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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF ANGER AND WEBER FUNCTIONS

ALLEN R. MILLER

ABSTRACT. Representations in terms of Kampé de Fériet
functions are derived for certain generalized hypergeometric
integrals. These are then used to obtain representations for
incomplete Lipschitz-Hankel and related integrals of Anger
and Weber functions. Reduction formulas for the associated
Kampé de Fériet functions may then be employed to reduce
special cases of the resulting Lipschitz-Hankel integrals to sim-
pler generalized hypergeometric functions. In addition, four
new reduction formulas for the Kampé de Fériet functions as-
sociated with incomplete Lipschitz-Hankel integrals of Anger-
Weber functions are given.

1. Introduction. An integral having the form

Ce,.(a,z) E/ exp(at)ttC,(t) dt
0

where C,(t) is a cylindrical function or an associated Bessel function
is called a Lipschitz-Hankel integral if z = co, and if |z| < oo, then it
is called an incomplete Lipschitz-Hankel integral.

In a series of recent papers, see [3] through [9], the author has given
representations for incomplete Lipschitz-Hankel and related integrals of
Bessel functions J, (t), modified Bessel functions I, (t), Hankel functions
H,El)(t) and H” (t), Macdonald functions K, (t), Neumann functions
Y, (t), Struve functions H, () and modified Struve functions L, (¢).

This program shall now be completed in the present paper by deriving
representations in terms of Kampé de Fériet functions for incomplete
Lipschitz-Hankel and related integrals of Anger functions J,(t) and
Weber functions E, (). To this end, we define the following functions
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in two complex variables:

(L.1) 3. (a,2) = /0 exp(at)tT, (t) dt
(1.2) E., (a,2) = /0 " exp(at)tUE, (1) dt
and the related functions

(1.3) 3. (a,2) = /0 sin(at)t*3, (1) dt
(1.4) 3. (a,2) = /0 " cos(at)th, (¢) dt
(1.5) E. (a,2) = /0 " sin(at) VB, (1) dt
(1.6) E., (a,2) = /0 " cos(at) B, (1) dt.

Here p and v may be complex numbers, and the presence of the
exponential, sine and cosine functions in the integrand are indicated
respectively by the subscripts e, s and c.

2. Preliminary results. In order to facilitate calculation of the
integrals in equations (1.1)—(1.6), it will be convenient to obtain a
representation for the hypergeometric integral

J(a,b,2) = /0 L Fol(op); (By); atlr Fu[(&:); (ns); bt /4] dt,

where for convergence at the lower limit of integration, Re u > 0.

Now, writing each of the generalized hypergeometric functions as a
series sum, interchanging the resulting double sum and integral and
then integrating term by term, we obtain

J(a,b,z) =
ap)n (& )m (az)™ (b2%/4)™ 1

(Bg)n (Ns)m  n! m!  p+n+2m’
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where, for convenience, (a;)m = (a1)m(a2)m - - (a;)m. Now, since [5,
p. 478],
1 1 w/2m (ke +2m)n
p+n+2m  p((2+p)/2)m(1+p+2m),’

it is easily seen that

ozt > (1/2)m  (&)m (b22/4)™
J(a,b,z) = ZO (2+1)/2)m (1) m!

(2.1) pom, (ap)
“pr1Fyp az
]-+,u'+2ma(6q) ;
where Re > 0.

