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INVERSION OF THE DUNKL INTERTWINING
OPERATOR AND ITS DUAL
USING DUNKL WAVELETS

KHALIFA TRIMECHE

ABSTRACT. We consider in this work the Dunkl intertwin-
ing operator V;, and its dual 'V}, on R%. Using these operators
we give relations between the Dunkl continuous wavelet trans-
form on R? and the classical continuous wavelet transform on
R?, and we deduce the formulas which give the inverse oper-
ators of Vj, and *V.

1. Introduction. We consider the differential-difference operators
T;,5=1,2,...,d, on R? introduced by Dunkl in [3] and called Dunkl
operators in the literature. These operators are very important in pure
mathematics and in physics. They provide a useful tool in the study of
special functions with root systems [2, 4, 6] and they are closely related
to certain representations of degenerate affine Hecke algebras [1, 16];
moreover, the commutative algebra generated by these operators has
been used in the study of certain exactly solvable models of quantum
mechanics, namely, the Calogero-Sutherland-Moser models which deal
with systems of identical particles in a one-dimensional space, (see [8,
11, 13]).

Dunkl has proved in [5] that a unique isomorphism Vj, exists from
the space of homogeneous polynomials P,, on R? of degree n onto itself
satisfying the relations

0 .
(1) Tij—VkaTj, J—1,2,...,d
and
(2) Ve(l) = 1.

This operator is called the Dunkl intertwining operator.
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Rosler has considered this operator and has proved in [19] that for
each € R? a probability measure y, exists on R? with support in
the closed ball B(0, ||z||) of center 0 and radius ||z|| such that, for all
polynomials p on R?, we have

Vi(p) (z) = / p(v) dpa(v).

Rd

Next Trimeche has extended in [24] the operator Vj to an isomor-
phism from £(RY), the space of C>°-functions on R%, onto itself satis-
fying the relations (1) and (2) and has shown that, for each x € R¢,
a unique distribution 7, exists in £&'(RY), the space of distributions on
R of compact support, with support in B(0, ||z||) such that

(Vi)' (N)(@) = (ney £, [ € ERY.

We have studied also in [24] the transposed operator ‘Vj of the
operator Vi, and we have proved that it has the integral representation,
for all y € R,

ViH) = [ F@)dn), feDRY,

where v, is a positive measure on R with support in the set {z € R? :
lz|l > |ly||} and f in D(R?), the space of C*-functions on R with
compact support. This operator is called the dual Dunkl intertwining
operator.

We have proved in [24] that the operator !V}, is an isomorphism from
D(RY) onto itself, satisfying the relations, for all y € R,

0

Vi(Tif)(y) = 8—%%(1’)(9), i=1,2,....d,

and we have shown that for each y € R? a unique distribution Z, exists
in S'(R%), the space of tempered distributions on R?, such that

(Vi) (N = (Zy. f), feDR).

The purpose of this paper is to establish for the Dunkl intertwining
operator V;, and its dual *V}, the following results.
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(i) We define and characterize spaces of functions other than £(R?)
and D(R?) on which these transforms are bijective.

(ii) We give the following inversion formulas for Vj and V) on some
spaces of functions

F=VikK'Vi(f), [ =KViVa(f),
f="VikpVi(f), f=KpVi'Vi(f),
where IC and Kp are pseudo-differential operators.

(iii) We define and study the Dunkl continuous wavelet transform
on R? and we prove for this transform a Plancherel and an inversion
formula.

(iv) We obtain formulas which give the inverse operators kal and
(*V3)~! using Dunkl wavelets.

Analogous results to the precedent have been studied in the case of
differential operators and partial differential operators, (see [22, 23]).

The content of this paper is as follows:

In the first section we give results on the Dunkl operators and on
their eigenfunction called the Dunkl kernel.

We define in the second section the Dunkl intertwining operator V
and its dual 'V}, and we give their main properties.

We study in the third and fourth sections the harmonic analysis
associated with Dunkl operators (Dunkl transform, Dunkl translation
operators and Dunkl convolution product).

In the fifth section we give spaces other than £(R?) and D(R?) on
which the Dunkl intertwining operator V4, and its dual tV}, are bijective,
and we establish inversion formulas for these operators.

We define and study in the sixth section Dunkl wavelets and the
Dunkl continuous wavelet transform, and we give for this transform
Plancherel and inversion formulas.

Using Dunkl wavelets we obtain in the last section formulas which
give the inverse operators of the operators Vj, and V.

