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FACTORIZATION IN COMMUTATIVE RINGS
WITH ZERO DIVISORS, III

AHMET G. AGARGUN, D.D. ANDERSON AND SILVIA VALDES-LEON

ABSTRACT. Let R be a commutative ring with identity.
We continue our study of factorization in commutative rings
with zero divisors. In Section 2 we consider inert extensions
and atomicity. In Section 3 we characterize the atomic rings in
which almost all atoms are prime. In Section 4 we investigate
bounded factorization rings (BFR’s) and U-BFR’s, and in
Section 5 we study finite factorization rings (FFR’s).

1. Introduction. Throughout this paper, R will be a commutative
ring with identity. This article is the third in a series of papers [10],
[11] considering factorization in commutative rings with zero divisors.
Here we concentrate on atomic rings, especially bounded factorization
rings and finite factorization rings, which are defined below. We first
review the various forms of irreducible elements introduced in [10].

For an integral domain R, a nonzero nonunit ¢ € R is said to be
irreducible or to be an atom if a = be, b, ¢ € R, implies b or ¢ € U(R),
the group of units of R. It is easily checked that a is an atom <
(a) is a maximal (proper) principal ideal of R < a = bc implies b
or c¢ is an associate of a. Now if R has zero divisors, these various
characterizations of being irreducible no longer need to be equivalent.
The following different forms of irreducibility are based on elements
being associates. Let a,b € R. Then a and b are associates, denoted
a ~ b if a|b and bla, ie., (a) = (b), a and b are strong associates,
denoted a =~ b, if @ = ub for some v € U(R), and a and b are very
strong associates, denoted a = b, if a ~ b and either a = 0 or a = ¢b
implies ¢ € U(R). Then a nonunit a € R (possibly with a = 0) is
irreducible (respectively, strongly irreducible, very strongly irreducible),
ifa=bc=a~boran~ c, respectively a = bora~c,a=boraXc.
And a is m-irreducible if (a) is maximal in the set of proper principal
ideals of R. A nonzero nonunit a € R is very strongly irreducible
< a = bc implies b or ¢ € U(R) [10, Theorem 2.5]. Now a is very
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strongly irreducible = a is m-irreducible = a is strongly irreducible
= q is irreducible (where in the first implication we assume a # 0).
But examples given in [10] show that none of these implications can
be reversed. As usual, a nonunit p € R is prime if (p) is a prime ideal
of R. Finally, R is said to be atomic (respectively, strongly atomic,
very strongly atomic, m-atomic, p-atomic), if each nonzero nonunit
of R is a finite product of irreducible elements (respectively, strongly
irreducible elements, very strongly irreducible elements, m-irreducible
elements, prime elements). If R satisfies the ascending chain condition
on principal ideals, ACCP, then R is atomic [10, Theorem 3.2]; if R is
atomic, then R is a finite direct product of indecomposable rings [10,
Theorem 3.3]; and a direct product R = [] aeca B of rings is atomic
< |A| < o0 and each R, is atomic [10, Theorem 3.4.].

In Section 2 we consider (weakly) inert extensions (defined in Sec-
tion 2) and atomicity. We show that if R satisfies any of the various
forms of atomicity or ACCP, so does Rg, S a regular multiplicatively
closed subset of R, in the case where R C Rg is a weakly inert extension
(e.g., if S is generated by regular primes).

In Section 3 we characterize the atomic rings, which we call gener-
alized CK rings, with the property that almost all of their atoms are
prime. We show that R is a generalized CK ring if and only if R is
a finite direct product of finite local rings, SPIRs and generalized CK
domains.

In Section 4 we study bounded factorization rings (BFR’s) and U-
BFR’s. Recall that R is a BFR if, for each nonzero nonunit a € R,
a natural number N(a) exists so that if @ = ay - --a, where each a;
is nonunit, then n < N(a). It is easily checked that a BFR satisfies
ACCP and hence is atomic. Moreover, R is a BFR < R is atomic and,
for each nonzero nonunit a € R, a natural number N (a) exists so that
if a = a1 ---a, where each a; is irreducible, then n < N(a). Clearly
a BFR can contain only trivial idempotents. In his study of unique
factorization in commutative rings with zero divisors, Fletcher [14], [15]
introduced the notion of a U-decomposition. For a nonunit a € R, a U-
decomposition of a is a decomposition a = (aj - --ay)(by - - - by) Where
each a;, b; is irreducible, a;(by - - - by,) = (b1 -+ by,) for i =1,... ,n but
bi(by - -+ by« b)) # (b - by bm). If we replace the condition that
each a;,b; is irreducible by each a;,b; is a nonunit, we have what we
call a U-factorization. We define a ring R to be a U-BFR if, for each
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nonzero nonunit a € R, a natural number N(a) exists so that for each
U-factorization of a, a = (ay---ay)(by - bm), m < N(a). Among
other things, we show that a finite direct product of BFD’s is a U-BFR
and that any Noetherian ring is a U-BFR.

In Section 5 we consider finite factorization rings. Recall that a
commutative ring R is a finite factorization ring, FFR, if each nonzero
nonunit a € R has only a finite number of factorizations up to order and
associates. We show that if (R, M) is a finite local ring with elements
a and b such that Ra and ann (b) are not comparable, then R[X] and
R[[X]] are not FFR’s, but if (R, M) is an SPIR or M? = 0, then R[[X]]
is an FFR.

2. Inert extensions. Following Cohn [13], we say that an extension
A C B of commutative rings is a (weakly) inert extension if, whenever
(0 # xy € A) xy € A for nonzero z,y € B, then zu, u~'y € A for
some u € U(B). Clearly an inert extension is weakly inert, but not
conversely, see Remark 2.2(b). Of course, if B is an integral domain,
the two notions coincide. For the case of integral domains, factorization
properties of inert extensions were investigated in [4]. We extend some
of these results to commutative rings with zero divisors.

