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Dedicated to Paul Waltman on the occasion of his 60th birthday

We will be concerned with the 2n-th order linear difference equation
(1) Ly(t) = A" [p(t — n)A"y(t — n)] + q(t)y(t) =0

where p(t) > 0 on the discrete interval [a, 00) = {a,a+1, ...} and where
q(t) is defined on the discrete interval [a + n,00). Here A denotes the
forward difference operator, i.e., Ay(t) = y(t + 1) — y(t). A function y
defined on the discrete interval [a, 00) is a solution of (1), provided (1)
holds for t > a + n.

There has been much recent interest in difference equations. See the
recent books [1, 4 and 7-9] and the many references therein. Discrete
time linear systems arise in discrete linear optimal control and filtering
problems [14]. Cheng [3] studied equation (1) with p(¢) = 1 and n = 2.
Smith and Taylor [12] studied a variation of equation (1) with p(t) = 1,
n = 2, and two additional lower order terms. We are also motivated
by [6] and [13].

We now introduce quasi-difference operators so that the Lagrange
identity of (1) has a nice form. For 0 < i < n — 1, define

Ajy(t) = A'y(t),
and for n < i < 2n — 1, define

Awy(t) = A [p(t —i+n — DA™ (t —i+n—1)].

One can then prove the Lagrange identity for (1).

Theorem 1. For y and z defined on [a,0),

2(t)Ly(t) —y(t)Lz(t) = Afz(t); y(t)}
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for t > a+n, where the Lagrange bracket of z(t) and y(t) is defined by
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i=0
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n—1

+ Z n+z 1Az ( Z)Anz(t _ Z)]Anfiy(t)

- A"[p(t n)A"z(t —n)ly(t)
=z(O)A"[p(t —n)A"y(t —n)] — (=1)"A"=z(t)p(t) A"y(1)
— ()"t A" () A" y(t)
— A"[p(t = n)A"z(t —n)]y(t)
= z(O){A"[p(t — n)A"y(t —n)] + q(t)y(?)}
—y(Of{A"[p(t = n)A"z(t — n)] + q(t)z(t)}
= z(t)Ly(t) — y(¢t)Lz(t). O

It is easy to see that there is a unique solution of equation (1)
satisfying the conditions

where the «; are given constants. For each fixed s € [a, 00), let y;(t, s),
0 < j <2n —1 be the solution of (1) satisfying the conditions

Aiyj(svs) = 045

0 <i,7 <2n — 1, where quasi-differences are with respect to the first
variable and where d;; is the Kronecker delta. Note that if 1 < j < n,
then

yi(s+1i,s) =0, 0<i<j—1

and ifn+1<j <2n—1, then

yi(s+1,s) =0, n—j<i<n-—1
In particular, y;(¢, s) has j consecutive zeros starting at sif 1 <j <n
and j consecutive zeros starting at s+ n—jifn+1<j < 2n—1.

We now obtain formulas relating the quasi-differences for y;(t, s) and
Yon—1—;(s,t) (for the analogous differential equations case see [11]).

Theorem 2. For 0<14, j <2n—1,

(2) Ayt s) = (1) Agy1—jyan—1-i(s,t)



236 T. PEIL AND A. PETERSON

where the quasi-differences on both sides of the equation are with respect
to the first variable.

Proof. Fix integers t; and t5 in [a + n, 00). By the Lagrange identity

(3) {y;(t,t1); Yyon—1-i(t, t2)} = constant

for t > a4+ n. Hence, the left side of (3) is the same when evaluated at
t1 and to which gives us

(=1 Aop1—jyon—1-i(t1, t2) = (—1)"Asy;(ta, t1).

This gives us the desired result with s = ¢; and t = ¢5. O

Define the generalized Wronskian (Casoratian) of yon,—1(t,8),...,
Yan—j(t) by

W[y2n—1(ta 3)5 s Yon—j (ta S)]

Yon—1 (ta S) e Yon—j (ta S)
Aryon—1(t,s) -+ Aryan—j(t,s)
Aj 1yon—1(t,s) -+ Dj_1yan—j(t,s)

for 1 < j < 2n.

Using (2) we obtain the following result (for a similar result for
differential equations, see [5]).

Corollary 1. For1 < j <2n,

W[?/anl(tv 8)7 s Yoan—j (t7 8)] = (_1)jW[y2n71(57 t)7 s Yon—j (87 t)]

The following result follows immediately from this result.