Next, splitting ,41Fy+1 into even and odd terms using MacRobert’s
identity [13, p. 200], we arrive at, after some computation, the following
result for Repy > 0

(2.2) /OztﬂlpF [(0p); (Bo); atl, Ful(€,); (12); bE2/4] dt

B (&); (2 (lj;‘;); b2 0222 ]
2 (ny); 3, (Gn), (e, 47 4erh

2+ 1:72p
1:529+1

[V

az" - Qo
1+N /61 Bq
1+a, 24ap
1:r;2p [i (&);  (F5), (F2); b2? ]

. g 1+B4y (2+Bq). ) Aq—
Lisi2g+1 ()i 5, (Fg), (Fg); 4 740t

2

where a; ---a, =1 if p = 0. In equation (2.2) if we set p = ¢ = 0 and
replace p by 1 4+ p we deduce the special case:

(2.3) /OZ exp(at)t Fi[(&); (1); bt /4] dt

_ zH“Fl:r;O [lg“ (&); —; b2? a222]
T+p Llisil |32 (n); 3 47 4
azz+uF1:r;0 [Q_JEE (&); —b2° GZZQ]
24p LissL |58 (n); 3 47 4

where Repp > —1.



314 A.R. MILLER

However, if we replace p by p+1 and set p = ¢ = 0 in equation (2.1)
by using Kummer’s first transformation

1F1a; ;2] = exp(2)1Fifc — a;¢; 2]

we arrive at

/OZ exp(at)t” Fs[(&); (ns); bt2/4] dt

CiE), ) !

1 F1[1;2 4 p + 2m; —az].

Now, splitting ; F} into even and odd terms using MacRobert’s identity,
we deduce after some computation a second representation for this
integral:

(2.4) /0 " exp(at)thy B [(6,): (1.): bt2 /4] dt

Z1TH
:1+Iuexp(az)
-{FO:2+T;1|: e (O TR a2zz]
2:s ;0 | 2te 3tu, (ns); - 47 4
_ ez ;0 2—}-7“,1[ N (T 1; bz* aQZT}
24+p  2:s ;0 [ e 4 (ns); — 4 4

where Repp > —1.

3. Representations for J.,  (a,z) and E., , (a,2). We define the
Anger-Weber functions C,(t), see, e.g., [2, p. 218], in the following
concise manner:

C.(t)=athFa[1; (3—v)/2, (B3+v)/2; —t2/4]
+B1Fa[1; (2-v)/2, (2+v)/2; —t?/4]
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where

1 sinvm .
o 1.2 if C,(t) =J,(t)
Y7 ) =114cosvm .
ST if C,(t) = J,(t)
B, = v
Y7 ) 1—cosvm
— if C,(t) = E,(t).
ST Gult) = B (1)
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Thus, by using equations (2.3) and (2.4), respectively, we obtain for

Rep > -1,
(3.1) Ceuu(a,z)
22t 1:1;0 HT“ L; A
=«
Azral et [ s 1T
0 [ L st
e A A T
+8 A 1L [ L — =22 a%2?
AUEAFIET T P
(122+“F1:1;0 2+T": 1; —; 2% a?2?
24 Ll [ A 540 4
and
22te
(32) Ceu,u (a”z) = al/ 2+u
0:3;1 oo A 3tk g . 52 252
. F ) 2 v 2 9
exp(aZ){ 2:2:0 [HTM’HTH SiTUv:HTIﬁ _,—4, 1
a2 FO:3;1 : 2+T”,?’+T",l; 1; —2% a22?
stz [t e B de ST
1+u
z
e
:3:1 Lip 24w . 1. 52 42,2
F ) 2 1 2 15 )
eXp(aZ){ 2:2;0 {%TM,HTM ZfTU’HTy; - 4 ) 4
az 0:3;1 HT”,HT"J; 1 —22 222
e R ) EVRT SR S )
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4. Representations for C;,  (a,z) and C., (a,z). To compute
representations for C;, ,(a, z) and C,, ,(a, 2), observe that

1
Cs,.(a,2)= Z[Ce“”’ (ia,z) — Ce, , (—ia, z)]
1
C..(a,2)= -

2 [Ceu,u (7;0.,, Z) + Ceu,u (_i(l, Z)]

