... ,n—1, x, € L'(I),

(213) a) HAZ'(.’[l,LEQ,... ,(En)”Ll Zai||Ai($1,.’E2,... ,l’n)Hc,
(214) b) HAZ‘(.’L‘l,J?Q,... ,l‘n)HLl S HAi_l(J)l,.’L‘Q,... ,x‘n)Hc.

Proof. By (2.8), (2.9), (2.11) and (2.12), we have

||Ai(l‘1,-’1§‘2, v 7x’ﬂ)||L1(IJJi)

:/0 Ay, @, ) (O] pilt) di
1

= /o pi(t)dt

1 1
= (—1)”1’*1/0 f(s,z1(s),. .. ,mn(s))ds/o pi()G4(t, s) dt

1
/0 Gi(t,s)f(s,z1(5),... ,xn(s))ds

=n/0 pi(s)f(s,21(s), .+ xn(s)) ds

1
> riéi(—l)‘”_l/o Gi(1,8)f(s,21(8),... ,xn(s))ds
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:ri(;iAi(xl,xg,... ,xn)(T), V1el.

Hence,
|Ai(x1, . s zn)llzr > [[Ai(ze, . 2n) |l 1p))
> 1;0;]|Ai(z1, ..., z0)l o,

a) is proved.

b) Since (—1)%-1G;(t,s) > 0fort,s € (0,1) and i =1,2,... ,n—1, we

have
1 1
[ieisia=| [ Gl
0 0
=1Gi—1(1,5) = Gi—1(0,s)| < |Gi—1(1, 5)].

Hence,

1 1
|Ai(x1, 20, .. s xp)|lpr = /0 /0 Gi(t,s)f(s,z1(8),... ,xn(s)) ds|dt

1 1
< [, anolds [ G

< / 1Gio1 (1, 8)f(5,21(5), ..., 2a(5))] ds

/0 Gi—1(1,8)f(s,21(8),... ,2n(8)) ds

= |A1‘,1((E1,.’E2, . ,l’n)(l)|
< NAii (w1, 20, 20) e

b) is proved.
Lemma 2.3. For any z; € (—1)°P,1<i<n-—1,z, € L'(I),
(2.15) A (21, 22, ... 22) |l < 2||An—1(21, 22, ... y2n)||L1-
Proof. We first show that

1 1
(2.16) /|Gn(t,s)\dt§2/ |G (¢, 5)| dt.
0 0
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In fact, in the case of (2.4) by (2.3) and (2.6),

/|Gn1ts\dt /Kts 2
/|G,Lts\dt

Hence (2.16) holds. In the case of (2.5), the proof is similar. Conse-
quently,

dt = s.

tK(t s)

HAn(.Il,l‘Q, e ,,In)”Ll
1 1
/0 Gt ) F(5,21(5),s - T (s)) ds

o

g/o |f(s,ac1(s),...,xn(s))|ds~/0 Gt ) dt

§2/0 dt/o |Gr1(t, )| - 1 f(s,21(8), ... ,2n(s))|ds
1) 1

:2/0 /0 Gr1(t,8)f(s,21(8),... ,xn(s)) ds

=2 Ap—i (@1, szl

dt

dt

i.e., (2.15) holds.
Let & = C(I)x C(I)x---xC(I)xL'(I), then £ is a Banach

n—1
space with norm || X|lg = S @il + ||lzallp: for any X(t) =
(21(t),...,zn(t)) € E. Obviously, (2.10) can be rewritten as

X(t) = AX(t) = (A1 X (1), AsX (1), ... , A X (1)),

Set
Ko={(21,...,2n) €E |z € (-1)7P(1<i<n—1), x, € L'(I)}.