Proposition 2.1. Let A C B be a weakly inert extension of
commutative rings. If 0 # a € A is irreducible (respectively, strongly
irreducible, very strongly irreducible, m-irreducible), then as an element
of B, either a is irreducible (respectively, strongly irreducible, very
strongly irreducible, m-~irreducible) or a is a unit.

Proof. We may suppose that a is not a unit in B. If ¢ = xy in B,
then a = (zu)(u~'y) where zu,u~'y € A for some u € U(B). First
suppose that a is irreducible in A. Then in A, a ~ zu or a ~ u~ 'y and
hence in B, a ~ x or a ~ y. Thus a is irreducible in B. A similar proof
holds for the case where «a is strongly irreducible in A. Next suppose
that a is very strongly irreducible in A. By [10, Theorem 2.5] zu or
u~ 1y is a unit in A and so x or y is a unit in B. Thus by [10, Theorem
2.5] again, a is very strongly irreducible in B. A similar proof using
[10, Theorem 2.12] shows that if a is m-irreducible in A, then a is also
m-irreducible in B. o
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Remark 2.2. (a) Let A C B be a weakly inert extension. Easy
examples (for instance, use Proposition 2.3) show that even in the case
where B is an integral domain, a can be irreducible in A but be a unit
in B. However, if further, U(B) N A = U(A), then 0 # a € A satisfies
any of the irreducibility conditions in A < it satisfies the corresponding
irreducibility condition in B.

(b) Note that in Proposition 2.1 it is necessary to assume a # 0. If
we take A = Zs and B = Zy & Z» using the diagonal embedding, then
A C B is a weakly inert extension. Here a = 0 is irreducible, strongly
irreducible, very strongly irreducible, m-irreducible and prime in A,
but none of these in B. Also, note that while A C B is a weakly inert
extension, it is not an inert extension.

(c) In Proposition 2.1 we cannot add “a is prime.” For Z4 C Zg[u],
where u? = 0, is a weakly inert extension (but not an inert extension),
however, 2 is prime in Z4 but not in Z4[u).

(d) Suppose that A C B is a weakly inert extension where A is an
integral domain. Then A C B is an inert extension if and only if B
is an integral domain. Hence if A C B is an inert extension, we can
allow @ = 0 in Proposition 2.1 for a irreducible, strongly irreducible,
very strongly irreducible, or prime, but not for a m-irreducible.

Let S be a regular multiplicative set of the commutative ring R.
While in general R C Rg need not be (weakly) inert (even when R
is an integral domain, for example, take R = k[X?2, X3], k a field and
S={uX"|uek* n=0orn>2}), we next give a case where it is.

Proposition 2.3. Let R be a commutative ring and S a multiplica-
tive set of R generated by reqular primes. Then R C Rg is an inert
extension.

Proof. Suppose xy € R for some nonzero z,y € Rg. We can
write z = a/s, y = b/t where a,b € R, s = p1 - Pn, t = @1+ Gm
where p;,q; € S are primes and p; t @ and ¢; ¥ b in R. Then
ab = (zy)st = (zy)p1- - DnqG1 - Gm. Hence s|b and t|a in R. Take
u = s/t, a unit in Rg. Then zu, u~'y € R. Hence R C Rg is an inert
extension. a
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However, R C Rg can be an inert extension without S being gener-
ated by primes. For example, let R = k[[Y?,Y3]] where k is a field, and
let S ={uY" |ueU(R),n=0o0rn>2} Then R C Rs = k((Y)) is
inert, but S is not generated by primes. It is interesting to note that
R[X] C Rg[X] is not inert.

Proposition 2.4. Let R be a commutative ring and S a regular
multiplicative set of R. Suppose that R C Rg is a weakly inert extension
(e.g., S is generated by regular primes (Proposition 2.3)). If R is
atomic (respectively, strongly atomic, very strongly atomic, m-atomic,

p-atomic), then so is Rg. If R satisfies ACCP, so does Rg.

Proof. Let r/s be a nonzero nonunit of Rg. Suppose that R is atomic.
Then we can write r = ay - - - a,, where each a; is an irreducible element
of R. Thenr/s = (say/s?)(saz/s) - (sa,/s) where each factor is either
irreducible or a unit in Rg by Proposition 2.1. Hence Rg is atomic. A
similar proof holds for the other cases (in the case where R is p-atomic
we use the fact that if p is a prime in R then p/s is either a prime or
unit in Rg; here we do not need that R C Rg is weakly inert). The
proof that R satisfies ACCP implies Rg satisfies ACCP is identical to
the domain case [4, Theorem 2.1]. O

The notion of a splitting multiplicative set which played such an
important role in [4] does not have a good analog for commutative rings
with zero divisors. Recall that for an integral domain R, a saturated
multiplicative set S of R is a splitting multiplicative set if for each
0 # z € R we can write x = as where s € S and aRNtR = atR
for all t € S. Hence the only elements of S dividing a are units. In
the case where S is generated by primes, S is a splitting set < for
each 0 # © € R we can write * = as where s € S and no prime in §
divides a. Now suppose that R is a commutative ring with zero divisors
and S is generated by regular primes. Let p € S be a regular prime.
Then N9 p™ R is a prime ideal. If 0 = NS, p" R, then R is an integral
domain. So suppose 0 # N2 ;p"R. Let 0 # x € NS p"R. Then it is
not possible to write x = as where s € S and no prime in S divides a
since a € N;2p" K.