Thus, from equation (3.1), we have

az3th
(41) C,,,(a,2)=a,

3+
Fl:l;O [“T“ 1; —; —22 azzz]
’ . 9. 54p ., 3-—v 34v. 3. 4
Lozl [ 58 555,55 5 47 4
az?tr
M
Fl:l;O [HT“ 1; —; —22 azzz]
: . 9. 4+p 2—v 2+4v. 3. ’ ’
Lenl [ 55 5555 5 40 4
Rep > -2
L2tn
4.2) C. (a,z)=a,
42 ) =ai
Fl:l;O {HT“ 1; —; —22 —azz?
’ . 9. 4+p . 3-v 34v. 1. 4
Lol [ 555 555,55 5 47 4
Sltn
+ B
ﬂl—l—,u
Fl:l;O {HT“ 1; —; —22 —azz?
’ . 9. 3+u . 2-v 24v., 1. 4 > )
Lol [ =g 252,82 50 47 4
Rep > —1,
and from equation (3.2) we obtain,
43) C i
3 s, (a,z) =sin(az) § a,
(43) Co,.(0.2) =sintas) {aug
0:3;1 : HT“,ST“,I; 1; —22 —a?%2?
-F2:2;0 3+T",LIT": 3—v 34w c 4
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Sltn
+ bv
'Bl—l—u
. 1+p 2 2 2,2
LSS Py i el |
2:20 [ 55,58 5555 5 4 4

2+ 3 . 2 2.2
T P B Sl
2:2:0 | 55,25 5550 o 4 4
22tH
+ B
(I+p)(2+p)
'F0:3;1[3+ " 127“,2271,1, 1; —22 —anZ]}
e 2] Ko —v v, ? ?
2:20 [ S5, 55 5555 5 47 4
Rep > -2
44) C G
. c. (a,2z) = cos(az) { o,
(44) Copfa2) = cos(a) {0
. 24+p 3 . 2.2
'F0:3,1|:3p,4p,' ?lj,iin:’l’ 1,_Z7_azj|
2:20 [ S, 55 55 o 40 4
1A
+ v
Bl—lru
1+ 2 2 2,2
‘F0:3,1[2_+E " ?Z;QT’;;L 1; z’—az}}
2:2,0 | =E, 55 =555 & 4 4

+ asin(az) {aym

24p 3 .
R Py iy sl el
2:20 | 55,55 5 40 4
22 tH
+ By
(L +u)(2+np)
1+p 2 . 2 2,2
F0:3,1|:3p,4u ?f;?f:;l’ 1,_Z7_azj|}a
2:20 [ 55,58 HR 5 - 40 4
Rep> -1

We note that equations (4.1) and (4.2) may be obtained directly in
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terms of F - L 2 1 by expressing the sine and cosine in terms of (F; and

then using [1, p. 173].

5. Reduction of the integrals. Many reductions to generalized
hypergeometrlc functions are presently known for the Kampé de Fériet
function F2 5 0[ x,y], see, for example, [10, 11] and [12]. Since

this particular hypergeometric function in two variables is especially
important and occurs often in representations for incomplete integrals
of cylindrical functions, it has been denoted for conciseness by

76 ) I O‘aﬁ; ’Ya
(5.1) Q[ y] F [u,v: 5. y]

/"’7 757

Since we know, for example, that

p:2;1 [(ap): o1; 1
Fq:150 [(bq)= B 0"
1-5

~rratgenh |G

»)
q
Q
F
+1+ gt q+1{

el
(

ap), 1+a,4

we have immediately the reduction formula
a,1,1; _ 1= o
Q [#,V’ 5: x7$:| “1ta_3 1521 pyv; 7]

«
— o F3]1,1 ; 6; ).
+].+Oé—(52 3[7 +a7/J‘7V7 733]

(5.2)

Therefore, if we set v = +p or v = £(1 — p) in equations (3.2), (4.3)
and (4.4) we observe that the righthand members of these results may
be expressed in terms of Q[—22/4,—a?z?/4]. Thus, when a = +1
we see that the integrals C., ., (+1,2), Cs, ,,(£l,2), C., ., (£L,2)
and C, ., ,(£1,2), Cs, ., . (£l,2), C +1,2) reduce to
generalized hypergeometric functions.