By (1.4), (2.2) and (P2), A;(x1,... ,2,) € (—1)71P(1 <i<n-1) for
X € Ky and, by (2.15), A, (x1,...,1,) € L}(I) for X € Ko, that is, A
maps Ko into Ky. Therefore, the fixed points of A in Ky are equivalent
to positive solutions of (1.1)—(1.2).
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Set
(2.17)
K= {(z1,22,...,2,) € Ko | ail|zillc < ||zill ;2 (1 <i<n—1);
il < llwicille(2 < i <n—1); llznllrr < 2llen-allr}-
Clearly, K is a cone of £. By Lemmas 2.2 and 2.3, A maps K into K

and it is a completely continuous operator. In what follows, denote
Kr={X €K ||zic <R}, R>0.

Remark 2.1. If X(t) = (a1(t),...,2,(t)) € K, then for ¢ =
1,2,...,n—1,

zillor < [zi—ille £ ——|lzimallzr £ —|zi—2llc < -+
11— 11—
< ————|=ie,
Q03 -+ Q1
2
znllr < 2[zn-1llp € ————|[z1]|c-
Qa3 Q2
Denote
1 1 1 2
(218) A=2+— + ot + :
as  azag Q03 Qg Q203 Op_2
then
n
(2.19) > il < Al le.
i=1
Similarly, denote
1 1
(2.20) Ap=1+—+ e —
ay  apog Qa0ig - Q1
then

n—1

1 1 1
Tile < {1+ —+ +oo |
(221) ; H HC ( (6%) (6510 %] a2a3...an1)| 1HC

= Ayllz1|e-
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3. Main theorems. For any v = (z1,29,...,2,) € K =
(=1)°R, x (=1)7*Ry x --- x (=1)?»2R; x R' C R", denote |ul =
n—1 o
it (L)@ + |z,

Theorem 3.1. Suppose that, for u= (x1,... ,2,) € K,

(HI)  lim flt, g, .. xy)
lluf—+o0 ]

t .
(H2) liminf fay,.. 2n)

z1—0t 1
(=) Ry, i # 1,n, x, € RY, where \; = 1/r1 and ry is given by
(2.8).

Then (1.1)—(1.2) has at least one positive solution.

= 0 uniformly ont € I.

> A\ uniformly on t € I, x; €

Proof. Set g = max¢ ser G(t,s) > 0. Choose € > 0 such that
e < (1/gA), where A is defined by (2.18).

By (H1) we can choose a constant v > 0 such that for any v € K and
[ull =,

(31) f(taxlva,"‘ 7xn) §€||’LLH
Denote fo =sup wex f(t,x1,...,z,) and choose R > 0 such that
flull<y
9fo
3.2 R 14+ —7 7.
(3.2) >max{’y7 +1—69A}

Let K be defined as above, then by (2.18) and Remark 2.1, we know
that Kg is a bounded open set in K. For any X = (x1,...,z,) € 0K,
where 0K g denotes the boundary of g with respect to K, set J =
{tel| Z;:ll(—l)"iflxi(t) + |zn(t)| <}, then by (3.1) and (2.19)

Ai(z1, 22, ..., 20)(1) :/0 G(t,s)f(s,21(8),... ,xn(s)) ds
:/JG(t,s)f(swﬂs),... T (8))ds

+ G(t,s)f(s,21(8),... ,xn(s))ds
nJ
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<g-fores | 1 (5—1)@%@) + |xn<t>) dt

1=1
n
<g-foteg) |zl
=1

=g- fo+egAlzi|c.

Since X € OKg, ||z1|lc = R, we have by (3.2), A1(z1,...,2,)(t) <
lz1]|c- Therefore

X £ pAX for X € 0Kgr, p€(0,1].

It follows from the homotopy invariance of the fixed point index that
(see, e.g., [3], [8]),

(3.3) (A, Kgr,K) = 1.
By (H2), R; < R exists such that
(3.4) ft,xr, ... xp) > Ny fortel, ue K, 0<z < Ry.
We now prove that
X —AX #uXy for X € 0OKgr,, pn>0,
where Xy = (1,(=1)7,(=1)2,... ,(=1)"2,0) € K, 0 < Ry < Rj.