We end this section with the following result.
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Proposition 2.5. Let {R,} be a directed family of commutative
rings with identity. Suppose that each R, C Rg is a weakly inert
extension. If each R, is atomic (respectively, strongly atomic, very
strongly atomic, m-atomic, p-atomic), then so is R = UR,.

Proof. Suppose that each R, is atomic. Let 0 # x € R be a nonunit.
Now z € R, for some «. Since R, is atomic, we can write x = x1 - - - x,
where each z; is irreducible in R,. It is easily checked that R, C R is
a weakly inert extension. Hence by Proposition 2.1 each x; is either a
unit or irreducible in R. Thus R is atomic. A similar proof holds
for the strongly atomic, very strongly atomic and m-atomic cases.
Suppose that each R, is p-atomic. Let 0 # p € R, be a prime. For
R, C Rg, p is irreducible in R, and hence irreducible or a unit in Rg
(Proposition 2.1). Since Rg is p-atomic, p is either a prime or unit in
Rgp. If p is a unit in some Rg, then p is a unit in R. So suppose p is
not a unit in R. Then p is a prime in each Rg D R,. So if p|zy in R,
then in some Rg D Ry, x,y € Rg and p|zy in Rg so p|x or ply in Rg.
Hence, p|z or p|y in R. Thus p is a prime in R. Hence a proof similar
to the atomic case shows that R is p-atomic. a

3. Generalized CK rings. Let R be a commutative ring with
identity. It is well known that an atomic ring R has every atom prime,
i.e., R is p-atomic, if and only if R is a finite direct product of UFD’s
and special principal ideal rings (SPIR’s) [10, Theorem 3.6]. In this
section we characterize the atomic rings in which almost all atoms are
prime.

Definition 3.1. R is a Cohen-Kaplansky (CK) ring if R is an atomic
ring with only a finite number of nonassociate atoms. R is a generalized
Cohen-Kaplansky (CK) ring if R is an atomic ring with only finitely
many nonassociate atoms that are not prime.

In [1, Theorem 2] it was shown that R is a CK ring if and only if R is
a finite direct product of finite local rings, SPIR’s and one-dimensional
semi-local domains D with the property that, for each nonprincipal
maximal ideal M of D, D/M is finite and D), is analytically irre-
ducible. Thus a finite direct product of CK rings is a CK ring. For a
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detailed study of CK domains, see [8]. Generalized CK domains were
introduced in [5]. Examples of generalized CK domains besides UFD’s
include Z[2v/—1], k+ X K[[X]] and k + X K[X] where k C K are finite
fields. Unfortunately, the characterization of generalized CK domains
given in [5, Theorem 6] is incomplete, as pointed out to us by Picavet-
L’Hermitte, see [6] and [16]. An integral domain R is a generalized
CK domain if and only if (1) R, the integral closure of R, is a UFD,
(2) R C R is a root extension, (3) [R : R| is a principal ideal of R,
(4) R/[R : R] is finite and (5) Pic(R) = 0. Condition (5) may be
replaced by Cl;(R) = 0 or each height-one prime ideal P of R with
P 2 [R: R] is principal.

Theorem 3.2. R is a generalized CK ring if and only if R is a finite
direct product of CK rings and generalized CK domains.

Proof. Suppose that R = Ry X --- X R,. A nonzero nonunit a of R
is irreducible (prime) < a = (uy,... ,Ui—1,Q;, Uit1,- .- , Up) Where all
coordinates u;, j # ¢, but one are units and that one nonunit coordinate
a; is irreducible (prime) in R; [10, Theorem 2.15]. It easily follows that
R is a generalized CK ring < each R; is. This gives (<).

(=). By [10, Theorem 3.3] an atomic ring is a finite direct product
of indecomposable atomic rings. Thus it suffices to show that an
indecomposable generalized CK ring is either a CK ring or an integral
domain. So let R be an indecomposable generalized CK ring and let
{ai,... ,an} be the finite set of nonassociate nonprime atoms of R. Let
P be a minimal prime ideal of R. Then since each nonzero element of
P is a product of atoms, either P is principal or P is generated by a
subset of {aj,...,a,}. So all the minimal prime ideals of R are finitely
generated. By [2, Theorem], R has only finitely many minimal prime
ideals Py,..., P,,. Let (p) be a principal prime of R.

Claim. ht (p) < 1.

Proof. Suppose ht (p) > 1. Now Q@ = N, (p™) is the unique prime
ideal directly below (p) and pQ = @ [7, Corollary 2.3]. Suppose
there is a principal prime (¢) € Q. Then (¢)p) € (P)p) = (@Dp) =
(@) (P)p) = (@)p) = O¢py by Nakayama’s lemma. So @ contains at
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most one principal prime ideal. Thus @ is generated by some subset
of {a1,...,a,} and possibly a single principal prime; so @ is finitely
generated. Thus pQ,) = Q(;) gives Q(p) = 0(,) by Nakayama’s lemma.
So ht (p) = 1.

Let M be a maximal ideal of R. Suppose that M contains a
nonminimal principal prime ideal (p). Then ht (p) =1 so N2, (p") =
P; for some ¢ and pP; = P;. Since P; is finitely generated, (P;)ar = Ops
by Nakayama’s lemma. Thus, Rj; is an integral domain and M
contains a unique minimal prime ideal. Suppose that M contains no
nonminimal principal prime ideal. Let P C M be a prime ideal. Then
P is a finite union of principal ideals, each of which is either a height-
zero principal prime ideal or an (a;). The same follows for Py in Ryy.
Hence Ry is a local CK ring [1, Theorem 2] and thus R,/ is a zero-
dimensional local ring or a one-dimensional local domain. Thus M
contains a unique minimal prime and Ry is a domain unless M is also
minimal. Thus the minimal prime ideals of R are comaximal and hence
the minimal prime ideals of R/nil (R) are comaximal. So R/nil (R) is
a finite direct product of integral domains. Since R is indecomposable,
so is R/nil (R). So R/nil (R) is an integral domain, i.e., R has a unique
minimal prime ideal. If P is also maximal, R is a zero-dimensional local
CK ring. If P is not maximal, then R); is a domain for each maximal
ideal M; i.e., Pyy = Opy for each maximal ideal M. Hence P =0, so R
is an integral domain. u]

Remark 3.3. (a) Note that the proof of Theorem 3.2 gives another
proof of the opening statement of this section that a ring R is p-atomic
if and only if R is a finite direct product of UFD’s and SPIR’s.

