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COVERING SYSTEMS
OF HOMOGENEOUS CONGRUENCES

R.J. SIMPSON

A system of congruences a; (mod m;), i = 1,...,t, is called a
covering system if every integer x satisfies z = a; (mod m;) for at
least one value of . If the moduli m;,...,m; are distinct, then it is

an incongruent covering system. An example of an incongruent system
is {0 (mod 2),0 (mod 3),1 (mod 4),1 (mod 6),11 (mod 12)}. Such
systems have a wide literature (see, for instance, the surveys by Guy
[2, Sections F13, F14] and Porubsky [5]), and are the subject of two
celebrated open questions. Are there incongruent covering systems with
all moduli odd? Are there incongruent covering systems in which the
smallest modulus is arbitrarily large? Erdos and Selfridge have offered
money prizes for the answers to these questions [2].

Recently, Cochrane and Myerson [1] introduced the idea of a ho-
mogeneous covering system of Z2. This is a set of ordered triples
{(a;,bi,m;) : i =1,...,t} with a;, b;, m; having the greatest common
divisor 1 such that every ordered pair of integers (z,y) satisfies

a;z+ by =0 (mod m;)

for at least one value of ¢. If the moduli m; are distinct, the homoge-
neous system is incongruent. Cochrane and Myerson showed how to
construct such systems by using an incongruent covering system (of Z)
in which each modulus is composite, such systems having been previ-
ously constructed by Selfridge. They asked if there exist homogeneous
covers which do not come from composite systems. Gerry Myerson has
informed me that he and Boping Jin have now shown that all homoge-
neous covers are, in a sense, equivalent to covers which can be obtained
from composite systems. In this note we show how to construct a ho-
mogeneous cover without using a composite system and obtain some
properties of such covers.
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We begin with some notation. Let

s(a,m)={x€Z:2z=a (mod m)}
h(a,b,m) = {(z,y) € Z* : ax + by =0 (mod m)}.

Notice that if n is a positive integer, then h(a, b, m) = h(an,bn, mn). To
avoid this redundancy we will follow Cochrane and Myerson and only
allow such triples in which a,b and m have a greatest common divisor
of 1. Note also that if (m,n) = 1, then h(a,b,m) = h(an,bn,m). This
means that, for any triple a, b, m there exists a triple ay, b1, m for which

h(aa ba m) = h(ala blam)

with ged (a1, m) = a1. We say that h(ay, b1, m) is the standard form of
the two-dimensional congruence.

To introduce our method for constructing homogeneous systems, we
will first describe a method for constructing one-dimensional covering
systems. This depends on the following lemmas, the proofs of which
are omitted since they are easy consequences of the Chinese remainder
theorem.

Lemma 1. If a,m,p and o are integers with m > 1, p prime and
a >0, then
p—1
s(a, mp®) = U s(a + ip®m, p*tm).
i=0

Lemma 2. If a,m and n are integers with m and n positive, then

s(a,mn) C s(a,m).

Lemma 1 allows us to replace a congruence s(a, m) with p congruences
having modulus pm. We call this process splitting s(a,m). Lemma 2
allows us to replace a congruence with another having smaller modulus.
We call this process consolidation. We now illustrate how these two
processes can be used to produce an incongruent one-dimensional
covering system.
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We start with = s(0,1). We split this to give s(0,1) = s(0,2)Us(1,2),
split s(1,2) to give s(1,4) U s(3,4), and split s(3,4) to give s(3,12) U
5(7,12) U s(11,12). This has produced the covering system

{5(0,2),s(1,4),s(3,12),s(7,12),s(11,12)}.
This is not incongruent. To make it so, we apply consolidation. We
replace s(3,12) with s(3,3) = s(0,3) and s(7,12) with s(7,6) = s(1,6).
By the lemmas, the resulting set
{s(0,2), s(1,4), s(0,3),s(1,6),s(11,12)}
is an incongruent covering system. Similar techniques have been used

to construct incongruent covering systems with all moduli large, though
the technical details then become spectacularly complicated [3, 4].

We now present results analogous to Lemmas 1 and 2 but applied to
homogeneous congruences.

Lemma 3. For any positive integers m and n, and any integers a
and b,
h(a,b,mn) C h(a,b, m).
Proof. If (x,y) satisfies
ar+by=0 (mod mn),

then (z,y) satisfies

ar +by=0 (mod m). O

Lemma 4. If m; and mo are relatively prime, then
h(ai,bi,m1) N h(az,ba, m2) = h(a, B, myms)

where a« = a3 (mod my), o = ay (mod mg), B = by (mod my),
B = by (mod my).
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Proof. 1t is easy to check that (z,y) belongs to the homogeneous
congruence on the right if and only if it belongs to both those on the
left. |

Theorem 1. (a) The collection of homogeneous congruences

S = {h(17 bapa+1)’ h(07 1,pa+1), {h(]., b+ jpk’pa+1) :
1<j<p, 0<k<a}}

covers h(1,b,p*), where p is a prime, a is a nonnegative integer and b
18 any integer.