Corollary 2. For 1 < k < n there is a nontrivial solution u of (1)
satisfying
u(s+j) =0, Ek—n<j<n-1

u(t+i)=0, 0<i<k-1
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where s +n —1 <t if and only if there is a nontrivial solution v of (1)
satisfying
v(s+34)=0, 0<j<k-1

v(t+1i) =0, k—n<i<n-—1.

For any function y defined on [a,0), we define for t > a + n the
operators E and F by

Byty= S (A" y(r— 1)+ (n— DA™ y(r)]p(r — 1)

T=a+n—1
AMy(r — 1)}
n—2
= (=1)" ) _(-1)' (i + DAY(OA T [p(t — n+ 1)
=0
CAMy(t—n )]
and
Fy(t) = A" ty(t — )p(t — 1)A"y(t — 1)
— (=1 (1) A AT T p(t = n+ D) ATy (t - n+ ).
=0

Here, as is common for the difference calculus, whenever the upper limit
of a sum is less than the lower limit of the sum, the sum is understood
to be zero.

Lemma 1. Ify is defined for t > a, then
(4) AEy(t) = Fy(t), t>a+n.
Further, if y is a solution of equation (1), then
(5) AFy(t) = p(t = DA™y (t = DI + (=1)"q()y(1).
In particular, if

(6) (=1)"q(t) >0, t>a+n,
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then F' is nondecreasing along solutions y of equation (1).

Proof. We first show (4)

ABy(t) = [A™ 1y(t — 1) + (n — A" y(8)]p(t — 1) A"y (t — 1)

— (=" z_:(—l)i(z’ + DA Yy (A2 p(t —n+i + 1)
=0
CAMy(t—n4i+ 1)
—(=1)" Y (=D + DAy A™ T [p(t — n + 1)
=0

CAM(t —n+ ).

Evaluating the first sum at n — 2 and reindexing, we obtain

ABy(t) = A" 1yt — 1)p(t — 1)Ay(t — 1)

+ (n— DA™ Ty(t)p(t — 1) A y(t — 1)
— (n— DA™ y(t)p(t — 1) A y(t — 1)
n—2
- (=" . (=1 (@) APy () A" [p(t — n + 1)
CAM(t —n+9)]
— (=" ) (1) + DAYH)A T [p(t — n +10)
1=0
CAMy(t—n+9)]
= A"yt —Dp(t — 1)A"y(t — 1)
— (=)™ Y (D) ATy A™  p(t =+ DAy (E —n+ )]
1=0

= Fy(t).
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Now we will show (5).

AFy(t) = A" 'yt Alp(t — DA™ y(t = 1)] + p(t — 1)[A"y(t — 1)]?

) S (AT AT (- i 1)
1=0
CAMy(t—n+i+1)]
) S (S AT A p(t — n ) A(E— 4 )]
1=0

Evaluating the first sum at n — 2 and reindexing, we obtain

AFy(t) = A" ly(t)Alp(t — 1)A"y(t — 1)] + p(t = D][A™y(t - 1)]?
— A"y (At = 1D)A™y(t 1))
n—2
— (=D Y ()T A (OA T [p(t = n+ D)ATY(E =1+ )]

() S (1 AT Ap(t — i+ )ATY(E — 0+ 1)
1=0
= ot — DATY(E— 1) — (—1)"y(O)A[p(t — ) A"y(t — )]
= p(t— D[Ay( — D + (1) gy

provided y is a solution of equation (1). Also, if (6) holds then
AFy(t) > 0 on [a + n,00). Hence F' is nondecreasing along solutions
of equation (1) for t > a + n. O

To obtain another expression for Fy(t), note that

Fy(t) = A" 'yt — )p(t — 1) A y(t — 1)
n—2
— (=) Y (1) Ay() A" [p(t — n+ D) A"y(t — n+ 1))
=0

N

= A"yt = 1)p(t — 1)A"y(t - 1)
—(=1)" Y (1) [A™y(t — 1) + Ay(t - 1)]

AT p(t = n 4 ) AMy(t =0+ 1))
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Separating the sum, then evaluating the first sum at n — 2 and rein-
dexing, we obtain

Fy(t) = A" 'y(t — Dp(t — DA™y(t — 1) — A" 'yt — 1)

