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QUOTIENT NEARRINGS
OF SEMILINEAR NEARRINGS

K.D. MAGILL, JR.

1. Introduction. All nearrings in this paper will be right nearrings.
Let R"™ denote the n-dimensional Euclidean group. In [1], we showed
that if A\ is a continuous map from R™ to R and a multiplication *
is defined on R™ by v x w = A(w)v, then (R",+,*) is a topological
nearring if and only if A(av) = a\(v) for all v € R™ and a € Ran ()\)
where Ran (\) denotes the range of \. Any map from R" to R with
this property will be referred to as a semilinear map. Such maps are
quite abundant. For example, let P be any homogeneous polynomial
of degree m. That is, P(tvy,tvs,... ,tv,) = t™P(vy,vs,...,v,) for
all t € R and all v € R". Define A\(v) = |P(v)[*/™. Then ) is a
semilinear map. If m is odd, one can also obtain a semilinear map
A by defining A(v) = (P(v))"/". By a semilinear nearring, we mean a
topological nearring (R"™, +, *) where the multiplication # is induced by
a semilinear map A, and we will denote such a nearring by Ny (R"™). In
[1], we determined all the ideals (here, ideal means two-sided ideal) of a
semilinear nearring. In this paper we show that every nonzero quotient
nearring of a semilinear nearring is isomorphic to a semilinear nearring,
and we determine precisely when two quotient nearrings of Ny(R") are
isomorphic. Among other things, we will see that, although N,(R")
may have infinitely many quotient nearrings, it has, up to isomorphism,
only finitely many and, in fact, this number cannot exceed n + 1.

2. The results. Let N)(R") be a semilinear nearring, and let
(2.1)
CA)={w e R": AM(v+aw) = A(v) for all a € R and all v € R"}.

In [1], we proved the following

Theorem 2.1. Let A be any nonconstant semilinear map from R™
to R. Then C(\) C A=Y(0), C()) is a linear subspace of R™ and the
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proper ideals of Nx(R™) are precisely the linear subspaces of C(\). In
particular, C'()\) is the largest proper ideal of Nx(R™).

Let J be an ideal of Ny(R™). For v € N)(R"), we denote by (v) the
equivalence class, induced by J, which contains v. The proofs of the
next two results are contained in the proofs of Lemmas 3.12 and 3.13
of [2], but the proofs are short so we include them here.

Lemma 2.2. Let J be an ideal of Nx(R™), and define a map
X* from Nx(R"™)/J into R by A*((v)) = A(v). Then X\* is a well-
defined continuous map from Ny(R™)/J into R which has the following
properties:

A (a(v)) = aX*((v))

(22) for all (v) € Nx(R")/J and all a € Ran (\*).

(2.3)

Proof. Suppose (u) = (v). Then u = v+ w for some w € J C C(\)
and, from (2.1), we get A(u) = A(v + w) = A(v) which means \* is
well defined. Note that Ran (A\*) = Ran (\). For any a € Ran (A\*) and
v € R™, we have

A (a(v)) = A*((av)) = Aav) = aA(v) = aX*((v))
and we see that (2.2) is satisfied. Furthermore, we have
(v) % (w) = (vxw) = (Aw)v) = A(w)(v) = A*((w)){v)

which means (2.3) is satisfied. O

The dimension of a subspace V' of the vector space R™ will be denoted
by dim V. We recall that, according to Theorem 2.1, every ideal J of
Ny (R"™) is a linear subspace of the vector space R™ and, consequently,
Nx(R™)/J, in addition to being a nearring, is also a real vector space of
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dimension n — dim J. In the next result, we show that every quotient
nearring of N, (R™) is isomorphic to a semilinear nearring.

Theorem 2.3. Let J be a proper ideal of Nx(R™). Then Nx(R™)/J
is isomorphic to a semilinear nearring. Specifically, let dim J = m, let
a be any linear isomorphism from R™™™ onto Nx(R™)/J, and define
a map p from R*™™ to R by u = X* oa. Then u is a semilinear map
and « is a topological isomorphism from N,(R"~™) onto Nx(R")/J.

Proof. It is immediate from Lemma (2.2) that y is a semilinear map
from R™ ™ onto R and it is also immediate that « is a continuous addi-
tive isomorphism from N, (R™~ ™) onto N;(R"™)/J. We need only show
that it is a multiplicative homomorphism, so let v,w € N,(R"~™), and
we get

a(vxw) = a(p(w)v) = p(w)a(v)
= (A (a(w)))a(v) = afv) * a(w).

This completes our proof. ]

In our next result, we determine precisely when two quotient near-
rings of Ny (R") are isomorphic.

Theorem 2.4. Let J; and Jo be two ideals of Ny(R™). Then the
quotient nearrings Nx(R"™)/J; and Nx(R™)/J> are isomorphic if and
only if dim J; = dim Js.

Proof. Since the dimensions of the vector spaces Ny(R"™)/J1 and
Nx(R™)/Jy are n — dim J; and n — dim Jo, respectively, it is imme-
diate that dim J; = dim Jy whenever Nyx(R")/J; and Ny(R")/J are
isomorphic. Suppose, conversely, that dim J; = dim J; = m, and let ¢
be any linear automorphism of R™ such that ¢[J1] = Jo and p[J2] = Ji.
For any v € R", we denote by (v); and (v)s the equivalence classes con-
taining v which are induced by the ideals J; and Jo, respectively. Define
a map ¢ from Ny(R™)/Jy to Nx(R™)/J2 by

(2.4) ¢(v)1 = (p(v))a-

One verifies, in a straightforward manner, that ¢ is a linear iso-
morphism from the linear space N)(R™)/J; onto the linear space
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Ny (R™)/Js. It is appropriate to remark at this point that, if ¢ would
happen to be a nearring automorphism of Ny(R™), then we would
be finished because ¢ would then be a nearring isomorphism from
Ny (R™)/Jy onto Nx(R™)/J>. However, we know only that ¢ is a linear
automorphism of R" where ¢[J1] = J2 and ¢[Jo] = J; and $ is a linear
isomorphism from Ny (R™)/J; onto Ny(R™)/J2 so we must proceed by
other means. With this in mind, let o be any linear isomorphism from
R™ ™ onto Ny(R™)/J1, and define

(2.5) Qs = Poay.