(b) Since a CK ring R is a finite direct product of local rings and
integral domains, each irreducible element of R is actually strongly
irreducible. Moreover, using [10, Theorem 3.4] it is easy to characterize
the generalized CK rings that are m-atomic or very strongly atomic.

4. U-factorizations, BFR’s and U-BFR’s. Let R be a commu-
tative ring with identity. Let a € R be a nonunit, possibly 0. By a
factorization of a we mean a = a; - - - a,, where each a; € R is a nonunit.
Let o € {irreducible, strongly irreducible, m-irreducible, very strongly
irreducible, prime}. By an a-factorization of a we mean a factorization
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a=aj---a, where each a; is a.

Recall [14] that for a« € R, U(a) = {r € R | 3s € R with rsa =
a} = {r € R | r(a) = (a)}. A U-factorization of a is a factorization
a = (a1---ay)(by---by) where a; € U(by---by,) for 1 < i < n, we

allow {a1,...,a,} to be empty and then write a = ( )(by -+ by,), and
bi ¢ U(by -+ b by), for 1 <i<m. We call ay,...,a, the irrelevant
factors and by, ... , by, the relevant factors. A U-factorization is called

an a-U-factorization if each a;,b; is a. An irreducible-U-factorization
of a is called a U-decomposition of a. The notion of a U-decomposition
was used by Fletcher [14, 15] in his study of unique factorization in
rings with zero divisors. Our next lemma is a slight generalization of
[14, Proposition 2].

Proposition 4.1. Any factorization of a can be rearranged to a U -
factorization of a. Hence, any a-factorization of a can be rearranged
to an a-U-factorization of a.

Proof. Let a = aj---a, be a factorization of a. If a; ¢ Ulay---
d;---ay) for each i, then a = ( )(ay---a,) is a U-factorization of
a. So assume some a; € U(ay---a;---ay). With a change of no-
tation we can take ¢ = 1. By induction, after a change of nota-
tion, we have ag---a, = (az---as)(ast41---an), a U-factorization of
ag - a,. We claim that (ajag---as)(asy1- - ay) is a U-factorization
of a. By definition a; ¢ U(asy1---a;---ay) for s+1<i<nanda; €
U(asyr--ap) for 2 <i<s. And a; € U(ag---an) = a1Ras---a, =

Ra2...an = a2...asRas+1...an = a2...as_1Ras(as+1...an) =
a2...as_1Ras+1...an = .. = Ras+1...an = aq e U(as_,’_l...an)'
O

However, the resulting U-factorization is not necessarily unique. For,
let e =(1,0) in Z x Z. Then —e = —e-e = (—e)(e) = (e)(—e) are two
different U-factorizations derived from the factorization —e = —e - e.
If a =ay---a, is a factorization of @ and a = ( )(a1---a,) is a U-
factorization, then this is the only way to convert a = a1 ---a, to a
U-factorization. Recall that R is présimplifiable if xy = 2 = 2 = 0
or y € U(R). R is présimplifiable if and only if U(xz) = U(R) for each
0 # x € R, or in the terminology of [15], R is a pseudo-domain. Hence,
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R is présimplifiable if and only if for each nonzero nonunit a € R
each factorization a = ay---a, has a = ( )(a;---ay) as its unique
conversion to a U-factorization. Note that 0 = (a1 - ap)(by -+ bp) is
a U-factorization of 0 < by ---b,, = 0, but by - - lA)l -+ by, # 0 for each
1 =1,...,m. If Ris an integral domain, any U-factorization of 0 has
the form 0 = (ay - - - a,)(0).

For a € R, put L(a) = sup{n | a = a1 - - - a,, is a factorization of a}.
So (1) L(a) =0 < a is a unit, (2) L(0) = cc and (3) L(a) < oo = a is
a product of irreducibles and then L(a) = sup{n | a = a1 - - - a,, each
a; is irreducible}. Note that R is a BFR if and only if L(a) < oo for
each 0 # a € R.

For a nonunit @ € R put Ly(a) =sup{m | a = (a1 an)(by - bm)
is a U-factorization of a}. Note that for a nonunit a € R, a = ( )(a),
so Ly(a) > 1. For a € U(R), we define Ly(a) = 0. Since each U-
factorization of a is a factorization of a, we have Ly(a) < L(a). We
say that a is U-bounded if Ly(a) < oo and that R is a U-BFR if each
nonzero element of R is U-bounded (note that we are not assuming that
a U-BFR is atomic). Clearly a BFR is a U-BFR, in fact, a U-BFR is
a BFR if and only if it is présimplifiable (see Theorem 4.2). Note that
Zy; ® Zs is a U-BFR (for Ly ((0,1)) = Ly((1,0)) = 1), but is not a
BFR. The following theorem gives several characterizations of BFR’s.

Theorem 4.2. For a commutative ring R the following conditions
are equivalent.

1. R is a BFR.

2. R is présimplifiable and for 0 # a € R, there is a fized bound on
the lengths of chains of principal ideals starting at Ra.

