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ISOMETRIES OF MUSIELAK-ORLICZ SPACES
EQUIPPED WITH THE ORLICZ NORM

ANNA KAMINSKA

ABSTRACT. In [2, 4] a characterization of the group of
surjective isometries of the complex Musielak-Orlicz space Lg
equipped with the Luxemburg norm was given. Here it is
shown that the same characterization also remains valid for
the group of isometries of L endowed with the Orlicz norm.

1. Introduction. In this paper we will investigate surjective
isometries of complex Musielak-Orlicz spaces equipped with the Orlicz
norm. The main conclusion is that the groups of isometries with respect
to Orlicz or Luxemburg norms are the same. The analogous fact for
Orlicz spaces has already been observed in [13], however without any
proof. Thus the results presented here provide a justification also for
the mentioned remark in [13].

As a first step we will give a characterization of support functionals of
elements in Fg. Then, by means of that characterization, we will show
that any Hermitian operator H of L equipped with the Orlicz norm
has a diagonal form, that is, H(f) = h- f for some real bounded function
h. This description of Hermitian operators appears to be the same
as for the Luxemburg norm. Hence we conclude that any surjective
isometry preserves disjointness of the supports of functions. Finally,
applying the already known criterion of isometries of Ly endowed with
the Luxemburg norm, we will prove that the criterion is the same if Lg
is considered with the Orlicz norm.

Although the paper is a continuation of [2] and [4] and will often
refer to the results of those papers, for the convenience of the reader,
we recall some definitions and facts on isometries, Hermitian operators
and Musielak-Orlicz spaces.

In this paper only surjective isometries will be investigated. Thus we
will say a transformation U of a Banach space (X, || ||) is an isometry if
it is linear, surjective and if it preserves the norm, that is, ||Uz|| = ||z||
for all x € X.
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A bounded linear operator H on a complex Banach space (X, || ||)
is said to be Hermitian [1], if *(Hz) is real for every pair of vectors
x € X and z* € X* such that * is a support functional of z, i.e.,
||z][* = []z*]|* = =*(=).

Let N be the set of natural numbers, K the set of real or complex
scalars and R the set of all reals. The measure space (T,X,u) is
assumed to be o-finite, atomless and separable. A function ®(u,t) :
R,y xT — R, is said to be a Young function with parameter, or
Musielak-Orlicz function, if it is convex and strictly increasing with
respect to u, ®(0,t) = 0 almost everywhere, and is ¥-measurable as a
function of ¢. Throughout the paper we will additionally assume that
(0) lim ow,t) = and lim owt)

u—00 u u—0 u
for a.a. t € T. By @ (u,t) and @/, (u,t) denote the left and right side
derivatives with respect to u. We will also use the notation ®'(u, )

for either left or right derivatives in the situations which are valid no
matter what derivative is concerned. The conjugate function

@* (u,1) = sup{uv — @(v,)}

:0,

is a Musielak-Orlicz function with the properties (0). The assumption
(0) implies that ®*(u,t) < co and

lim ®'(u,t) =00 and lim ' (u,t) =0,
u—

uU—r 00

for a.a. t € T. To abbreviate long formulas we will use the following

notations.
[1=[t0= [ 1o
() = [ #0£) = | 200 du

® (@ (a)) = (@' (1),
[E@am) = [ & @ sl 0.0 du

The Musielak-Orlicz space Lg associated with ® is the set of all mea-
surable scalar valued functions f such that Ig(Af)= [ ®(A|f(t)],t) dpu <
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oo for some A > 0. For f € Lg, define the Orlicz || || and the Luxemburg
norm || ||; as follows.

I =sup { [ 11al: 1o-(0) < 13,
[|fIli =inf{e > 0:Is(f/e) < 1}

The Amemiya formula holds for the Orlicz norm
L1
111 = juf 21+ Lo (k).

The Orlicz and Luxemburg norms are equivalent. By Es denote
the subspace of Lg containing all measurable functions such that
Is(Af) < oo for all A > 0.