(b) The collection S contains (o + 1)(p — 1) + 2 homogeneous con-
gruences. This is the least number of homogeneous congruences each
having modulus p®* that will cover h(1,b,p%).

Proof. (a) Let (z,y) € h(1,b,p*). We will show that (z,y) belongs
to a congruence in the collection S. We have

T + by = mp®

for some integer m. If p|m, then (x,y) belongs to h(1,b, p*™!) and we
are done, so we suppose this does not occur. Write

y=p"Y
where p1Y, and choose j € {1,... ,p — 1} such that
m+jY =0 (mod p).
Then if § > a we have (z,y) € h(0,1,p*"!). Otherwise

2+ (b+jp* )y = mp® + jp* °p°Y
=p*(m+jY),
which is divisible by p®*!. Thus, (z,y) € h(1,b + jp®~?,p**1) which
isin S.

(b) Consider the set of ordered pairs

{(p™,0), (=b,1), {(=bp" +mp*,p") :i=0,...,a,m=1,...,p—1}}.
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Each of these belongs to h(1,b,p®). We show that no two of them
belong to the same homogeneous congruence with modulus p>*!. We
prove this by contradiction. Suppose first that (—bp‘* +m;p®, p*) and
(—=bp®2 + mop®,p'2) are two members of the set above and that both
belong to h(u,v,p**1), and without loss of generality that in > ;.
Then

a+1)

pw(=bp™ +mip*) +vp* =0 (mod p

0
p(=bp™ + myp®) + vp = 0 (mod p**).

Note that p does not divide u since this would require p | v, and we
know u,v and p®*! have no common factor.

After rearranging and multiplying the first congruence by p?2~% we

get ) o

(v — ub)p™ + pmyp®t2=1 =0 (mod p**?)
(v — pb)p™ + pmyp™ =0 (mod p**™).
Subtracting and dividing through by p* gives p(mip2~% — my) =
0 (mod p). Since p does not divide mz or u, this implies i3 = i and
mi1 = may.

Now suppose (—bp*+mp®, p') and (p®, 0) both belong to h(u, v, p®*1).
This requires that p|x which is impossible unless p|v, but then u, v and
p**! have p as a common factor which is not allowed.

Next suppose (—bp'+mp®, p*) and (—b, 1) both belong to h(u, v, p>t1).
This leads to

p'(v — pb) + pmp™ =0 (mod p**t)

v—pb=0 (mod p*tt),

which is impossible since p { m.

Finally, suppose (p®, 0) and (—b, 1) both belong to h(u, v, p**!). This
would require both p and v being divisible by p which is not allowed.

Thus, each of the (o + 1)(p — 1) + 2 ordered pairs belongs to a
different homogeneous congruence, so we need this many homogeneous
congruences to cover h(1,b,p%). i

Corollary.  The homogeneous congruences h(0,1,p), h(1,0,p),
h(1,1,p),...,h(1,p — 1,p) cover Z%, and no smaller collection of ho-
mogeneous congruences with modulus p will do so.
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Proof. We note that h(1,0,1) = Z? and apply the theorem using
a=0. ]

In Lemma 1 we saw that splitting an inhomogeneous congruence using
the prime p introduced p new congruences, whereas in Theorem 1 we
produce far more new congruences. This suggests that forming an
incongruent system of homogeneous congruences will be more difficult
than producing one with inhomogeneous congruences. However, the
next theorem shows that the situation is not as bad as it seems.

Theorem 2. If a > 1, then the set of homogeneous congruences
{h(1,b+ jp*,p>*t1),5 =0,...,p — 1}, together with any homogeneous
congruence with modulus p covers h(1,b,p%).

Proof. Suppose (z,y) € h(1,b,p%) and that (z,y) ¢ h(1,b+5p®, p**1)
for any j,0 < j < p. That is,

z+by =0 (mod p?),
but

z+by+jpy# (mod p*t?).

This is only possible if p | y and hence p | z. In this case (z,y) €
h(p, v, p) for any integers p and v, and the result follows. ]

Remark. Equivalent results to Theorems 1 and 2 may be obtained

for covering h(b, 1, p®) with homogeneous congruences having modulus
paJr 1 .