Otherwise, if X — AX = pX, holds some X € 0Kpg, and some p > 0,
then z1(t) > A1 (x1,...,2,)(t), hence by (3.4),

/Opl(t)xl(t)dtZ/o pl(t)dt/o G(t,s)f(s,21(8),...,2n(8))ds
1
:7“1/0 p1(8)f(s,21(8),... ,xn(s))ds
>r1/\1/0 p1(s)z1(s)ds

- / pu()a(s) ds,
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a contradiction. Therefore X — AX # uXy for X € OKg, and p > 0, it
follows from the property of the fixed point index (see e.g. [8], Corollary
2.3.1), that

(3.5) i(A,Kr,,K) =0.
By (3.3), (3.5) and the additivity of the fixed point index we have
(A, Kr\ Kg,,K) =1,

which implies that A has at least one fixed point in Kg \ Kg,, ie.,
(1.1)—(1.2) has at least one positive solution. This completes the proof.

Theorem 3.2. Suppose that, for any u = (x1,... ,z,) € K,

(H3) ,,li,rng f(t’ijl’mn) =0 uniformly on t € I, z,, € R, where
v=Y00 (-7

(H4) illrginog f(t’xl’x—l’m > A1 uniformly ont€l, x;€ (=1)7 1Ry,

i#1,n, 2, € RL.
Then (1.1)—(1.2) has at least one positive solution.

Proof. Choose € > 0 such that e < (1/gA) where g, A are given as
above. By (H3), R3 > 0 exists such that

n—1
(3.6) flt,w1,a2,...,2n) <e-|lul forueK,» (-1)7'z; < Rs.

=1

Now choose 0 < Ry < Rz/Ay, then for X € dKg,, S0, |zi(s)| <
Z;:ll lzillc < Ai]lz1]|lec < Rs on account of (2.21), and by (3.6) and
(2.19) we have

Av(zr, s 2 () :/O Gt 5)f(5,21(5), . ,on(s)) ds
ge/o G(t,)- > [es) ds

<eg ) llziller < egAlaille < il
i=1
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therefore X # pAX for any X € 0Kg,, p € (0,1], so

(3.7) i(A, K, K) = 1.
Set
38)  Q={necw) /O pr(Bh(t) di >y -6}

Clearly, @ is a cone of C'(I) and hy + he € Q for any hy, hs € Q.

By (H4), 0 > 0 and Ry > 0 exist such that fort € I, x; € (=1)7"-1 R,
2<i<n-1,and z, € R,

ft 1, yon) > (M + o)z for 1 > Ry.

Therefore, for any t € I, z; € (=1)7 'Ry (2 < i <n—1) and
zn € R,

(3.9) ft,xy,...yxn) > (M +0)xy —ay forag >0,

where a1 = (A + o) Rp.

For any fixed R5 > R4 such that Rs > a; fol p1(t)dt - (ri001)71, we
now show that

(3.10) X -—AX #uXy for X € 0Kgr,, pn>0,
where Xo = (1,(—1)7,(=1)72,...,(=1)?=2,0) € K. In fact, if

X —AX = pXy for some X € OKpg, and some p > 0, then 1 — A4; X =
p. We have by (2.8) and (2.9)

1 1 1
| max®a= [ mwi [ ceaseano... )
_rl/o p1(8)f(s,21(8),... ,xn(s))ds

1

> d; / G(r,8)f(5,21(5), .. ,2n(s)) ds
0

:T151A1X(7)7 T€el
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Hence A1 X (t) € Q and so 1 = pp+ A1 X € Q, i.e., fol p1(t)xy(t) dt >
r1 - 01||z1||c = r101R5. Consequently, by (2.8), (2.9) and (3.9),

Oz—u/ pl(t)dtz/ pl(t)AlX(t)dt—/pl(t):m(t)dt
1 0 1 0 0 1
= [ mar [ Gt snts)oants ds— [ ma(oai o) i

1

=7 /0 p1(s)(A\1 + o)z1(s)ds — / p1(t)z1(t) dt — ayr /0 p1(s)ds

0
1

1
= 7‘10/ p1(s)x1(s)ds — ayr / p1(s)ds
0 0
1
> r%051R5 —air / p1(s)ds
0

in contradiction with the choice of Rs. Hence, (3.10) holds and so

(3.11) i(A, Ky, K) = 0.