We have the following well-known inequalities and equations:
(1) u®'(u,t) < ®(2u,t)

(2) u-v<®(u,t)+ d*(v,t)

(3) u®'(u,t) = @(u,t) + 2*(®'(u,t),t)

(4) @*(AP_(u) + (1 = AN)®' (u)) = A®*(D__(u)) + (1 — X)@* (P!, (u))
for A € [0,1].

In particular, the properties (3) and (1) imply that if f € Fg, then

(5) Ip- (2'(Alf])) < 00
for all A > 0.

Now recall some properties of the Orlicz norm || || in Lg. For any
g € Lg, set

k= inf{k S0 /@*(qﬂ(mg\)) > 1}
k" = sup {k >0 /@*(@'(mg\)) < 1}.

Since lim, oo ®'(u,t) = oo, the numbers k*, k** are finite.

The proposition below is well known for Orlicz spaces [8, 11]. It
remains true for Musielak-Orlicz spaces with the proof analogous to
that for Orlicz spaces.
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Proposition 0.1. The following facts hold.

(i) E* < k**

(il) k* and k** do not depend on whether ® is a left or right

derivative.
(iii) Ik e (K, k™), ie., if k* < k**, then f@* '(klg|)) =
() [ @ (@, (k" |gl)) = 15 [ *(@' (k**[g]) <
(v) ke [k*, k**] if and only if ||g]| = (1/k)(1 + Is(kg)).
(vi) If [ ®*(DL(k**|g])) <1< [@*(® (k*|g])), then k* = k**.

More information about Musielak-Orlicz or Orlicz spaces can be
found in [10, 8, 11].

Finally, recall a characterization of isometries on (Lg, || ||;) given in
[2, 4]. Since the measure space (T, X, 1) is separable, it is isomorphic
to the Lebesgue measure space [3], and a regular set isomorphism
7: X — ¥ appearing in [2, 4] is generated by a pointwise measurable
transformation 6 : T — T, that is, 7(A) = 671[4], [12].

Let

@' (u,t)
u

To = {t eT: = constant}.

Theorem 0.2 [2,4]. Assume pTy = 0.

(i) Let U be an isometry of (Le,|| ||;). Then there exists a mea-
surable function h : T — K and a measurable pointwise transformation
0:T — T, one-to-one and onto up to null sets, such that

(1) (UF)(E) = h(t)f(6(2),
(2) O(|n(®)IA.t) = 7' (£)2(X, 0(1))

for all A\ > 0, a.a. t € T, where 7’ is the Radon-Nikodym derivative
d(po8)/du.

(i) Let h : T — K be a measurable function and 6 : T — T
a measurable transformation one-to-one and onto up to null sets. If
the condition (2) is satisfied, then U given by (1) is an isometry of
(L || 111)-



ISOMETRIES OF MUSIELAK-ORLICZ SPACES 1479

(iii) IfU is an isometry of (La,|| |i1), then U preserves the modular
Ig, that is, Is(Uf) = Is(f) for all f € Lg.

2. Results. The Musielak-Orlicz spaces Lg and their subspaces Fg
appearing in this paper are always assumed to be spaces of complex
valued functions.

Further in the paper we will assume without loss of generality that
X1 € FEg. In particular it means that any simple function is an element
of Es. Indeed, this assumption is not any restriction on ®, because it
is known that there exists a partition {T},} of T such that X7, € Es
for all n € N [6].

For g € Eg and k € [k*, k**] assign the function

n

G(t) =D [N® (Klg(®)] t) + (L = )@, (Klg(t)], £)]xa, (1)

i=1

+ @/(k‘|g(t)|’ t)XAn+1 (t)a
where \; and A; are arbitrary numbers and sets satisfying the following
conditions: \; € [0, 1], A; are disjoint and U"' 4; = T and Is-(G) = 1.
Since g € FEg, it is always possible to ﬁnd at least one function G
satisfying all of the above requirements. Indeed, if k € (k*, k**), then
setting G = ®'(kl|g|), we have Is~(G) = 1 by (iii) of Proposition 0.1.
Now let k = k*. Then [ ®*(®_(k*|g|)) <1 < f@* @', (k*|g])) by (iv)
of Proposition 0.1. Moreover, by virtue of (5), [ ®* <I” (k*|g]) <
Thus there exists a A € [0, 1] such that

1= [ o @ wlgh) + (1= ) [ (@, ko))
= [@ 0@ (71g) + (1 - N2 (7 lg),

by equation (4). Then setting G = A®’_(k*|g|) + (1 — A\)®’, (k*|g]), we
get Ip+(G) = 1. If k = k**, we can get it analogously.

