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OSCILLATORY PROPERTIES OF

THE SOLUTIONS OF IMPULSIVE
DIFFERENTIAL EQUATIONS WITH A DEVIATING
ARGUMENT AND NONCONSTANT COEFFICIENTS

D.D. BAINOV AND M.B. DIMITROVA

ABSTRACT. Sufficient conditions are found for oscillation
of all solutions of the impulsive differential equation with a
deviating argument

o (t) +p)z(t —7) =0, t#m,

Az(ry) = brx(Tg), t= Tk,

where the function p is not of constant sign.

1. Introduction. In the last twenty years the number of investi-
gations devoted to oscillatory and nonoscillatory behavior of solutions
of functional differential equations has considerably increased. The
greater part of the works on this subject published by 1977 are given
in [4]. In the monographs [2] and [3] published respectively in 1987
and 1991, the oscillatory and asymptotic properties of the solutions of
various classes of functional differential equations were systematically
studied. The pioneer work devoted to the investigation of the oscilla-
tory properties of the solutions of impulsive differential equations with
a deviating argument was the work of Gopalsamy and Zhang [1]. In it
the authors gave sufficient conditions for oscillation of the solutions of
the impulsive differential equation with a deviating argument

' (t) +p(t)z(t —7) =0, T =const, t# Tk;

(1) A,T(Tk) :,T(Tk-i-O) —.’L‘(Tk —O) :bkl'(Tk—O)

where p is a nonnegative function. It is again there that conditions
are given for the existence of nonoscillating solutions of the equation
considered when p is a positive constant.
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Here by 71, kK =1,2,..., the points of jump are denoted.

In the present paper sufficient conditions for oscillation of all solutions
of equation (1) are found, where the function p is not of constant sign.

2. Preliminary notes. Consider the impulsive differential equation
with a deviating argument (1) with initial condition

(2) z(t) = o(t), -7 <t<0.

Introduce the following conditions:

H1. 7 is a positive constant.

H2. by are constants, by > —1, k=1,2,....

H3. 0<m <7< -, limpj 00 T = 00.

H4. The function p € C([0,00),R) and p(t) > 0 at least in the

sequence of intervals {(&,,n,)}52,, where n, < &uy1, Mn — &n = 27,
n=12,....

H5. ¢ € C([-7,0l,R), p(t + 7)p(t) # 0 for t € [—7,0].
H6. There exists a constant M > 0 such that for each kK = 1,2, ...
the inequality 0 < b, < M is valid.

We construct the sequence {t;}$2; in the following way: Let 7;; =
T+, =12, {612 = {m}2, U {2y, and we assume that
i <tig1,1=1,2,....

Definition 1. By a solution of equation (1) with initial condition (2)
we mean a function a: [—7,00) — R for which the following conditions
are valid:

1. If =7 <t <0, then z(t) = ¢(t).

2. If 0 <t <ty =7, then the solution x coincides with the solution
of the problem

() +pt)r(t—7)=0, tel0,7]
z(t) = o(t), te][-1,0].

3. Ift; <t < tipq and t; € {1}2,\{7i-}{2,, then the solution z
coincides with the solution of the problem

() +pO)zt—7)=0  2(ti+0) = (1+bk)x(t:),
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where k; is determined from the equality 7, = ;.
4. I t; <t < tipq and t; € {112 \{7}$2,, then the solution z
coincides with the solution of the problem

() +pt)x(t—7+0) =0, z(t; +0) = z(t;).

5. Ift; <t <tjpq and t; € {1;}2, N {7 }52,, then the solution x
coincides with the solution of the problem

2 (t) + p(t)z(t — 7+ 0) =0, x(t; +0) = (1 + by, ) (),

where k; is determined from the equality 7, = ¢;.

Definition 2. A nonzero solution z of the problem (1), (2) is said
to be nonoscillating if there exists to > 0 such that x(¢) is of constant
sign for ¢ > ty. Otherwise, the solution is said to oscillate.

3. Main results.

Theorem 1. Let the following conditions hold:

1. Conditions H1—H5 are met.

20 Tl —Tn 22T, Ny — T < T form=1,2,..., 7 € ({n, n)-
3. limsup,,_,(1/(1 4+ by) f"” s)ds > 1.

Then all solutions of the problem (1), (2) oscillate.

Proof. Let a nonoscillating solution = of the problem (1), (2) exist.
Without loss of generality we may assume that x(t) > 0 for ¢ > t¢ for
some to > 0. Then z(t — 7) > 0 too for ¢ > ¢y + 7. (The case when
x(t) < 0 for ¢t > tg is considered analogously.)