By (3.7), (3.11) and the additivity of the fixed point index, we have
(A, Kr, \ Kr,, K) = -1,

which implies that A has at least one fixed point in Kg, \ Krg,, that is,
(1.1)—(1.2) has at least one positive solution. This completes the proof.
]

In what follows, we investigate multiple positive solutions of (1.1)-
(1.2). Let us list some conditions first:

(H5) There exists [ > 1 such that for any v = (x1,x2,... ,2,) € K,
0 S Z1 S l7

«
f(taxla"'vxn)g !

VL1,
where a1, g are given as above.

1
t
(H6) There exist € > 0 and > / pg_() dt such that

0 1

1+¢
T1

flt, g, .o xn) > r1—¢ for0<z <L
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Theorem 3.3. If (H2), (H4) and (H5) are satisfied, then (1.1)—(1.2)
has at least two positive solutions x,y such that 0 < ||z]lc <1 < |lyllc-

Proof. By (3.5), (3.11) and the additivity of the fixed point index, it
suffices to prove that

(3.12) i(A, KL, K) = 1.

In fact, we have X # puAX for any X € 9K;, u € (0,1]. Otherwise,
X = pAX for some X € 9K, and some p € (0, 1] then by (H5) we have

1
:/0 G(t,s)f(s,21(s), ... ,an(s))ds
Jar [t
< 7/O G(t,s)v/z1(s) ds

— 1 1/2 1 1/2
< —;1 (/ GQ(t,s) ds) (/ x1(8) ds)
0 0
<# oy |||,
hence )
el = / na(t) dt < a2,

and so [|z1]pr < a3.

Consequently, it follows from AX € K and x7 = pA; X that
o1 > [z = pll A1 X = pon A1 X o = aq|2i]le = eal,

in contradiction with [ > 1. Therefore, X # pAX for any X € 0K,
w € (0,1], and so (3.12) holds.

Thus A has at least two fixed points in K, \ K; and K; \ Kg,,
respectively, that is, (1.1)—(1.2) has a positive solution z satisfying
0 < ||z|lc < I, and has a positive solution y satisfying ||y|/c > I. The
proof is completed. O

Theorem 3.4. If (H1), (H3) and (H6) are satisfied, then (1.1)—(1.2)
has at least two positive solutions x,y such that 0 < ||z||lc <1 < ||y|lc-
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Proof. By (3.3), (3.7) and the additivity of the fixed point index, it
suffices to prove that
(3.13) i(A, Ky, K) = 0.
Hence, by [8], Corollary 2.3.1 it is sufficient to prove that
(3.14) X —AX # pXy forany X € 0K;, p>0,
where Xo = (1,(—1)7,(=1)72,...,(=1)?=2,0) € K. In fact, if

X — AX = puXy for some X € 0Ky, p > 0, then 1 = A1 X +p € Q,
. 1
ie., [y p1(t)zi(t)dt > ri61||z1]lc = r101l. By (H6),

1 1 1
/Opl(t)xl(t)dtZ/o pl(t)dt/o G(t,s)f(s,21(8),...,xn(s))ds

27“1/0 p1(8)f(s,21(8),... ,xn(s))ds

1 1
1+4+¢
> / p1(8) z1(s)ds — 7"15/ p1(s)ds.
0 1 0
Therefore,
1 1
rl/ p1(s)ds 2/ p1(8)x1(s)ds > r101l,
0 0

L)
0o 01
The following proof is similar to that of Theorem 3.3. This completes
the proof. o

in contradiction with [ > dt. Thus (3.13) and (3.14) hold.

Remark 3.1. Theorems 3.3 and 3.4 improve Theorems 3 and 4 of [10],
respectively.