For z € C, let sgnz = z/|z| if z 420 and sgnz =0 if z = 0.

Lemma 1. Let g € (Eg,|| ||). Then

—Hgll/f sgng(t)- G(t) du
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is a support functional of g, where G is a function assigned for g.
Proof. Applying (3), (4) and (v) of Proposition 0.1, we get
Fy(g) = ||g|{ Z/A l9()|[X:@" (K[g(t)], 1) + (1 — \i) @'y (Klg(t)], ¢)]
i=1 "4

+/An+1 g(t)] @' (klg(t)], 1)}

- ||g|%{é/\i</m <I>(k|g)+/Ai
+é(1 =3 [ 2wtah+ [ & @ o1a))

i i

[ e+ [ @*(@'(km))}
= llgll 7 Ua(kg) + Ta- ()}

= llgll 7 Takg) + 13 = llgI>

<I>*<<I>'<k|g|>>)

Moreover, by the Holder inequality [10], |F,(f)| < |lg/| ||| |G]If" <
llg]] - 11 £]], because Is«(G) = 1, which implies that ||G||®" < 1. Thus,
1Fll = 1llgll. o

Lemma 2. Let H be a Hermitian operator in (Lg,|| ||). Let G be a
function assigned for f € Eg. For any A,B € ¥ with AN B = &, we
have

/HfXB-sgnf-G:/HfXA-sgnf-G.
A B

Proof. Let Pf = fx4 and Qf = fXp. Then P and @) are Hermitian
projections on Lg satisfying PQ = 0. Indeed, |e?*F f| = |f]| for any
f € Ly and o € R. Thus the operator e'“* is an isometry on Lg,
which implies that P is Hermitian [1, 2].

By Kalton and Wood’s result (Theorems 2.4, 2.6 in [5] or Lemma 2.1
in [4]), for any f € Eg, Ff(XaHfXB+XpH fXa) and iFy(XaHfXp —
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XBH fXa) are reals. Then
Fy(XaHfXxg) = Fy(XpH fX ).

Thus, by the previous lemma,

/HfXB-sgnf-G:/HfXA-sgnf-G. O
A B

Lemma 3. Assume that uTy = 0. If H is a Hermitian operator of
(La,|| ||), then supp HXa C A almost everywhere for any A € 3.

Proof. Let A € ¥ and u(A°) > 0. Let 0 < v < 8 be arbitrary. By the
assumption in the paper, that any simple function belongs to Eg and
by (5), [ ®*(®'(a)) < oo for any number a > 0. Thus the nonatomicity
of u implies the existence of a set A; C A° with pu(A°\A;) > 0 and
such that fAl ®*(®'(8)) < 1. Since lim,_,o ®'(u,t) = 0, there exists
a > 0 such that

(3.1) /A (@' (a)) + / *(@/(6)) < 1

Ay

and

[ @ [ e@e

Ay

Then there exists A\; € [0, 1] with

A1A¢*(¢L(a))+(1Al)/A<I>*(<I>’+(a))+/Al " (®'(8)) = 1.
This implies

[ # 0t @+ - aEi @)+ [ e @E) -1
A

Ay
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by (4). Setting f = aXa + BXa,, and F(t) = (AP (a,t) + (1 —
A1) (o, t))xa(t) + @'(B,t)X 4, (t), we have I-(F) = 1. Since vy < 3,
Ja, @5(2'(7)) < [, @°(2'(B)). Thus we will find Ay C (AU A1)° (A,
may be @) and 6 > 0 and A € [0, 1] such that

[ o e @+ -2 @) + [ 8 @)

Ay

+/ B* (A’ (5) + (1 - Ao)®', (5)) = L.