3. R is présimplifiable and a U-BFR.

4. For each nonzero nonunit a € R, natural numbers Ni(a) and
Ns(a) exist so that if a = (a1~ an)(b1---by) is a U-factorization of
a, then n < Ni(a) and m < Na(a).

5. There is a function I : R — N U {oo} that satisfies (i) l(a) =
o0 < a=0, (ii) l(a) =0 < a € U(R) and (iii) [(ab) > l(a) + 1(b) fo
a,beR.
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Proof. (1) = (2). Clearly a BFR is présimplifiable. If Ra = Ray C
-+ C Ra, # Ris a proper ascending chain of principal ideals, then each
a; = r;a;4+1 where r; is a nonunit. Hence a = a1 = rias = rirsas =
=711 rpo1an. Son < Lia) < oo.

(2) = (3). Let a be anonzero nonunit of R. Ifa = (ay -+ -ay)(by - -
is a U-factorization of a, then Ra = Rby -+ by, & Rby -+ byp1 & -+ -
Rb1by C Rby. Thus Ly (a) < oo.

(3) = (4). Let a be a nonzero nonunit of R. Since R is présimplifiable,
a U-factorization of @ has the form a = ( )(by---bs,). Hence we can
take Ni(a) =0 and Na(a) = Ly (a).

(4) = (1). Let a be a nonzero nonunit of R. Let a = a1 ---a, be
a factorization of a. Then a = ay---a, can be rearranged to a U-
factorization, say a = (as, - - - as,)(as,,, - -~ as,) is a U-factorization of
a. Then n =i+ (n—1i) < Ny(a)+ Na(a). Hence L(a) < Ny(a)+ Na(a).

(1) = (5). Take l(a) = L(a).

(5) = (1). Let a be a nonzero nonunit of R, and let a = a; - - - a, be
a factorization of a. Then I(a) = l(a1---an) > l(a1) + -+ + l(an) >
1+ --+1=mn. Hence L(a) < l(a) < oco. O

S
NS

Concerning (4) of Theorem 4.2, note that R is présimplifiable if
and only if for each nonzero nonunit ¢ € R a natural number Ny (a)
exists so that if a = (ay -+ ay) (b1 -+ - by,) is a U-factorization of a, then
n < Ni(a).

Theorem 4.3. Let R be a commutative ring and S a regular
multiplicative set of R such that R C Rg 1is weakly inert. If R is a
BFR, then Rg is a BFR.

Proof. Suppose Rg is not a BFR. Let a € Rg be a nonzero nonunit
with L(a) = co. After suitable multiplication by an element of S we
can assume a € R.

Suppose we have a factorization @ = z1---x, of a in Rg. Since
R C Rg is weakly inert, we can write a = (ziu1)(ze---zu’)
where xiuq, s - --xnufl € R and u; € U(Rg). Now zo---xpu; =
mg(x3-~-a:nu1_1) so there is a ugs € U(Rg) with zous € R and
T3 - -aznul_luz_1 € R. Continuing, there are units uq,... ,up—1 € Rg
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with 1wy, ..., Tp_1Un_1, xnufl . 'ugfl € R. Hence a = (z1u1)(z2us2)
(Tt ) (zpupt - ous ) is a factorization of a in R of length n.

Hence, L(a) = o0 in R, a contradiction. O

The following proposition uses the functions L and Ly to characterize
two forms of irreducibility.

Proposition 4.4. Let a € R, R a commutative ring with identity.
1. a is irreducible < Ly(a) = 1.

2. For a #0, a is very strongly irreducible < L(a) = 1.

Proof. (1) («<). Suppose Ly(a) = 1. Let a = bc where b and ¢
are nonunits. By Proposition 4.1, we get the following possible U-
factorizations: a = ( )(bc), a = (b)(c) or a = (¢)(b). Since Ly (a) = 1,
the first situation cannot occur. So a = (b)(c¢) which implies (a) = (¢)
or a = (¢)(b) which implies (a) = (b). So a is irreducible.

(=). Assume that a is irreducible. Let a = (aq---a,)(by -+ by) be
a U-factorization of a. Hence (a) = (b1 by) = (b1) -+ (bm), so say
a) = (bl) Hence, it m > 1, (a) = (bl . bm) - (b1 . 'bm—l) - (bl) =
a), a contradiction.

—~

(2) For a # 0, L(a) =1 < a = be implies b or ¢ € U(R) < a is very
strongly irreducible. o

We next wish to show that for R atomic and a € R, Ly (a) = sup{m |
a = (ar---ap)(by - by) is a U-decomposition of a}. We need the
following lemma.

Lemma 4.5. Leta € R be a nonunit, and leta = (a1 -+ an)(by -+ by)
be a U-factorization of a.

1. If a; = ala] with al,al nonunits, then a = (a1 - - a;_1a}a] aip1 -

an)(by -+ by) is a U-factorization of a.
2. If b; = bb with b, b! nonunits, then at least one of

(a) @ = (a1~ an)(by -+ by 1B b+ byn)
(b) a=(ay---anb})(by---bi—1b{biy1---bm)
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(C) a = ((11 e anb;’)(bl e biflbgbprl e bm)
1s a U-factorization of a.
3. Fori<j,a= (a1 --a;---a; - an(aa;))(br---by) and

a = (a1--ap)(by---b;-- 'ZA)]- b (b)) are U-factorizations of a.
Hence a = ((a1---an))(by---bm) is a U-factorization of a.

Proof. (1) a;i(by---by) = (b1-+-by) and cla; = c(by - by) =
(blbm)

(2) Suppose that the decomposition in 4.5 (2a) is not a U-factorization.

