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THE CAUCHY FUNCTION FOR nTH
ORDER LINEAR DIFFERENCE EQUATIONS

ALLAN PETERSON AND JOHN SCHNEIDER

In this paper we will be concerned with the Cauchy function for the
nth order linear difference equation

(1) Zpl y(t+i)=0

where t is an integer variable, and we assume that

po(t)pn(t) # 0,

for all integers t. We assume the coefficients p;(t), 0 < ¢ < n, are real
valued functions defined on the integers. The Cauchy function K (¢, s),
for each fixed integer s, is defined to be the solution of the initial value
problem (1),

K(s+k,s) =0, 1<k<n-1,

1

K(s+mn,s) ()’
Let a be an integer. Then it is well known that the solution for the
initial value problem,

sz yt+i) = f(t), t>a

is given by

Assume that we can factor (1) in the form

Ly(t) = MNy(t) =0

Received by the editors on September 24, 1992.
Copyright ©1995 Rocky Mountain Mathematics Consortium

441



442 A. PETERSON AND J. SCHNEIDER

where i
Ny(t) = ai(t)y(t +1)
i=0
and
n—k

Mu(t) = Z i (t)u(t + 1),

for 1 <k < n—1 with go(t)gx(t) # 0 and ro(¢)r,—x(t) # 0 for ¢ > a.
Let Kn(t,s) and Kps(t, s) be the Cauchy functions for Ny(¢) = 0 and
Mu(t) = 0, respectively. Then it is easy to see that the Cauchy function
for Ly(t) = 0 is given by

t-1
(2) K(t,s)= Y Kn(t,7)Ku(r,s).
T=s+1
This formula is given in a slightly different form in [5].
Consider the constant coefficient case of (1):

n

(3) > piy(t+i) =0,

=0

where pop, # 0. If the characteristic roots z1, ... , z, of (3) are distinct,
then the Cauchy function of (4) is given by

n t—s—1
i

(4) K(t,s)=> =

= P(x)

where p(z) is the characteristic polynomial p(z) = Y p;z*. In [4],
this formula is derived from the variation of constants formula for the
vector equation equivalent to (1). It is derived in a different way in
[6]. Also, see Exercise 2.15.32 [1]. For the second order self-adjoint
equation, see [3].

Similarly, it is well known that the Cauchy function for (3) in the

case where there is a single characteristic value z; with multiplicity =,
is given by

(t—s—1)»"1 Jt
Pr(n —1)! L

—S—n

(5) K(t,s) =
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Here (™ denotes the factorial polynomial
tM =t —1)---(t—n+1).

Also we could write

1 e
K=o (0 )

Pn n—1

where (t:ls__11> is the binomial coeflicient.

Theorem 1. Assume that 21,...,2k, k > 2, are the distinct char-
acteristic roots of (3), where z1 has multiplicity m > 1 and zs,... 2
have multiplicity one. Then the Cauchy function for (3) is given by

k Z§7sfl m—1 , k zj—2)\(t—s-1)® , |
K(t’S):Zz Z(Z(p’(zj))>( 1! ) A .

Pz o j=2

Proof. First factor (3) in the form MNy(t) = 0 where M =
(E—2)--(E—z), N=p,(E — 21)™, where E is the shift operator
defined by Ey(k) = y(t + 1). By (4) and (5) we get that the Cauchy
functions for Mu(t) = 0 and Ny(t) = 0 are given, respectively, by

k m_
(t—s—1)m=1 |

KM(tvs):Z pn(mfl)! 1

=2

t—s—1
Zj

7 (2)’
where ¢(2) = H?:z (z—z;) is the characteristic polynomial for Mu(t) =
0.

Hence, by (2), the Cauchy function for (3) is given by

—8s—m

KN(t, 8) =

t—1
K(t,s) = Z Kn(t,7)Km(r,s)
T=s+1
t—1 m— k T—s—1
-y, e Ry
r=s+1 pu(m = 1)! =2 ¢'(z;)
yoa § (t—r—l)(f”-”(zj)
2 n ) 2y 0 s
k -m
2
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where, for each fixed s, u(t) = u(t, s), given by
-1 T
(t - T — 1)(m—1) (ZJ>
u(t) = —_— =
®) r:zs;rl (m—1)! 21
is, by (5), the solution of

(6) A™u(t) = (z—ﬂ>t

21
(7) u(s+1) =0, 1<i<m.
Here A is the difference operator defined by Ay(t) = y(t + 1) — y(¢).
We now show by induction on I, 0 <[ < m, that

s = (20) (2)

8 , ,
( ) B Z_] S+1§(t_5—1)(2) 2 l—1
Z1 i—0 7! Zj — 21 ’
Summing both sides of (6) from s+ 1 to t — 1 and using (7), we get
that . T
s (5) -(2)
Zj/Zl -1 z1 z1
3 =)
zj — 21 \ 21 zj — 21 \ 21 '
Hence, (8) is true for I = 1. Now assume that 1 <! < m — 1, and that