Cu,i(lfu)(

1:1;0 .
Lo+ We have seen in
bt}

+1, 2) and related

6. Reduction of special cases of F

the previous section that C., ,,(£1,2), Ce, ., _,(
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integrals are reducible via the function @) to generalized hypergeometric
functions. Since these integrals are given also in terms of F i;(l) b
equations (3.1), (4.1) and (4.2), then the corresponding special cases of
this Kampé de Fériet function should also be capable of reduction.

Indeed, if we equate the right members of equations (4.1), (4.3) and
equations (4.2) and (4.4) and note that a_, = —a,, B_, = B, if
C,(t)=J,(t) (or @ =, B, = =B, if C,(t) = E,(t)), we obtain
after some computation the following hypergeometric identities:

6.1) rlil0 [?TM N P _a222]
1:2;1 —gﬂ: 27’/,22’/, %; 4’ 4
0:3;1 oo ke Zhp g q. 22,2
—cos(az)F2:2;0[2__,2_H,3__;2_E: %;—”,22+T”, ,,T’ 4 ]
azsin(az)
24+
-F0:3;1[ : 17”,%7“,1; 1;—_z2 —a2z2]
2:2;0 | e e, 2w My, g0y
and
(62) FiiuY [TTH Vo, a222]
1:2;1 [ Mg, 2zv 2w, 3.0 4 7 4
2 + psin(az)
T ltp az
70 3,1[ i R —a2z2]
2:2;0 | 2w 34w 2ow 2w, g0y
_Cos(az)FO:3;1[ HT“,HT“,L 1,—_z2 —a2z2]
1+p 2:20 37“,47" Ly Hv. 47 4

Next, if we set a = 1, z = 2iz, v = +pu, v = £(1 — p) in equations
(6.1) and (6.2), respectively, and then note equations (5.1) and (5.2),
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we deduce the following reduction formulas:

1:1;0 [ 152 1; -
(6:3) Fl'2-1 [fﬁ#. 2—p 24p, 1 @?,
e 2 2

2 3
= cosh(2z) { f 1F {1; 2tp 3+ N;m2]
W

24 1+2u"

2z sinh(2z) { rog [1
- 2|43

1+p d4+p 2—p
+1+2N1 2|:7 2 ) XY

L =

2,2
3—p l4p, 1,57
2 2 27

-1 2 3
= cosh(2z) { 1 _:;51}72 [1; %, %;wz]

| —
w =
+wﬁ-
=

N‘

24+ 44p 24+p 3+p 3—p o
2F3 17 > ) ) XY
1+2p 2 2 2 2

_ 2zsinh(2z) [—144 F 1_3+p,4+u;x2
2+ 2 2

_l_

)

and

cosh(2z) 7 3+p 4+pu o
- 1F |15 —— ;
T+pu \1+2u

144 ddp 2—p o
Ryl1, 2T E 2K,
+1+2#1 2|:5 2 ) T
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L0 [555: L — , ,
(6.6) F. ) [ﬁr 3., 1 5 T,
Lozl [ 55 5555 5
_ 2+ psinh(2z) 1+“p’ 2440 3+p
T 1+p 2z T+2u %7 2 7 2
2 4 2 3 3—
+ +u2F3 17 +,U‘, +:U‘, +’u7 'u’ 2
1+2u 2 2 ' 2 0 2
cosh(2z) 1+p 3+p d+p
1F2 |1 ) ;
I+p \1+2 2 ' 2
24+p 3+ 3—p
F L A
+1+2 1 2|:; 2 ) 92 )

We remark that the restriction Rey > —1 (or Rep > —2) may be
waived in equations (6.1)—(6.6) by appealing to the principle of analytic
continuation We note also that other reduction formulas for special

cases of F I Lo ? [z, z] are given in [12].
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