From (1) and condition H4 it follows that x is a nonincreasing function
in Ufn2t0+T(€n5 77”)'

Let 7,, be a point of jump in the interval (&,, 7).

Integrate equation (1) from 7, to 7, and obtain that

n

(3) x(nn) —x(m +0) + / p(s)x(s—7)ds =0.

n
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From (3) and the fact that = is a nonincreasing function in (7,,7,) it
follows that

(4) () — (75 +0) + (1, — 7) /% p(s)ds < 0.

n

From (4) and the inequality z(n, — 7) > x(7,) there follows the
inequality

(5) x(nn) — x(1h + 0) + (1) /% p(s)ds < 0.

n

Replace in (5) x(7,) by z(7, +0)/(1 + b,) and obtain that

/%p(s) ds — 1] <0,

Tn

o) + 27 +0) [

whence it follows that

li 1
im sup

Nn
/ p(s)ds < 1.

The last inequality contradicts condition 3 of Theorem 1. o

Theorem 2. Let the following conditions hold:
1. Conditions H1, H3—HG6 and condition 2 of Theorem 1 are met.
2. liminf, f;’"ﬁT p(s)ds >1+ M.

Then all solutions of equation (1) oscillate.

Proof. Let a nonoscillating solution z of equation (1) exist. Without
loss of generality we may assume that xz(¢) > 0 for ¢ > ¢, for some
to > 0. Then x(t — 7) > 0 too for ¢t >ty + 7. (The case when z(t) < 0
for t > t¢ is considered analogously.)

Let 7, be a point of jump in the interval (n, —7, n,) where &, > to+7.
Integrate equation (1) from 7, — 7 to 7, and obtain that

() — 2 — 7) + () — (70 +0) + /nn p(s)z(s —T7)ds =0,

NMn—T
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ie.,

/n" p(s)x(s—71)ds =x(n, —7) — () + bpx(mh).

n—T
From the last inequality we find that

(6) inf ]a:(s - 7) /nnn p(s)ds < x(nn, — 7) + bpx (7).

SE[Mm—T,1n T

From (1) it follows that z(t) is a nonincreasing function in the intervals
(&n.7n) and (7,,,7,). Then

‘T(Tn) < x(nn - T)
(7) inf  a2(s—7)=_inf  x(s)=x(n, — 7).

M —T<S$<nn En<s<nn,—T

From (6) and (7) we obtain that

o =) [ " p(s)ds < (o — 1) + bu(i — 7).

n—T
whence it follows that

T
/ p(s)ds <1+4+b, <1+ M.
U

n—T

The last inequality contradicts condition 2 of Theorem 2. o

Theorem 3. Let the following conditions hold:
1. Conditions H1, H3—H6 are met.

2. The number of points of jump of the solutions of the problem (1),
(2) in the interval (§n,Mn) S kn, n=1,2,....

3. There exists a constant k such that k, <k, n=1,2,....
4. liminf, f::_T p(s)ds > (1+ M),

Then all solutions of the equation (1) oscillate.

Proof.  Denote the points of jump in the interval (&,,7n,) by

(1) (2 (kn)

Tn 5 Tn e ,Ty(lk"), (TT(LI) < T,(LQ) < -+ < 1) and the correspond-

ing constants by bg), i=1,2,...  ky.
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Let a nonoscillating solution z of the equation (1) exist. Without loss
of generality we may assume that x(t) > 0 for ¢ > ¢ for some ¢y > 0.
Then x(t—7) > 0 too for t > to+7. (The case when z(¢) < 0 for t > ¢
is considered analogously.)

In the interval (&,,m, — 7) let r points of jump exist, and in the
interval (1, — 7, 7n,) let | points of jump exist (k, =r+1, &, > to+ 7).

Integrate equation (1) from 7, — 7 to 7, and obtain that

Mn 1 - .
(8) / p(S)«T(S - 7') ds = I(’I],L - 7-) — I(Un) 4 Z bgfﬂ)ﬂﬁ(ﬂ(fﬂ))-

n=T i=1

The lefthand side of (8) can be represented in the form

/n " pgsts—rds= [ pls et ds

n—T N =27

e
= / p(s+ 7)x(s)ds
3

n
r=1 ,rG+D)

+ Z /(i) p(s+7)x(s)ds

Since :c(ﬂ(f)) = x(ﬂ(f) +0)/(1+ bg)) and z is a nonincreasing function
for
1 (60t U Uy (10, 770)] U (1f80) ),

i=1
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then
B 33(7'7(11) +0) o .T(T’r(7,2))
1+ 14l
(10) _ I(Tr(LQ) +0)
1+ + b2
T(Nn —7)
T+