Hence b; S U(bl s bi—lbli/bi-i-l s bm) or b;/ € U(bl - 'bi—lb;bi-i-l cee bm)
Assume the former; so b;(by - --bi—1b/biy1 -+ b)) = (by -+ bi—1b/biy1

s bm) Hence (bl ce bi—lbibi+1 s bm) = (bl ce bi_lb;/b“_l ce bm) So
a;(by -+ bi—1blbig1 - by) = ai(br---bi—1bibiy1 -+ b)) = (b1 -+ bi_1b;
“big1- b)) = (by---bi—1b/biy1- - by,). Therefore a = (a1---anbj)
<(by -+ bi—1bbiy1 - - by,) is a U-factorization of a unless b}/ (by -~ b;—1 -
bi+1 s bm) = (bl L bi—lbi+1 L bm) But then (bl s bi—lbi—i-l s bm) =
(bl cee bi_lb;/b“_l ce bm) = (b1 s bi—lbibi-i-l ce bm)7 a contradiction.

(3) Clear. o

Theorem 4.6. Let R be a commutative ring with identity. Suppose
that R is atomic, respectively strongly atomic, very strongly atomic, m-
atomic, p-atomic. Let a be a nonunit of R. Then Ly(a) = sup{t|a =
(a1 ---as)(by---by) is an irreducible, respectively strongly irreducible,
very strongly irreducible, m-irreducible, prime-U-factorization of a}.

Proof. We do the atomic case; the other cases are similar. Since
each U-decomposition of a is a U-factorization of a, we have Ly (a) >
sup{t | a = (a1---ay)(by---b;) is a U-decomposition of a}. Let

a = (ar---ap)(by---by) be a U-factorization of a. After factoring
each a;,b; into irreducibles, repeated applications of Lemma 4.5 give
a U-decomposition a = (c¢1---¢s)(dy---di) where t > m. Hence

sup{t | @ = (a1---an)(b1---b:) is a U-decomposition of a} > Ly(a),
and so we have equality. ]

Corollary 4.7. Suppose that R is atomic. Then R is a U-BFR if



14 A.G. AGARGUN, D.D. ANDERSON AND S. VALDES-LEON

and only if for each nonzero nonunit a € R a natural number N(a)
exists such that, for each U-decomposition a = (a1 ---ay)(by -+ bm) of
a, m < N(a).

We next consider direct products of rings.

Lemma 4.8. Let Rq,..., R, be commutative rings, and let R =
Ry x -+ X R,.

1. Let a € R be a nonunit, and let a = (a1 ---as)(by---by) be a
U-factorization of a. Then a has a U-factorization a = (a} ---al,) (b}
-+ bl ) where mn > m/ > m and each a;,bg- € Ry X -+ X R,, has all
coordinates except one equal to 1g,, for the appropriate Ry,.

2. Leta = (a1,...,an) € Ry X +-+ X R,. Then Ly(a) < Ly(a1) +
P + LU(an)‘

Proof. For ¢ = (c1,...,¢p) € Ry X --- x Ry, put ¢ = (1,...,1,¢,

1,...,1). Soc = c¢M...c each ¢? has at most one coeffi-
cient a nonunit, and if ¢ is a nonunit at least one ¢¥ is a nonunit.
In the U-factorization a = (a1---as)(b1---by), factor each a;,b;

into the agk),bg»k)’s. By Lemma 4.5, a has a U-factorization a =
(af---al)(b)---b,,) where each factor has all coordinates but one
equal to 1 and that coordinate is a nonunit and m < m’ < mn.

(2) If a is a unit, the result is obvious. So assume that a is a nonunit.
Let a = (c1---¢s)(dy -+ - di) be a U-factorization of a. By (1), there is
a U-factorization a = (¢} -+~ ¢}, )(dy - -~ d},) where t' > ¢ and each ¢}, d;
has exactly one coordinate not equal to 1. Let N; be the number of
d;’s that have a nonunit in the ith coordinate. So Ny +--- + N,, = t.
If a; is a unit, then N; = 0 = Ly(a;). So suppose a; is a nonunit.
Now a; = ¢}, -+~ ¢l dy; - - - diy; where c; and d); are the ith coordinates
of ¢ and d}, respectively. After removing the c;’s and d},’s that are
units, we get a U-factorization a; = (cj,; -~ ¢j ;) (dj ;- ~d§€Nii). Hence
N; < Ly(a;). Sot <t =Ny + -+ N, < Ly(ar) + - - + Lu(an).
Hence Ly(a) < Ly(ai) + -+ Ly(an). O

Theorem 4.9. Let Ry, ..., R, be commutative rings, n > 1, and let
R=Ry x--+-xR,. Then R is a U-BFR < each R; is a U-BFR and
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Og, @s U-bounded. Hence, Or is U-bounded.

Proof. (=). Let a € R; be a nonunit, possibly 0, and let a =
(a1---an)(by---by) be a U-factorization of a. For ¢ € R;, put
¢c=1(1,...,1,¢1,...,1) € Ry X -+ X R,, where each coordinate is 1
except for the ith coordinate which is ¢. Now @ = (dy - - - @n)(by - - by
is easily seen to be a U-factorization of a. Hence, m < Ly (a). So R; is
a U-BFR and Og, is U-bounded.

(«<). This follows from Lemma 4.8(2).

The last statement also follows from Lemma 4.8(2). O

Corollary 4.10. Let R be a U-BFR. If R is not indecomposable,
then 0 is U-bounded.

Proof. If R is not indecomposable, we can decompose R into a direct
product R = R; X Ry. By Theorem 4.9, 0 is U-bounded. a

Corollary 4.11. A finite direct product of BFD’s is a U-BFR.

Proof. Let D, ..., D, be BFD’s. Since each D; is an integral domain,
Ly (0p,) =1 (Proposition 4.4 or note that in an integral domain a U-
factorization of 0 has the form 0 = (a1 ---a,)(0)). By Theorem 4.9,
Dy x---x D, is a U-BFR. o

However, as the next example shows, in an indecomposable U-BFR
R, 0 need not be U-bounded. This example also shows that a finite
direct product of BFR’s need not be a U-BFR.