Alp(t — 2)A"y(t - 2)]
Sy A DAl i)
- ATyt —n+i—1)]
— (-1 T_Z2(-1)%’Al‘y(t—1)m—1—i[p(t—nﬂ')my(t—nﬂ)}
ATyt~ 1) {plt— DAt — 1) — Alp(t — DAy(t — )
- <—1>”f_j<—1>iAiy<t—1>{A””[p<t—n+zwy<t—n+i>1

— A" p(t —n+i— D)A"y(t —n+i—1)]}
= (=1)"y(t = DA™ p(t — n) A"y (t — n))

Hence,
Fy(t) = A" ty(t = 1)p(t — 2)A"y(t - 2)
n—2
o - (—1)”2(—1)%@@— DA™ 1 p(t —n4i—1)

ATyt —n+i—1)]
— (=D)"y(t = DA™ p(t — n)A"y(t — n)].

We can form another operator on the set of functions y defined on
[a,00). We define for ¢t > a + n — 1 the operator F'

Fy(t) = A" y(t — 1)p(t — 1A y(t — 1)

— (=)™ Y (=1 AYBA™ T p(t —n+ DAY (t — 0+ )]

— (—1)"y6§)A”_1[p(t —n+ DAyt —n+1)].

As in the proof of Lemma 1, we can show that

AFy(t) = p(t — D[A™y(t — D] + (=1)"q(t + 1)y (t + 1).
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When n = 2 and p(t) = 1 (in this case the middle term is understood
to be zero) the form (7) of the operator F is the same as an expression
studied by Cheng [3]. The corresponding operator studied by Smith
and Taylor [12] for n = 2 and p(t) = 1 is the same as our operator F.
We will primarily be using the two forms of F', and we use F here as
an illustration of other possible identities.

If y is a solution of (1) such that Fy(¢) < 0 in a neighborhood of
infinity, then we say y is a type I solution. Further, if Fy(t) > 0 in
a neighborhood of infinity, then we say y is a type II solution. Smith
and Taylor [12] show the existence of two linearly independent type
I solutions for the case when n = 2 and p(¢t) = 1. Note that if (6)
holds, then by Lemma 1 all solutions of (1) are type I or type II
solutions. We will say y is a strict type I solution provided Fy(t) < 0
in a neighborhood of infinity.

If y is a solution of (1) on the interval [a,00), then we say y has a
generalized zero at to provided either y(tg) = 0 for ty > a, or for ty > a
there is an integer k € {1,... ,tg—a} such that (=1)*y(to —k)y(to) > 0
where if k > 1, y(to—k+1)=---=y(to—1) =0.

Theorem 3. Assume (6) holds. Then any nontrivial solution of
equation (1) with n — 1 consecutive zeros followed immediately by a
generalized zero is a type 11 solution. In particular, the difference
equation (1) has n linearly independent type 11 solutions.

Proof. Assume y is a nontrivial solution of (1) satisfying
(8) y(to +1) =0, 0<i<n-—2

and y has a generalized zero at tg +n — 1.

Extend the domain of p(t) and ¢(¢) to the set of integers (—oo, 00) by

p(t) =pla), t<a
q(t) = q(a +n), t<a+n.

It suffices to show that equation (1) with these new coefficients satisfies
the theorem. Note that Fy(t) is now defined and nondecreasing on
(=00, 00).
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We first consider the case where y(to +n — 1) = 0. Since y is a
nontrivial solution of (1), y can have at most 2n — 1 consecutive zeros.
By possibly increasing tg, we may assume without loss of generality
that

y(to + Tl) # 0.

Then, using (8), we get that

Fy(to+2) = A" 'y(to + )p(to + 1) A y(to + 1)
— A" 2y (to + 2)Alp(to) A"y (to)]
= y(to + n){p(to + A" y(to + 1) — Alp(to) A"y(to)]}
= p(to)y(to +n)A"y(to)
= p(to)y*(to +n) > 0.

Hence, by Lemma 1, Fy(t) > 0 on [tg+2,00) and y is a type II solution
of (1).
Now consider the case where (8) holds and y has a generalized zero
at to+n — 1, but
ylto+n—1)#£0.

In this case
(=) "y(to — Dy(to +n—1) > 0.