Substitute (10) into (9) and obtain that

/ " p(s)e(s — ) ds > 2 — 1)

1 /Tw
N p(s+7)ds
[HZ—1(1 + b%)) &n

1 )
1= (1 + b5y /Tm plotm)ds

n

N —T
—|—~~~+/() p(s—i—T)ds].

n

From condition H6 it follows that

Mn
/ p(s)z(s — ) ds > (i, — 7)
Nn—T

)

1
m/ p(s+71)ds

n

T’V(l2 )

1
Ty /Tw plo+)ds

NMn—T
+---+/ p(s+7)ds
()

n

z(mn —71) (M7
> \n o T
= 0+ 0y / p(s+7)ds

_ a2 —7) (™
=00 /%Tp(s) ds.
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From (9) and (11) we obtain that

n—T

% /"" p(s)ds < (= 7) = (1)

l
b el )
i=1

!
< @(n — 1)+ Y b a(r )
i=1
l .
<z(p, —7)+ MZz(T,(LT“)).
i=1
From the fact that x is a nonincreasing function for

-1
te (-7 7D) U [ s, r,s”””)] U (7, ),

i=1

there follow the inequalities

(") < @(n —7)
<

P(r) < (s 4 0)
= L+ Bty )
< (1 + M)x(nn - T)
2(r ) < (1 4+ M) a(n, — 1)

<
z(n,) < 2(r{" ) +0)
<1+ M), — 1)

and the estimate

S a(@ ) <a(pn — )1+ 1+ M)+ 4 (14 M)

i=1
(13) B 1—(1+ M)
R v
_ iU(T]n - T) [1 _ (1 —I—M)l]

-M
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Substitute (13) into (12) and obtain that

% /nn_ p(s)ds < z(n, — 1) — (0 — 7)[1 — (1 + M)"]

/n" p(s)ds < (14+ M) = (1+ M)* < (14 M)*.

n—T

The last inequality contradicts condition 4 of Theorem 3. o

Corollary 1. Let the conditions of Theorem 2 hold. Then:
1. The inequality

() +pt)r(t—7) <0, t# Tk

1) Ax(ry) = bya(my), t =

has no positive solutions.

2. The inequality

() +pt)x(t—7) >0, t# Tk

(15) Ax(m) = bra(m), t=r7%

has no negative solutions.

Corollary 2. Let the conditions of Theorem 3 hold. Then:
1. The inequality (14) has no positive solutions.

2. The inequality (15) has no negative solutions.

The proofs of Corollary 1 and Corollary 2 are carried out analogous
to the proofs of Theorem 2 and Theorem 3, respectively.

Theorem 4. Let the following conditions hold:
1. Conditions H1, H3, H5 and H6 are met.

2. The function p € C([0,00),R) and there exists a sequence of

intervals {(&n,nn) 52 such that p(t) > 0 fort € (&n,Mn)s M < Ent1,
27 <mp — &, <572, n=1,2,....
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3. Tngl —Tn 2T, Mn=1,2,....
4. liminf;_, ftt_Tp(s) ds > (14 M)/e, e = exp, t € U®(§,427, 7).

Then all solutions of the equation (1) oscillate.

Proof. Let a nonoscillating solution x of the equation (1) exist.
Without loss of generality we may assume that z(¢) > 0 for t > g
for some ¢ty > 0. Then z(t — 7) > 0 too for t > to+ 7. (The case when
x(t) < 0 for t > ¢¢ is considered analogously.)

Define the function w(t) = z(t — 7)/x(t) for t € (&, + 27, M),
& > to+ 7. Let 7, € (g — 7,80 + 27), L., for t € (&, + 27,7m,),
Tn, 18 & point of jump in the interval (¢ — 7,t).

From (1) and condition 2 of Theorem 4 it follows that x is a nonin-
creasing function in (£, 7,—1), (Th—1, ) and (7, 1), where 7,,_1 and
T, are the points of jump in (&,,n,). Then

x(Tn+0)> x(t) < x(t)
14+b, ~1+4+b,  1+M

x(t—71) > x(m) =

or w(t) > (1+ M)~ L

We shall prove that the function w is bounded from above.