Example 4.12 (A quasilocal BFR in which 0 is not U-bounded).
Take R = k[[X,Y]] ® N (idealization) where k is a field and N =
®{k[[X,Y]]/(p) | (p) is a height-one prime ideal of k[[X,Y]]}. Now

" ((X,)Y)® N)™ = 0, so R is a quasilocal BFR. Let {p;} be a
countable set of nonassociate nonzero primes of k[[X, Y]], and let e,, =
Li(x,v7)/(ps) i V. Then (0,0) = ()((p1,0) -~ (pn, 0)(0, €p, +- - +e€p,))
is a U-factorization of (0,0). Also, by Theorem 4.9, R x R is not a U-
BFR.
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Theorem 4.13. Let R be a U-BFR. Then R is a finite direct product
of indecomposable U-BFRs.

Proof. We may assume that R is not indecomposable, so let R = R; x
Rs. Let a = (1,0) € Ry X Ry. Suppose Ry = 51 X -+ X S, and let f; =
(1,...,1,0,1,...,1) € S; x --- x S; where each coordinate is 1 except
for the ith coordinate which is Os,. Then a = ( )((1, f1)--- (1, f+))
is a U-factorization of a. Hence ¢ < Ly(a). Thus Ry is a finite direct
product of indecomposable rings. Likewise, R; is a finite direct product
of indecomposable rings. By Theorem 4.9, each of the indecomposable
factors is a U-BFR. O

The proof of Theorem 4.13 yields the following result.

Corollary 4.14. Let R be a commutative ring with Ly (0) < oo.
Then R is a finite direct product of indecomposable rings R;, R =
Ry X -+ X R, with each Ly (0g,) < 0.

Proof. Let R = S1 x --- x S;. In the notation of the proof of
Theorem 4.13, note that 0 = ( )(f1--- fi) is a U-factorization of 0 in
R. Hence t < Ly(0). So R is a finite direct product of indecomposable
rings, say R = Ry X --- X R, where each R; is indecomposable.
Suppose in R;, Or, = (a1 -+ a,)(by---by) is a U-factorization. Then
Or = ((a1,0,...,0) -+ (an,0,...,0)((b1,0,...,0) -+ (b, 0,...,0)) is
a U-factorization of Or in R. Hence, m < Ly (0g). Thus Ly(Og,) <
LU(OR). [}

We next show that any Noetherian ring is a U-BFR. We need two
lemmas.

Lemma 4.15. Let R be a commutative ring, a € R, and B an tdeal
of R with B C (a). Then for a+ B € R/B, Ly(a+ B) > Ly(a).

Proof. If a is a unit, then Ly(a + B) = Ly(a) = 0. So assume
a is a nonunit. Let a = (a1 ---a,)(by--by) be a U-factorization

of a. Then in R/B, @ = @y ---Gpby---b, and each factor is a
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m)
and Bi(gl...bi...(_,m) = (Bl"'Ei"'bm) = (bybp) = (by- b

Lemma 4.16. Let R be a commutative ring and A an ideal of R with
A=Q1N---NQ, where Q; is P;-primary. Suppose that P;* C Q;. Let
t1,... ,tm € R with ty---t,, € A. Then some subproduct of t1 - --t,, of
length at most s1 + -+ + s, lies in A.

Proof. Let t;,,...,t;, be the t;’s that lie in P;. If s > s;, then
tiyoti, € P’ C Q. So suppose s < s;. Let ti=1I{t; | 7 ¢
{’L‘l,..‘ ,is}}, SO t_l ¢ Pz and til . tht_z = tl tm S QZ Since Ql is
Pj;-primary, t;, ---t;, € ;. So in either case we have a subproduct
tiy - -tiy, of t1-- -ty of length k; < 's; that lies in @;. Let t = [1{t; |
jeur {i1,... ik, +}. Then tis a subproduct of ¢; - - -¢,, of length at
most k1 +---+ky, < 8$1+---+ 8, which liesin Q1 N---NQ,, = A. a

Theorem 4.17. Let R be a Noetherian ring. Then R is a U-BFR
with Og U-bounded.

Proof. 1t suffices to prove that Ly (0) < co. For then if @ € R is a
nonunit, Lemma 4.15 gives that Ly (a) < Ly(a+ (a)) = Lu(0g/)) <
oo (since R/(a) is Noetherian). Let 0 = Q1 N --- N @, be a primary
decomposition of 0 where @; is P;-primary and P;* C ;. Let
0= (ay--an)(by---by) be a U-factorization of 0. Then by ---b,, =0
but bl---I;i---bm #0fori=1,...,m. Suppose that m > s1+---+s,.
Then by Lemma 4.16 some proper subproduct of by ---b,, is 0, a
contradiction. Hence Ly (0) < 81+ -+ + sp. o

The proof of Theorem 4.17 shows that if R is a commutative ring in
which 0 has a strong primary decomposition (i.e., 0 = Q1 N---NQy
where @Q); is P;-primary and P C @, for some s; > 1), then Og is U-
bounded and that a strongly Laskerian ring (or more generally, a ring
in which every principal ideal has a strong primary decomposition) is
a U-BFR. Thus, Example 4.12 was chosen as a BFR in which 0 does
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not have a primary decomposition. Hence, while every Noetherian ring
R is a U-BFR, R is a BFR < R is présimplifiable [10, Theorem 3.9].
We next give an example of a Noetherian U-BFR which is not a finite
direct product of BFR’s.