Consider

Fy(to +1) = A" y(to)p(to) A™y(to) — A" y(to +1)
x Alp(to — 1)A"y(to — 1)]
= y(to +n — D){p(to) A"y(to) — Alp(to — 1)A™y(to — 1)]}
= p(to)y(to +n —1)A"y(to — 1)
= p(to)[y* (to +n — 1) + (=1)"y(to — Dy(to +n —1)] > 0.
Hence, by Lemma 1, Fy(t) > 0 on [tg+1,00) and y is a type II solution
of (1).
We now show that there are n linearly independent type II solutions
of (1). Let yx(t), 1 <k < n be the solutions of (1) satisfying
yr(a+14) =0, 0<i¢<2n-1, i#EFn+k—1
yela+n—k—-1)=1
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Since yx, 1 < k < n, are nontrivial solutions with n consecutive zeros
starting at a, we have by the first part of the proof that yx, 1 < k < n,
are type II solutions. Clearly these solutions are linearly independent.
O

Theorem 4. If (6) holds, then the difference equation (1) has n
linearly independent type 1 solutions.

Proof. For each fixed s > a+n, let vi(¢, ), 1 < k < n, be a nontrivial
solution of equation (1) satisfying the 2n — 1 boundary conditions

vg(a+1i,s) =0, 0<i<n-—1, i#£k—1
vg(s+1,8) =0, 0<i<n-—1L1
Then define

'Uk(tvs)
Vvi(a,s) +vi(a+1,8)+ - +vi(a+2n—1,s)

ug(t,8) =

for 1 <k <n,s>a+mn. Then ug(t,s) is a solution of equation (1)

satisfying
2n—1

Z ui(a+1i,s) = 1.

=0
Hence, for each k, 1 < k < n, the sequence {uy(a,s),ur(a + 1,s),

up(a+2n—1,s)}32,.,, has a convergent subsequence {uy(a, s;),

up(a+1,55%), .- ,ur(a+2n —1,s;,)}52,. Let
Vi = hm ’U,k(a +1—-1, Sjk)
j—oo
1 <4 <2n. Then
2n
ZU?/C =1.
i=1
Let yx, 1 < k < n, be the solutions of equation (1) satisfying

yr(a+1i) = viy1k

0<i<2n—1.
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Since
Fuk(sjk + 1, Sjk) =0

and Fug(t, s;i) is nondecreasing,
Fu(t,sj) <0, on [a+ n,s;x + 1].
Letting j — oo, we get that
Fy,(t) <0, t>a+n.

Hence, yi, 1 < k < n, are type I solutions of (1).
Note that

yr(a+14) =0, 0<i<n-—1, 1# k—1.

If yp(a + k — 1) = 0, then y; would have n consecutive zeros and so
by Theorem 3 would be a type II solution. Hence yx(a+k — 1) # 0,
1 < k < n. It easily follows from this that yx(¢), 1 < k < n, are linearly
independent. u]

Theorem 5. If (6) holds and y is a type I solution of equation (1),
then

(9) > pB)[A" ()] < 0o

and

(10) > (=1)q(t)yA(t) < oo.
t=a+n

If q(t) # 0 in a neighborhood of infinity, then every nontrivial type I
solution of equation (1) is a strict type 1 solution.

Let y be a type I solution of (1). Then

Fy(t) <0, t>a+n.
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Let
M= tlim Fy(t) <0.

Summing both sides of (5) from a + n to co, we get that
M- Fyla+n)= Y {p(t - D[A"y(t - D] + (=1)"q(t)y"(¢)}.
t=a+n

Thus (9) and (10) hold.

Now assume ¢(t) # 0 in a neighborhood of infinity and v is a nontrivial
type I solution of (1). Then Fu(t) < 0 for t > a+n. Assume there is a
to € [a + n, 00) such that Fu(tg) = 0. Then Fu(t) = 0 on [tg,00). But
then AFv(t) =0 on [tg, 00). Hence, from (5) we get that

p(t = DA (= D + (=1)"q(t)o*(t) =0, ¢ >to.

Since ¢(t) # 0 in a neighborhood of infinity, we get that v is the trivial
solution which is not possible. Hence, we must have

Fu(t) <0, t>a+n,

which means that v is a strict type I solution of equation (1). O

From Theorems 4 and 5, we obtain the following result, which is
related to the recessive solutions of Ahlbrandt and Hooker [2].

Corollary 3. If (6) holds and

1itminf(—1)”q(t) > 0,
then equation (1) has n linearly independent type 1 solutions vy, 1 <
k <n, satisfying
tlim vi(t) = 0.