Case 1. Let 7, € (t — 7/2,t) for t € (&, + 27,mp), le, 7, €
(M — 7/2,&, + 27). Integrate (1) from ¢ — 7/2 to ¢ and obtain that

2(t) — x(t - %) — bpa(ma) + /:Tmp(s):l:(s —7)ds =0

whence it follows that

1.1, If 7y € (t—37/2,t = 7), 1.6, Ty € (N — 37/2,&n + 7), then

x(t— %) z /tt p(s)z(s — 1) ds — bx(7,)

—7/2

_/tT"l p(s +7)x(s) ds+/ _TP(S‘FTW(S) ds — bn(7n)

—37/2 Tn—1

Tn—1
> x(Tn,l)/ p(s+71)ds
t—371/2
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+a(t—71) / N p(s+ 7)ds — bpa(m,)

Tn—1

Tn—1
_ 2(Tp—1+0) / p(s + 1) ds
L+bn1 Ji-3:/2

+x(t—T)/ (s 4 ) ds — bua(ra)

Tn—1

> LD ™ s mass [ ptsras

—37/2 Trn—1

t—r
—|—M/ p(S—I—T)dS—M—MQ]

i.e.,

(16) x<t - g) > ”1(:_1\? [/:T/Qp(s) ds — M — MZ}

1.2 Mg & (6 —37/2,t — 7), 1.e., The1 < M — 37/2, then

x<t - %) > /tt_T p(s + 7)x(s) ds — bpz(y)

—37/2

>x(t—1) /t p(s)ds — bpa(7y)

/2
zx@—ﬂ[[;mM@%—Ad,
(17) x(t - %) > 2(t—1) M;/zp(s)ds - M}

Integrate (1) from ¢ — 7 to t — 7/2 and obtain that

x(t - %) Fa(t—1)+ /ttBT/Qp(s +7r)z(s)ds =0

—27
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whence it follows that

(18) 2(l—7)> x<t - 3%) /tt_7/2p(s) ds.

-7

From (18) and (16) we obtain that

(19) z(t —37/2) <— tl—l—M <N,
z(t—1/2) [T p(s)ds {L_T/z p(s)ds — M — M?
for t € (&, + 27, mn).
From (17) and (18) we obtain that
(20) x(t —37/2) < 1 <N,

z(t—71/2) ~ ftt__:/Q p(s)ds [Lt_T/Qp(s) ds — M}
for t € (§, + 27, 1n).

From (19) and (20) we obtain that w(t) < const, for ¢t € (&, +27,m,),
i.e., we have proved that the function w is bounded from above.

Case 2. Let 1, € (t —71,t — 7/2) for t € (&, + 27,m,), ie.,
Tn € (M — 7,&n + 37/2). Analogously to the Case 1 we obtain that the
function w is bounded from above.

We divide both sides of the equation (1) by z(t) > 0 for ¢t €
(& + 27, 1my), integrate from ¢ — 7 to ¢t and obtain that

x(t—71) B ¢ Sx(s—T) .
(21) In @) (1+bn)] —/tiTp( )737(3) ds.

Introduce the notation

wy = litm inf w(t).

— 00

It is clear that 0 < wy < co. Then from (21) we obtain that

In[(1 + Myw(#)] > wo / pls)ds,
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ie.,
lim inf
t—o0

for t € U®(&, + 27,m), & > to + 7, which contradicts condition 4 of
Theorem 4. O

p(s)ds <

-7

/t In[(1 + M)wo] < 1+M
t Wo e

Corollary 3. Let the conditions of Theorem 4 hold. Then:
1. The inequality (14) has no positive solutions.

2. The inequality (15) has no negative solutions.

The proof of Corollary 3 is carried out analogous to the proof of
Theorem 4.

Theorem 5. Let the following conditions hold:

1. Conditions 1 and 2 of Theorem 4 are met.

2. The number of the points of jump of the solutions of the problem
(1), (2) in the interval (&, nn) 18 kn, n=1,2,....

3. There exists a constant k such that k, <k, n=1,2,....

4. liminf;_ fttiTp(s) ds > (1+M)*/e, e = exp, t € U®(§, +
27, 1p).

Then all solutions of the equation (1) oscillate.

Proof. Analogous to the proof of Theorem 3 and Theorem 4 we obtain
that i
x(t—71) , ¢ x(s—71)
In {7 (1+ b(’))] > / p(s) ————ds.
. L0+ = [ )=

Then
t

In[(1+ M)*w(t)] > wo/ p(s) ds.
t—T1
From the last inequality it follows that

t
1+ M)k
1itrn inf / p(s)ds < %, t e UP(&, +21,mn)
—00

t—T1
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which contradicts condition 4 of Theorem 5. m]
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