Evidently, as is a linear isomorphism from R"™™™ onto Ny(R")/Js.
Next, define maps A} and A} from Ny(R"™)/J; and Ny(R")/Js, respec-
tively, into R by

(2.6) AT((v)1) = A(v) and  A3((v)2) = Av)
and then define
(2.7) 1 =Aoa; and pe = A5o0as.

According to Theorem 2.3, u; and po are semilinear maps from R"~™
into R and the semilinear nearring N,, (R"~™) and N, (R"™™) are
isomorphic to Ny(R™)/Jy and Ny(R™)/J3, respectively. Next define a
self-map ¢ of R"~™ by

(2.8) Y(v) =y (p(u)1 where a1 (v) = (u)s.

b€ R and u,v € R"™. Then there exist w,z € R"™ such that
=(w

Let a,
a1 (u) )1 and a1 (v) = (2)1. Then

(2.9) aj(au+ bv) = aag(u) + bay(v) = a{w)y + b(z)1 = (aw + bz);
and we have
Y(au +bv) = a7 ' (p(aw + bz))y
= a7 {ap(w) + bp(2))1
(2.10) = oy (a{p(w) +b(e(2))1)

=aaj (p(w))1 +b041 (p(2)
= ap(u) + bp(v).
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This verifies the fact that v is a linear endomorphism of R"~™. Suppose
Y(v) = 0. Then a;(v) = (u); for some u € R™ and a; *{p(u)); = 0
which means (p(u)); = 0. Consequently, ¢(u) € J; which implies
u € Jo. From this, we get as(v) = @ o ay(v) = ${u); = (u)2 = 0 which
implies v = 0 since a9 is a linear isomorphism. Thus, ¢ is a linear
automorphism of R™~™.

We next assert that

(2.11) 110 = g.

Let v € R" ™. Then aj(v) = (u); for some u € R"™ and, from
(2.6)—(2.8), we get

(212)  prodp(v) = A oaroar (p(wh = A ((p(w))1) = Me(w)).

On the other hand, from (2.4)—(2.8), we get

~

p2(v) = Xy 0 az(v) = A o g oa (v)
= A5 o ((u)1) = A5 ({e(u))2 = A(p(u))

and (2.12) and (2.13) together provide a verification of (2.11). It
now follows from Theorem 3.14 of [1] that the semilinear nearrings
N,,(R*™"™) and N,,(R"~"™) are isomorphic, and we have now shown
that the quotient nearrings Ny (R™)/J; and Ny(R")/Js are isomorphic.

(2.13)

Corollary 2.5. Up to isomorphism, the nearring Nx(R™) has at
most n + 1 quotient nearrings.

Proof. The nearring N)(R") has the maximal number of ideals
whenever the map A is such that dimC(\) = n — 1. According to
Theorem 2.4, this results in, up to isomorphism, exactly n + 1 quotient
rings including the one produced by the zero ideal and the one produced
by Ni(R") itself.

Example 2.6. Define a map ) from R? into R by A(v) = |v3| where
v = (v1,ve,v3). It is easily checked that X is a semilinear map. We
proceed to determine, up to isomorphism, all the quotient nearrings
of the semilinear nearring Ny (R?). Let us begin by determining the
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largest proper ideal C'(\) of Ny(R?). From (2.1) we see that w € C'()\)
if and only if A(v 4+ aw) = A(v) for all v € R and all a € R. Hence,
w € C(N) if and only if |vs + aws| = |vs| for all v € R® and a € R. Tt
readily follows that C'(\) = {w € Nx(R?) : w3 = 0}. Therefore, the
proper nonzero ideals of Ny(R?) are C'(\) together with all its nonzero
linear subspaces and, according to the previous theorem this means
that, up to isomorphism, Ny(R?) has exactly four different quotient
nearrings. Thus, in addition to the zero ring and Ny (R?), there are two
other quotient nearrings and, according to Theorem 2.3, each of these is
isomorphic to a semilinear nearring. We determine these two semilinear
nearrings. Define a semilinear map A\ from R into R by Ai(z) = ||,
and define a map ¢ from Ny (R?) to Ny, (R) by ¢(v) = v3. One readily
verifies that ¢ is an epimorphism from Ny (R?) onto Ny, (R) with kernel
C(A). Consequently, Ny(R3)/C(]) is isomorphic to Ny, (R?).

Now define a semilinear map Az from R? into R by A2(v) = |va|, and
define a map ¢ from Ny (R?) to Ny, (R?) by ¢(v) = (va,v3). In this
case, one verifies that ¢ is an epimorphism from Ny (R?) onto Ny, (R?)
with kernel Ker ¢ = {v € Ny (R?) : v2 = v3 = 0} so that N)(R?)/Ker ¢
is isomorphic to Ny,(R?). According to Theorem 2.4, all the other
nonzero ideals properly contained in C'(\) produce quotient rings which
are also isomorphic to Ny,(R?). Thus, up to isomorphism, the four
quotient nearrings of Ny (R?) are the zero ring, Ny, (R), Ny, (R?) and
Ny (R?) itself.
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