A close look at the proof of Theorems 4 and 5 shows one could prove
the following result.
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Corollary 4. Assume (6) holds and there is an increasing sequence
of integers {t;}32, C [a + n,00) such that

limsup[t; —tj_1] < o0
j—o0
liminf @; > 0, liminf P; > 0
j—o0 j—o0
where
Qnjt+i = (=1)"q(t; + 1)
or0<i<n-—1,5>0 and
f 2 J

Prjri=p(tj +i-1)

for 0 < i < limsup,_,[t; —t;-1], 5 > 0, then equation (1) has n
linearly independent type I solutions v satisfying

lim v(t) = 0.

t—oo

Definition. We say that equation (1) is (n, n)-disconjugate on [a, 00)
provided there is no nontrivial solution y such that

(11a) y(t1 +14) =0, 0<i<n-—2
(11b) ylts +i) =0, 0<i<n-—2

and y has a generalized zero at both t; +n — 1 and t5 + n — 1 where
a<t; <ty +n<ts.

This definition for (n,n)-disconjugacy is more general than the defi-
nition for (k, m — k)-disconjugacy given in [10] for the case when k = n
and m = 2n.

Theorem 6. If (6) holds, then equation (1) is (n,n)-disconjugate on
[a, 00).

Proof. Assume y is a nontrivial solution of equation (1) which satisfies
(11a), (11b) and has a generalized zero at t; +n — 1. We will consider
the three cases: (i) ta =t1 +nand y(t1 +n—1) =0, (ii) t2 > t1 +n
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and y(t;1 +n—1) =0, and (iii) y(t; +n — 1) # 0. We will show that y
cannot have a generalized zero at to +n — 1.

For case (i) assume t3 =t +n and y(t; +n — 1) = 0. If t; = a here
and y has a generalized zero at t3 + n — 1, then y(t; + 2n — 1) = 0.
Thus y is the trivial solution; therefore, we assume ¢; > a. Consider
equation (1) evaluated at ¢t = t; +n—1; with (11a) and (11b) we obtain

p(ty +n—Dy(t1 +2n — 1) + (=1)*"p(t; — Dy(t1 — 1) = 0.
But this implies that
(=1)*"y(t; — Vy(t1 +2n — 1) < 0.

That is, y does not have a generalized zero at t = t;1+2n—1 = to+n—1.

For case (ii) assume t2 > t; +n and y(t; + n — 1) = 0. By possibly
increasing t1, we can assume without loss of generality that t = t;1+n—1
is the last consecutive zero of y beginning with ¢ = ¢;. So y(t; +n) # 0.

Extend the domain of p(t) and ¢(¢) to the set of integers (—oo, 00) by

p(t) =pla), t<a
q(a+n), t<a+n.

It suffices to show that equation (1) with these new coefficients is
(n,n)-disconjugate on (—oo,00). Note that Fy(t) is now defined and
nondecreasing on (—o0,00). Using (11a) we get that

Fy(ty +2) = A"yt + D)p(ts + DA y(t + 1) — A" ?y(t1 +2)
~Alp(t)A"y(t1)]
=y(ti +n)p(ts + DA y(t1 + 1) —y(t1 +n)[p(t1 + 1)
CAMy(ty + 1) — p(t) A"y(t1)]
= p(t1)y*(t1 +n)
> 0.

Hence
Fy(t) >0
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for t > t1 + 2. In particular, Fy(tz) > 0. Evaluating F'y(t2), we obtain
from (11Db)
A" Yy (ty — Dp(ta — DA y(ta — 1) > 0

so that
(—=1)"y(ts — Dp(ts — Dy(ts +n — 1) + (—=1)"y(t> — 1)] > 0.
Hence
(=1)"y(t2 = Dy(t2 +n — 1) <0,
which along with (11b) implies y has no generalized zero (and hence
no zero) at t =to +mn — 1.

For case (iii) assume (—1)"y(t1 — 1)y(t1 +n —1) > 0. As in case (ii)
extend the definitions of p(t) and ¢(t), then note that Fy(t) is defined
and nondecreasing on (—oo, 00). Using (11a) we get that

Fy(ty +1) = A" 'y(ty)p(t) Ay (tr) — A" 2y(ty + 1) Ap(ty — 1)
“AMy(t - 1)]
=y(t1 +n — p(t)A"y(t1) — y(t1 +n — 1)[p(t1)
“A"y(ty) = p(ty — 1)A"y(ty — 1)]
Fy(ti +1) = y(t1 +n = Dp(ts — D[y(t1 +n — 1) + (=1)"y(t1 — 1)]
=p(tr = D[y (tr +n— 1) + (=1)"y(t1 + n — Dy(ty — 1)]
> 0.