Now set
g=aXa+vXa, +6Xa,

and
G(t) = M@ (a,t) + (1 — M) (o, t)]Xalt)

+ M@ (6,8) + (1 — A2) @' (6,1)]X, (¢)
+ (7, £)Xa, (b).

We have I« (G) = 1. Applying the previous lemma to f,g and A, A4,
we get

/H,BXAlF: Hax(t)®'(B,t)
A

/ Hyxa,G = | Haxa@@'(v,t)
A A,

and F(t) = G(t) for t € A. Hence
o'(6,1) @'(v,1)

Haxa(t = Haxa(t R
Ay ®) B Ay (¥ Y

which implies that

. Hxa(t) [@’(ﬂ,t) - g@'(v,t)] =0.

Repeating the same procedure for any B C Ay, we get

(32) [ @@ 6.0 - Zae.n)| ~o
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for all B C A;. Since [,. ®*(®'(8)) < oo, there exists a finite

sequence Al,... A¥ of disjoint sets such that A° = U¥ A’ and

[4: @*(®'(8)) < 1 and p((AU A%)°) > 0. Now repeating the process

which starts at (3.1) for each A instead of A, we get (3.2) for all

B C A'. Hence we have equation (3.2) for all B C A°. However, it
implies that

0| #'(5,0) - 2

v

for a.a. t € A° and all 0 < v < B. Thus ®'(5,t)/8 = @'(v,t)/v

whenever HX 4(t) # 0 and ¢t € A°. Then by the assumption Ty = 0,
we have that supp HX4 C A almost everywhere. u]

' (v,t)| =0

Applying the above lemma and following the proof of Theorem 6 in
[2] we get the characterization of Hermitian operators on (Lg, || ||).

Theorem 4. If uTy = 0, then any Hermitian operator of (Le,|| ||)
is of the form H(f) = h - f where h is a real bounded function. The
sets of Hermitian operators of Le equipped either with the Luzemburg
or Orlicz norm coincide.

Now, by standard methods (compare [9] or [2]), the above charac-
terization allows us to show that an isometry of (Lg,|| ||) has disjoint
support property. More precisely, the following theorem holds.

Theorem 5. Assume that pu(Ty) = 0. If U is an isometry of
(Le, || 11), then

UF)(@) = h(t)F(6(2))

for some measurable function h : T — K and a measurable transfor-
mation 0 : T — T which is one-to-one and onto up to null sets.

Recall that the dual space (Lg)* is a direct sum of regular and
singular functionals, that is, (Le)* = (Le): @ (Le):. If F € (Ls)*,
then F = F" + F*, where F" € (Lg) and F?® € (Lg)%. The space
(Lg)* may be naturally (isometrically) identified with the space Lg-
equipped with the Luxemburg norm. There exists ¢ € Lg+ such that
F'(f) = [ gf, f € La, and ||F"]| = [|gl[#" [7, 10].
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Proposition 6. Let uTy = 0. If U is an isometry of (La, || ||), then
Ul,. is an isometry of (Lo, || | 2.

Proof. The adjoint U* is an isometry of (Lg)*. So it is enough
to show that any regular functional is transformed into a regular
one. Let F = F" € (Lg);. There exists a g € Lg« such that
Fr(f)= [gf for all f € Lg. Thus, applying Theorem 0.2 and change
of variables formula U*(F")(f) = F"(Uf) = [gUf = [ghf(f) =
L9071 )(R(671)/7'(671))f < oo for all f € L. Hence the function
g(0=1)(h(6~Y)/7'(07 1)) € Lo+, and U*(F) € (Ls):. O.