(8) is true for this I. Summing both sides of (8) from s+ 1 to ¢t —1 and
using (7), we get that

z ! z Zj ¢ z Z4 st
o ) =)
Zj — 21 25 — 21 \ %1 Zj — 21
- Z_] s+1 le f—s—1 1—i
Z1 s 141 i — 21
B 2 +1 Z_J t B +1
o Zj — 21 Z1 j — 21
B Z_] s+1 i t—s_1 I—i+1
Z1 i—1 ‘ iT A
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Combining the last two terms we get that (8) holds for ! replaced by
[+ 1. Hence, (8) holds for 1 < < m. Letting [ = m in (8), we get that

- (522) ()

()T e (s
z1 Z' Zj — 21 )

=0

Hence, from earlier in the proof,

k Zt_m 2 m 2 t
Koo =3 2s(55) (2)
(t,5) Jz:;pnzs.“q’(zj) Zj—21 21

J

s+1q’(zj) 21 7! Zj—21

j=2 Pn¥%; i=0

Using pnq'(2zj)(z; — 21)™ = p'(2;), we get the desired result:

k Zt.—s—l
K =2 00
m—1 k (ZJ—Zl)l (t—s—l)() t—s—1
Z(Z o

Using Theorem 1, we get the following example.

Example 1. The Cauchy function for
(B —2)*(E~1)(E - 3)(E - 4)y(t) =0

is given by

1 1 15
_ _3t—s—1 _4t—s—1 _2t—s—1
2 + 24 + 24

(t—s—1)P2t=s=3,

K(t,s)=—

(t—s—1)27572 4

1
6
L1
4

NG
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Theorem 2. The Cauchy function for
Pr(E —21)" (E — z2)™y(t) =0
s given by

mil g 9)(ma-1)

K(t
(t,5) = p(ZZ_Zlnlz (ma — 1)!

1=0
t—s—1)® (=pm
X — L A— S —
e R AL
1 .
(n—i—2)m-b (t=s=1)®
D T

where n = my + ma.

Proof. Take M = p,,(E — z1)™, N = (E — z3)™>. Then by (2),
9)

t—1

(t -7 1)(m1_1) t—T—m (T — 5= 1)(m2—1) —5—
K(t,s) = z t zo T2
(t,5) Tzs;q pn(my — 1) 7F (mg — 1)! 2
t—mq
aa
= ZL (1),
pnzy ™ (®)
where
u(t) = Z (t—r—1)0m D [(T —s - 1)me D (_H
st (m1 — 1)' (m2 — 1)' Z1

Since (t—7—1)™1=1) /(m;—1)! is the Cauchy function for A" u(t) = 0,
we have that, for each fixed s, u(t) solves the initial value problem

(10) A™y() = (t—s—1)(m2—1) (Z_2>t

(mg— 1)' 21
(11) u(s+1) =0, 1<i<my.
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We will now prove by induction on k, 1 < k < my, that

k mao—1 . _
mi— m +k—z—2)("’ 1)
A™t ku(t)—< a > E (ms

Zg — 21 = (k—1)!

< 29 >m2—i—1 (t_s_l)(z) (z2>t

x (=

21 — 29 7! 21

_ kifl 21 ki (m2 +k—i— 2)(k_i_1)
i—0 Z9 — 21 (k,i, l)'

" 29 ™l s —1)® 2 s+1
Z1 — %9 7! Z1 )

We will use the formula
(13)

§ (r—5—1)® 2\"

st 7! Z1
_ & Z 2 \ T t-s-1)9 ()
_22—21 —o \ 7l — 22 J! 21

7=0

7 s+1
22 21 22
21— 22 ) 22— 21 \ %21 ’

which can be easily verified by repeated summation by parts.

Summing both sides of (10) from s+1 to ¢t — 1 and using (11), we get

that
t—1

amuy = 3 CE(2)

T=s+1

Using (13) with ¢ = my — 1, we get that

ma—1 mo—i—1 i t
t—s— l)(l) 29
Aml—l t) = <1 <2 ( ~z
U( ) Z2 — 21 Z Z1 — %9 7! Z1

i=0

ma—1 s+1
z9 2 Z1 z2 +
21 — 22 Z2 — 21 \ %1 '

Hence, (12) holds for k& = 1.
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Now assume that (12) holds for a fixed k£, 1 < k£ < m;. Summing
both sides of (12) from s+ 1 to ¢ — 1 and using (11) and (13), we get
that

Aml_k_lu(t)

<M> 2427

k—1 2 k—l(m2+k_l_2)(k i— 1
—\2—2 (k—i—1)!