We now use these theorems to construct an incongruent covering
system of homogeneous congruences. We use the operations of splitting
and consolidation in the same way that they were used to produce
covering systems of inhomogeneous congruences. Splitting replaces a
homogeneous congruence with modulus m with a set of homogeneous
congruences with modulus pm where p is a prime. If m = 1, we use
the corollary and have p + 1 moduli. If m > 1 and p t m, we use the
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corollary with Lemma 4. If p | m, we use Theorem 2, combined with
Lemma 4 if m is not a power of p. Consolidation uses Lemma 3 to
replace a homogeneous congruence with modulus pm with one having
modulus m.

We begin our system by splitting Z% = h(1, 1, 1) into k(0,1,2), h(1,0,2)
and h(1,1,2). Then h(0,1,2) is split into h(0,1,4) and h(2,1,4); then
h(0,1,4) is split into h(0,1,8) and h(4,1,8) and so on until we get
h(0,1,32) and h(16,1,32). The first of these is then split into six con-
gruences each having modulus 160, and these are consolidated to give
congruences with moduli 5, 10, 20, 40, 80 and 160. Thus we cover
h(0,1,2) with homogeneous congruences having distinct moduli.

The homogeneous congruence h(1,0,2) is then split into four congru-
ences with modulus 6. These are successively split using the primes 2,
3 and 5 and finally consolidated to give homogeneous congruences with
distinct moduli. The final system is shown in the table, from which
the reader can trace the details of splitting and consolidation of the
congruences covering h(1,0,2).

TABLE 1. Homogeneous covering system.

h(1,1,2) = h(1,1,2)
h(2,1,4) = h(2,1,4)
h(4,1,8) = h(4,1,8)
h(8,1,16) = h(8,1,16)
h(16,1,32) = h(16,1,32)
h(0,1,5) = h(0,1,5)
h(1,0,5)Nk(0,1,2) = h(6,5,10)
h(1,1,5)1(0,1,4) = h(16,1,20)
h(1,2,5)Nh(0,1,8) = h(16,17,40)
h(1,3,5)Nh(0,1,16) = h(16,33,80)
h(1,4,5)NR(0,1,32) = h(96,129,160)
h(0,1,3) = h(0,1,3)

h(1,0,3)NA(1,0,2) = h(L,0,6)
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TABLE 1. Continued.

h(1,1,3) N h(1,2,4) = h(1,10,12)
h(1,1,3) N h(1,4,8) = h(1,4,24)
h(1,1,3) N h(1,8,16) = h(1,40,48)
h(1,1,3) N h(1,0,5) = h(1,10,15)
h(1,1,3)NAh(1,0,2) NA(1,1,5) = h(1,16,30)
h(1,1,3) N h(1,0,4) N h(1,2,5) = h(1,52,60)
h(1,1,3) N h(1,0,8) N A(1,3,5) = (1,88,120)
h(1,1,3)Nh(1,0,16) N A(1,4,5) = h(1,64,240)
h(1,2,9) = R(1,2,9)
h(1,5 9) N A(1,0,2) = h(1,14,18)
h(1,8,9) N h(1,2,4) = h(1,26,36)
h(1,8 9) N R(1,4,8) = h(1,44,72)
h(1,8,9) N h(1,8,16) = h(1,8,144)
h(1,8,9) N h(1,0,5) = h(1,35,45)
h(1,8 9)NA(1,0,2)N(1,1,5) = h(1,26,90)
h(1,8,9)Nh(1,0,4) NA(1,2,5) = h(1,152,180)
h(1,8,9) N h(1,0,8) N h(1,3,5) = h(1,8,360)
h(1,8,9) N h(1,0,16) N k(1,4,5) = h(1,224,720)

Open questions. This system contains 31 homogeneous congru-
ences. Cochrane and Myerson constructed a system containing 23. It
would be interesting to know the least number of congruences that such
a system need contain. I offer a price of $100 for an incongruent system
with 20 or fewer homogeneous congruences. We can also ask questions
analogous to those asked by Erdés and Selfridge about inhomogeneous
systems. Is there an incongruent homogeneous system with all mod-
uli odd? It is likely to be extremely difficult to produce one, since
nobody has been able to produce such an inhomogeneous system. It
may be feasible to prove that none exists. I offer $100 for either the
construction of such a system or the proof of the impossibility of such
a system. Finally we can ask for homogeneous systems with all moduli
greater than some bound. The record for inhomogeneous systems in
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Morikawa’s [4] in which the smallest modulus is 24. I offer $100 for a
homogeneous system whose smallest modulus is at least 20.

Acknowledgment. Thanks to Gerry Myerson for his useful com-
ments and corrections.
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