Hence,
Fy(t) >0

for ¢t > t; + 1. In particular, Fy(t2) > 0. Evaluating F'y(t2), we obtain
using (11b)

A" y(ty — Dp(ta — 1)A™y(ta — 1) > 0
so that
(=1)" Yy (ty — Dp(ty — Dy(ta +n — 1) + (=1)"y(ty — 1)] > 0.

Hence,
(=D)"y(t2 = Dy(t2 +n—1) <0
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which, along with (11b), implies that y has no generalized zero (and
hence no zero) at t =t +n — 1. u]

Theorem 7. Every unbounded solution of (1) where

(12) litm infq(t) >0

and

(13) 0< litm inf p(¢) < limsup p(t) < oo,
00 t—o0

1s oscillatory.

Proof. Assume y is an unbounded solution of (1) to show that y is
oscillatory. Suppose that y is nonoscillatory, then there is a ¢y € [a, c0)
such that all values y(t) have the same sign on [tg, 00). We may assume
y(t) > 0 on [tg,00). Since y is an unbounded positive solution of (1),
we have by (12) that

(14) A"[p(t)A"y(t)] = —q(t +n)y(t +n) <0
on [tg,00), and

(15) lim inf A™[p(¢)A"y(t)] = ligioglf —q(t+n)y(t+n) = —oc0c.

t—oo

But

(16) A" Hp(t)Amy(t)] — A" p(to) A" y( Z A"[p(s)A"y(s)].
s=to

Hence, by expressions (14), (15) and (16), we have

(17) lim inf A" Hp(t) A™y(t)] = —oo.

Furthermore, by expression (14)

A p(t+ 1)A"y(t + 1)) = A"[p(t) A"y (1)] + A" [p(t) A"y (t)]
< A" Hp(6)Ay(t)]
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on [tg,00). Thus, by (17), there is a t1 € [to, 00) such that
A [p(t)A™y(1)] < 0

on [ty,00).

By continuing in this fashion of summing each expression it is easily
shown that _
litm inf A'[p(t)A"y(t)] = —o0,
— 00

fori=n—2,n—3,...,0, and using (13)
1itminf Aly(t) = —o0,
fori=n,n—1,...,0. Thus

litminfy(t) = —00.
But this contradicts the assumption that y(¢) > 0 on [tg, c0). Hence if
(12) and (13) hold, then every unbounded solution y of (1) is oscillatory.
]

The following theorem demonstrates that type II solutions are un-
bounded for the special case when n = 2 and p(t) = 1. We believe, but
have been unable to show, that, for the more general case, type II solu-
tions are unbounded for any n is also true with the added assumption

0< litm inf p(t) < limsup p(t) < cc.

t—oo

For the following theorem, we consider equation (1) with n = 2 and
p(t) =1 that is the fourth order linear difference equation

(18) Aty(t —2) +q(t)y(t) = 0, t>a+2

where ¢(t) > 0 on [a + 2,00). Let y be defined on [a,0), then for
t > a + 2 operator F' becomes

(19) Fy(t) = Ay(t — 1)A%y(t — 1) — y(t) A’y(t — 2)
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and take a different antidifference to redefine the operator E by

(20) By(t) = [Ay(t — 1)]* — y(t) A%y(t - 2).

Theorem 8. If (6) holds, then type II solutions of (18) are un-
bounded.

Assume that y is a type II solution of (18), i.e., there is a ¢y €
[@ + 2,00) such that Fy(tp) > 0. As in Lemma 1, by (6) F is
nondecreasing along each solution y of (18). Hence, by

ABy(t) = Fy(t) > 0

and by (5)
A?Ey(t) = AFy(t)
= [A%y(t — 1) + q(t)y*(t)
>0

on [tg,00). Hence, we get that

tlim Ey(t) = cc.
By the way E is defined in (20) if y is bounded, then so is Ey. But Ey
is unbounded, thus y must be unbounded. Hence, all type II solutions
of (18) are unbounded. o
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