2 mo—1 f—s—1 2 s+1
X . — .
21 — 29 1+ 1 Z1

Interchanging order of summations in the first term and changing the
index of summation in the last term, we get that

k+1 ma—1 mao—j—1 e )

t 1)V

AWW:( )T () e
z2 Z1 =0 z1 z9 J:

tmil m2+k—z—2)(k’ 1) 21 kel
iy )' Z2 — 21

y ”’il (m2+ki2)(k1)> ( 2 >m21<z_2>5“
i—0 (k‘ — 1)' Z1— %9 Z1
B i 21 k—i+1 (m2 + k_ o Z o 1)(’672)
- Z2 — 21 (k‘—i)!

y 2 mo—1 (t—s—l)(i) 2_2 s+1
21 — 29 7! Z1 '
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Note that
S (ma k=i = 2)*D T (4 k- 1))
; (k1) o= k-
(ma+k—j—1®

k!
Using this, we get that

k+1 mo—1 . k
e > +k—j—1)®
A™ k lu(t) — ( 21 ) (m2
J

zZ9 — 21 o k!
y 2 maz—j+1 (t—S— 1)(J) 2_2 t
Z1 — %2 J! 21
~ 2 k+1 (mz—l—k—l)(k) 2 ma—1 Z_g s+1
Z9—2Z1 k! Z1—R2 21

_f:( E >kH1“”+k—i—nwﬁ
i1 zZ9 — 21 (k—l)'

" z \" N(t—s—1)® 2 st
Z1 — %9 7! Z1 )

This last equality implies that (12) holds.

Letting £ = m; in (12), using m; + my = n and

(mo+k—i—2)k="=0)  (my+k—i—2)(m—1

(k—i—1) N (my —1)!

mi m2 L (n—i-— 2)(mrl)
<Z2—Z1> (mq —1)!

=0

mo—1i+1 (t—S—l)(Z) 2_2 t
21 — %2 i! 21

,%il ™ (i 2)(men
22 — 21 (m2 — 1)'

y 29 me= 1(t—s—l)(i) 2 s+1
Z1 — 22 7! zZ1 )

we get that
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Hence, by (9),

" (n— i — 2)(ma—D)

K(t,s) =
(t:2) P(22*21"1; (mg —1)!
it—s—1)0 (=)™
S e A e
n_l_2)(m1 Y it—s—1)0
o
[m}

Example 2. Using Theorem 2 and some trigonometric identities,
the Cauchy function for

(B> +1)™y(t) =0

is given by

1

sin[% (t—s—1)] & j(@2m—j— 2)(m=1)9i(t g 1)

1 1 1
qm- FO !

K(t,s) =

Example 3. From Theorem 2, the Cauchy function for
(E+1)*(E - 2)%(t)=0

is given by
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Theorem 3. The Cauchy function for (3), where p(z) = pn(z —
21)"™ (2 — z2)™2(z — 23)™2, is given by

K(t, s) :amil (mlzlbi (ms —T;:;:gl'— 1>>

7=0 i=j
Gamn (7271
J
ma—1 ,ma—1 . .
fm3+i—j—1
e (™)
7=0 1=J
X (23 — 22) <t_j._1>z§_3_j_1
m3—1 my—1 . i
ms+1—7—1 .
EE ()
j=0 i=0
mzfl m +Z— __1
(E () o]
i=0

(18T
J

where

(s

a= pn(zz — Zl)m1+m2_1(z3 _ Zl)mg

bi:(m1+m2—z—2><z2—z1>’ 0<i<m 1
mz — 1 z3 — 21

(_1)m1+m3

€= pn(zl — 22)m1+m2_1(23 _ 22)m3

d — mi+mg—1—2 21— 29 ¢ 0<i<ms—1
i my—1 —ngZQ , <1< mg .

Proof. By (2) with M = (E—23)™3 and N = p,(E—2z1)™ (E—2z3)™2,
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we get, using (5) and Theorem 2,

) - pn( mi+ms—1 ~ m2_1

T=s+1 Z2 — Zl)
x (22— 21)" (t—;—l) AT
. (—1)m ’"f my+mg—i—2
pn(zl — Z2)m1+m2_1 s my — 1

A t—7—1 —T—i— T—s—1 T—8—m
o () ()

_ (—1)m ’”il my+my—i—2
B )m1+m2—1 — m2—1

Pn(z2 — 21

t—1
% (22 _ Zl)i Z (t—;—l) (’;;S_—f) Zi—-,——i—lzgsms}

T=s+1

miy

. (—1) "’il my+ma—i—2
Pr(z1 — 29)mitma—1 — mp —1

— [t-7r-1 s—1
% -7 T—8— —T—i—1_T—5—m
X (21— 22) E ( ; > <m3—1>zé 123 3}.