Lemma 7. Letk > 0 and t,s € T. If, for all v > 0, ®(kv,t) =
(®(k,t)/®(1,8))®(v,s), then

.« [ ku®(1,s) D*(u,t)
v () e 00

Proof. By the definition of ®*, we have

q»*(’““‘b—(l’s) s> ~ sup {UM - @(u,s)}

d(k,t) ’ v>0 & (k, t)
O(k,t) . _4
= _— @ k .
sup oo gyon o)
For any A > 0,
_ D (k,t) _
_ 1 o 9 1
D\, t) = P(Nkk™,t) = <I’(1,s)q)(>‘k R
% B\, 1) (1, )
— - 9 y S
(N7, s) = St
Hence
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Theorem 8. Let uTy = 0. The groups of isometries of Lg in both
Luzemburg and Orlicz norms coincide.

Proof. If U is an isometry of (Lg, || ||;), then U preserves the modular
Iy (Theorem 0.2.IIT). Thus, by the Amemiya formula of the Orlicz
norm, U is an isometry with respect to this norm.

Now let U be an isometry of (Lg, || ||). Then, by Proposition 6, the
adjoint U* is an isometry of (Lg-«,|| ||#"). Then applying Theorem
0.2 to Lg~, there exists a measurable function h and a measurable
transformation 6 such that

U*g = hg(0)
for all g € Lg+ and
(8.1) *(|h(t)|\, t) = 7' (£)@* (N, 0(¢))

for all A > 0 and a.a. t € T, where 7/ = d(p 0 0)/du. By the integral
representation of functionals on Lg we have that

[ r1a0) = [Wh

for all f € Ly and g € Lg+. The change of variables formula then
implies that
_ [ROHFO)
/(Uf)g —/Wg-

h(0~1)f(07)

(@1
Thus, to prove that U is an isometry for the Luxemburg norm, it is
enough to show the following equation

MO [, )1
O W) T(07()
By substituting 1 for X in (8.1), we get

(R
T 0= w0

Hence

Uf =

(8.2) q>< ®(N, 071(2)).
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Now the equation (8.2) is equivalently transformed into

@ (1,6(t))
@*([h(8)],1)

A 0(t) = %@(A,t).

(8.3) o(|n(D)]
Applying Lemma 7 to ®* instead of ® (it is known that &** =
kE = |h(t)], v = X and s = 6(t), equation (8.1) simply implies (8
which completes the proof. o

),
3),

REFERENCES

1. F.F. Bonsall and J. Duncan, Numerical ranges of operators on normed spaces
and of elements of normed algebras, London Math. Soc., Lecture Notes Series 2,
Cambridge University Press, 1971.

2. R. Fleming, J.E. Jamison and A. Kaminska, Isometries of Musielak-Orlicz
spaces, Proceedings of the Conference on Function Spaces, Edwardsville 1990,
Marcel-Dekker, 139-154.

3. P.R. Halmos, Measure theory, Springer-Verlag, 1974.

4. J.E. Jamison, A. Kaminska and Pei-Kee Lin, Isometries of Musielak-Orlicz
spaces II, Studia Mathematica 104 (1) (1993), 75-89.

5. N.J. Kalton and G.V. Wood, Orthonormal systems in Banach spaces and their
applications, Math. Proc. Camb. Phil. Soc. 79 (1976), 493-510.

6. A. Kaminska, Some convezxity properties of Musielak-Orlicz spaces of Bochner
type, Supp. Rendiconti del Circolo Mat. di Palermo 10 (1985), 63-73.

7. L.V. Kantorovich and G.P. Akilov, Functional analysis, Pergamon Press, 1982.

8. M.A. Krasnoselskii and Ya.B. Rutickii, Convez functions and Orlicz spaces,
Groningen, 1961.

9. G. Lumer, On the isometries of reflexive Orlicz spaces, Ann. Inst. Fourier
(Grenoble) 13 (1963), 99-109.

10. J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Math. 1034,
Springer-Verlag, 1983.

11. M.M. Rao and Z.D. Ren, Theory of Orlicz spaces, Marcel Dekker, New York,
1991.

12. H.L. Royden, Real analysis, Macmillan Publishing Company, Collier Macmil-
lan Publishing, 1988.

13. M.G. Zaidenberg, Groups of isometries of Orlicz spaces, Soviet Math. Dokl.
17 (1976), 432-436.

DEPARTMENT OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF MEMPHIS, TN
38152