Example 4.18 (A Noetherian U-BFR that is not a finite direct
product of BFR’s.) Let R = k[z,y] = k[X,Y]/(XY) where k is a field.
Now R is not présimplifiable since 2(1 4+ y) = x # 0, but 1 4 y is not
a unit. Hence R is not a BFR. Since R is indecomposable, R is not a
finite direct product of BFR’s.

5. Finite factorization rings. Let R be a commutative ring with
identity. Recall from [10] that R is a finite factorization ring (FFR) if
every nonzero nonunit of R has only a finite number of factorizations up
to order and associates; R is a weak finite factorization ring (WFFR)
if every nonzero nonunit of R has only a finite number of nonassociate
divisors, and R is an atomic idf-ring if R is atomic and each nonzero
element of R has at most a finite number of nonassociate irreducible
divisors. Clearly if Ris an FFR, then R isa WFFR, and if R is a WFFR
then R is an atomic idf-ring. But Zs x Zs is a WFFR that is not an
FFR, consider (0,1) = (0,1)", and Z) X Z) is an atomic idf-ring
that is not a WFFR, consider (0,1) = (0,1)(2,1)™. In [10, Proposition
6.6], it was shown that the following conditions on a commutative ring
R are equivalent: (1) R is an FFR, (2) R is a BFR and WFFR, (3) R
is présimplifiable and a WFFR, (4) R is a BFR and an atomic idf-ring,
and (5) R is présimplifiable and an atomic idf-ring. In [11, Theorem
1.7] we proved that if R[X] is an atomic idf-ring or R[[X]] is a WFFR,
then either R is an integral domain or R is a finite local ring. For a finite
local ring R, R[X] and R[[X]] are both BFR’s. So R[X] (respectively,
R[[X]]) is an FFR if and only if R[X] (respectively, R[[X]]) is an atomic
idf-ring. We give a partial answer to the question of when R[X] or
R[[X]] is an FFR for R a finite local ring.

Theorem 5.1. Let (R, M) be a finite local ring with a,b € M such
that Ra and ann (b) are not comparable. Then R[X] and R[[X]] are not
FFRs.
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Proof. Since Ra ¢ ann (b), ab # 0. Choose ¢ € ann (b) — Ra. Then
for 1 < n < m,0# ab = (a+cX™)b = (a+ cX™)b. Suppose
a+cX™ ~a+cX™. So since R[X] and R[[X]] are both présimplifiable
for R a finite local ring, (a + ¢X™)I(X) = a + ¢X™ where [(X) is
a unit of R[X] or R[[X]]. In either case, [(0) is a unit of R. Then
a(l(X) —1) = cX™(—I(X) + X™ ™). Hence, ¢ € Ra, a contradiction.
]

Thus for R = k[X1, Xo,...,X,]/(X1,...,X,)™ where k is a finite
field and n > 2 and m > 3, R[X] and R[[X]] are not FFR’s since RX
and ann (X3) are not comparable. On the positive side, we show that
it is possible for R[[X]] to be an FFR for some finite local rings R.
We need the following lemma. Recall that for a polynomial f € R[X]
or power series f € R[[X]], A; is the ideal of R generated by the
coefficients of f.

Lemma 5.2 (Weierstrauss preparation theorem) [12]. Let (R, M) be
a complete local ring. Let f € R[[X]] with Ay = R. Suppose n is the
degree of the first power of X whose coefficient is a unit. Then f = pu
where p = ag + a1 X + -+ 4+ a1 X"t + X" with each a; € M and
u € R[[X]] is a unit.

Theorem 5.3. Let (R, M) be a finite local ring. If either R is an
SPIR or M? =0, then R[[X]] is an FFR.

Proof. Let f € R[[X]] be irreducible. Suppose that Ay = R. So, by
Lemma 5.2, f = pu where p=ag+ a1 X 4+ -+ a1 X" ' + X" where
ag,--- ,ap—1 € M and n is the degree of the first power of X whose
coefficient is a unit in R and v € U(R[[X]]). So if ap = 0, f ~ X.
Suppose Ay # R. If M? =0, f is irreducible < f(0) = ag # 0 and if
R is an SPIR, f is irreducible < f ~ ¢ where M = (q).

(1) Case M? = 0. Let f € R[[X]] be a nonzero nonunit. First
suppose Ay = R. Since g|f = A, = R, a factorization of f into
irreducibles has the form X®p; ---p;u where 0 <'s, 0 < ¢, each p; is a
polynomial (irreducible as a power series) with leading coefficient 1, and
u € U(R][[X]]). Note that n = s+degp1+- - -+degp; is the order of the
first term of f having a unit coefficient. Hence, for each i, degp; < n.
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However, the number of polynomials in R[X] of degree < n is finite, so
the number of nonassociate irreducible factors of f is also finite. Next
suppose that Ay C M. Then f = X®p;---p,g, where 0 < s, p1,...,p;
are as above and g € RJ[[X]] is irreducible with 0 # ¢(0) € M and
Ay C M. Nowpy--pr=by+b1 X+ +b,_1 X" ' + X" where each
bi € M and n = degp; +--- +degp;. So f = X%p1---pg = X5Tg.
Hence g = X 7*7"f is uniquely determined. Hence R is an FFR.

(2) Case (R,(q)) is an SPIR. Let f € R[[X]] be a nonzero nonunit.
o) :q' where + = R. Let 79 be the order of the first unit
So f *f" where Aj R. L be th d f the fi
coefficient of f’. So if f” € R[[X]] is irreducible with A;» = R and
, then the first unit coefficient o as order n < 1g. o)
| f, th he fi i ffici f f” h d io. S
f'~ag+ar X+ + a1 X" '+ X" where ag, ... ,a,—1 € M and
n < iy. But there are only finitely many such polynomials. u]
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