T=8+1

But the inner sums in these two terms are, from the proof of Theorem
2, the Cauchy functions for (3) with characteristic polynomials (z —
21)H (2 — 23)™ and (z — 22)""!(z — 23)™3, respectively. Hence, by
Theorem 2,

—1)m2 mil my+me —i—
K(t,s) = (-1) ;) < + 2>

P22 — z)matme—1 mg — 1

e { G ()

% (23 . z1)] <t — j— ].> Z:,I‘,-fsfjfl

(71)i+1 mg—1 (’L+m3j].>

(Z]. — Z3)1+m3 7

j=0
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x(z1—23)i(t_s._1>z§5jl}
J
ma—1
( Z. m1+m27i72
+p(zl_22m1+mglz ml—l

x (zl:ez)"{$z<i+zz—il>

=0

x (23 — 22)7 <t—s'— 1> Zhmemitt

7

(_1)i+1 m3_1<i+m3j1)

(ZQ — Z3)i+m3

j=0

mi—1 i . .
+ms—j—1
_azb@z(@ med )

=0

% (23 — 21)! <t - j-_ 1> 7

mo—1 A . .
+cidlz(l+;@;:g—l)

% (23 — 22)’ <t - j-_ 1) z T

mi—1 ms3— 1<m3+z—]—1>
—a Z b; Z

(1)

mao—1 m3—1 __1
—chZZ( i )

(3 e

Interchanging the order of summation in each of these terms, we easily
get the formula for K (¢, s) given in the statement of the theorem. O
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From Theorem 3, we get the following example.
Example 4. The Cauchy function for
(B -1)*E-2)°(E-3)%(t) =0

is given by

1
K(t,s)=-1-J(t—s—1)+ 275 4 (t— 5 —1)Hgt—s4

1
— gty Z(t —s—1)3t2

Theorem 4. The Cauchy function for (3) with

p(2) = pnlz — 21)™ (2 — 22)™ (2 — 23) -+ (2 — ),

s given by
k t—s—1 mi—1 k :
z. (zl _ 21)]
K(t,s) = J — [ —_
e T 4 & )

mo—1 k

_ ;;%(él*‘iijl)]
o1 a1 X}g% (tj-l)ziSjl
S (s ()

(=1)™ t—s5—1Y\ ¢t s-j-1
X o1 = zg)mitici j 2

where q(z) = pn(z — 22)™*(2 — 23) -+ - (2 — 2k)-
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Proof. Take M = p,(E — z2)™2(E — z3)---(E — 2) and N =
(E — z1)™. Then, by Theorem 1, (5) and (2), we get that

k t—1
1 t—7-1 t—T—my T—5—1
=3 gt 35 () o

=3 ql(zl) T=s5+
i=0 1=3 ¢ (=) o1 N T 1

The inside sums in the last two terms are the Cauchy functions for
(3) with characteristic polynomials (z —z1)™*(z—z;) and (z—z1)™ (2 —
29)*1, respectively. Hence, using Theorems 1 and 2, we get that

k thsfl
K(t,s) = L
( ,5) lz:; q'(Zl)(Zl _ Zl)ml
k mi—1 .
_Z 1 ' (—=) <t—8—1> t—s—j—1

=4 (2) = (=)™ J '

f’fi (21— 22) (- 1)+
= 1o &) )™
mip—1 . .

X Z <m1 +Z;] B l) (22 — 21)? <tj 1> g o

J
ma—1 k ( 1)m1(Zl —Zz)i

) = o (@) -z

X <m1+l_]_1>(zl—zQ)j<t_s._1>z§_s_j_1.

o my — 1 ]

Changing the order of summation in each term and using p'(z;) =
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(z1 — z1)™¢'(z21), we get that

k t s—1
K(t,s) = Z )
mili Zl*21 <t—8—1>ztsj1
j=0 1=3 4C J '
+m1_1m2_1<i Zl—Zz) ><m1+i'—j—l>
j=0 =0 ¢ (1) ¢

» (-1)" t—s—1 Jt—s—i-1
(zg — z)m1ti—i j 1

mo— 1m2 1

o ooy

q'(z1)

(—1)m1 t—s—1 t—s—j—1

This leads to the final result. O

Example 5. The Cauchy function for

(E-1)(E-2)(E+1)*(E-1/2)%(t) =0

is given by
1 4 64 1\
K . _2t7571 o =
(h8)==3+ 513 T o3 <2>
32 1 t—s—2
s —11[=
et )<2>
107 t—s—1 13 t 2
S (m)t sy s — 1) (—1)F
256D + g t—s—1(-1)

Example 6. The Cauchy function for

(E—1)*E -2)*(E-3)(E—4)y(t) =0
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is given by
1 1 17
K t [ t—s—1 _4t7871 -
(he)=—33" "+ T35
1 1 t—s—1 1 t—s—2
+6(t s—1) 42 +2(t s—1)2 .
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