In order to understand our results easily, we apply them to a special
example and to see how our hypotheses, say (H5) and (H6), can be
satisfied.
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Example 3.1. Consider the following problem

_(4) — Il
(3.15) { T ftza z 2"), 0<t<1,

z(0) =2"(0) =0,2'(1) = 2" (1) = 0.
To study (3.15) we use all the notations as have been used for problem
(1.1)—(1.2). So for (3.15), 09 = 01 = 3, 02 = 03 = 2. We assume
hereinafter that
(i) f € ClI x K,Ry] where K = (—R;) x (—Ry) x Ry x RL.
(ii) For t € I, x1,22 <0, 23 >0, |z4] > ¢ >0,

f(ta $1,.’1§‘2,$3,$4) S a(ta $1,$2,$3) + b(ta $1,.’1§‘2,$3)|$4|

for some nonnegative continuous functions a, b.

Corollary 3.1. Suppose that (i), (iil)’ are satisfied and

4

t
(H2)" liminf J(t 21, w2, 25, 24) > 71r_6 uniformly on t € I, o < 0,
x1—0~ —T

xz3 >0, x4 € RL.

t
(H4)' lim inf F(t 21,22, 25, 74)
xr1——00 —Tq

x3 >0, x4 € R'.
(H5)" There exists | > 1 such that

4
> 71T—6 uniformly on t € I, x4

IA
N

2
f(t, w1, 20, 23,14) < % v—x1 for —1 <z <0.

Then (3.15) has at least two negative solutions x,y such that 0 <
lzlle <1 <llylle-

Proof. By Theorem 3.3 and the other former results as well as their
proofs, it is sufficient to show that (H5)" implies (H5) for (3.15).

The Green’s function corresponding to (3.15) is

6ts — 3st? — §3
B — 0<s<t<1,

Gls) =9 61 3is — 3
2T 0<t<s<]1
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It is not difficult to show that

=— G(t,s) ==
g max (t,s)

1 3, 4
—4 1
—/ G(t,s)dt:mz——G(T,s) for t,s,7 € I.
. 24 3

Hence for z; € (=1)7-1P,i=1,2,3, 24 € L'(I),
A1 (21,72, w3, 24)| L1

/ /GtSf(swl()xz()xa()m())dsd

/fsxl ,a(8), z3(8), z4(s ds/Gts

> / G(7,5)f (5, 21(5), xa(s), 23(5), 24(5)) ds

- §|A1($1, x2,T3, J)4)(T)|,
i.e., for problem (3.15), a; = (1/3) satisfies (2.13). Therefore
v/ Q1 - 2

g V3
and (H5) implies (H5). This completes the proof. o

Similarly, by Theorem 3.4, one can prove that

Corollary 3.2. Suppose that (i), (iil)’ are satisfied and

f(t, @y, 20, 23, 24)

H1)" lim =0 uniformly on t € I, where
Y
luii—-+oo [l
Jull =321 @il
t
(H3)" lim f(t 21, 25,23, 24) =0 wuniformly on t € I, x5 < 0,

21 —0- [l
x3 >0, x4 € R'.
(H6)" There exist € > 0 and l > 1 such that
ol

flt,xy, 20, x3,4) > _E(l +e)ry—e for —1<x; <0.
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Then (3.15) has at least two negative solutions x,y such that 0 <
lzlle <t <yl

1
Proof. In fact one can show that [ > 1 implies [ > / Z? ds for
0

1
problem (3.15).

Remark 3.2. The following constructed functions f; and fo satisfy all
the hypotheses of Corollaries 3.1 and 3.2, respectively:

4 "
roon oy T +1 3 1 :c\x ‘
fl(t,x,x,x y L )* 48 (1_("”—’_1))_%14_(33///)2’
4
t,x,z/,x”,:ﬂ”’ _ 7T_ 1—(zx+1 1/3y _ M7
f2( ) 4( ( ) ) 1+||u||2

with [|ull = 3274 [« (¢)].
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