1. The eigenfunction of the Dunkl operators. In this section
we collect some notations and results on Dunkl operators and the Dunkl
kernel, (see [4, 5, 7, 9, 10]).
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1.1 Reflection groups, root systems and multiplicity functions. We
consider R? with the Euclidean scalar product (-,-) and ||z|| = \/(z, 7).
On C% |-,-|| also denotes the Hermitian norm, while (z,w) =

d __
> =1 %W;-

For a € R4\ {0}, let o, be the reflection in the hyperplane H, C R
orthogonal to a, i.e.,

(L1) oal@) = & — (2(a,2)/[a]2)a

A finite set R C R\ {0} is called a root system if RNR - a = {£a}
and o,R = R for all « € R. For a given root system R the reflections
Oy @ € R, generate a finite group W C O(d), the reflection group
associated with R. All reflections in W correspond to suitable pairs of
roots. For a given 8 € R?\ UyerH,, we fix the positive subsystem
Ry ={a € R: (a,) > 0}, then for each « € R either « € R+ or
- € R+.

A function k£ : R — C on a root system R is called a multiplicity func-
tion if it is invariant under the action of the associated reflection group
W. If one regards k as a function on the corresponding reflections, this
means that k is constant on the conjugacy classes of reflections in W.
For abbreviation, we introduce the index

(1.2) v=7(R)= ) k(o).
a€ER

Moreover, let w; denote the weight function

(1.3) w(r) = [T Ha,z) P,

a€ERy

which is W-invariant and homogeneous of degree 2+.

For d = 1 and W = Z,, the multiplicity function k is a single
parameter denoted v > 0 and, for all z € R,

(1.4) wi(z) = |2[*.

We introduce the Mehta-type constant

(1.5) Cp = </R e lel* 0wy (2) dx)_l,
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which is known for all Coxeter groups W, (see [3, 14, 16]).

1.2 Dunkl operators and Dunkl kernel. The Dunkl operators T},
j=1,...,d, on R% associated with the finite reflection group W and
multiplicity function k, are given for a function f of class C! on RY by

(1.6)  Tjf(x) = %f(;p)+ Y™ k(a)ay LB~ I0a(@))

ch, (a, )

In the case £ =0, the T}, j = 1,2,... ,d, reduce to the corresponding
partial derivatives. In this paper we will assume throughout that k£ > 0
and v > 0.

For f of class C! on R? with compact support and ¢ of class C* on
R¢, we have

(1.7) Lﬂf@)g(w)w@)dw:— F@)Tyg()wy(x) dz,

For y € RY, the system

{Tju(x,y) =yu(z,y) j=12,...,d

(1.8) w(0,y) = 1

admits a unique analytic solution on R?, denoted by K(x,y) and
called Dunkl kernel. This kernel has a unique holomorphic extension
to C4 x C?.

Example. If d =1 and W = Zy, the Dunkl kernel is given by

(19) K(Z,t) = j’yfl/Q(iZt) + j’7+1/2(i'2t)7 z,t € C7

2t
2v+1
where for o > —1/2, j, is the normalized Bessel function defined by

Ja(u)

ua

Ja(u) =2°T(a+1)

(1.10) o0

—1)"(u/2)%"
_F(a+l)2%, u € C,

n=0
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with J, is the Bessel function of first kind and index «.
The Dunkl kernel possesses the following properties.

i) For all z,t € C?% we have K(z,t) = K(t,z); K(2,0) = 1 and
K(Az,t) = K(z,At) for all A € C.

ii) For all v € Z¢, z € R? and z € C%, we have
(1.11) |DYK (z, 2)| < |||V exp[max (wz, Re 2)].
we

In particular,

(1.12) IDYK (2, 2)] < [l exp[|lz]|Re 2],
(1.13) |K (2, 2)| < expl[|z[[[[Re z]],

and, for all 2,y € R%:
(1.14) |K (iz,y)| < 1,

with DY = (01 )9z} - 02%) and |v| = v1 +va + -+ + -+ + 14
iii) For all z,y € R? and w € W, we have

(1.15) K(—iz,y) = K(iz,y) and K(wz,wy)= K(z,y).

iv) The function K (x,z) admits for all z € R? and z € C? the
following Laplace type integral

(1.16) Koo = [ e du.(o).

where i, is a probability measure on R? with support in the closed
ball B(0,||z||) of center 0 and radius ||z||, (see [19]).

Remark. When d = 1 and W = Zg, for all x € R%\{0}, the relation
(1.16) is of the form

|z
(1L17) K(z.2) = %WV / (o= ol e
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Then, in this case, for all z € R%\{0}, the measure p, is given by
dpe(y) = k(z,y) dy with
~ D(y+1/2)

(1.18) w(z,y) = W\xl‘”(lx\ =) 2]+ 9) L= ol (0)

where 1)_ || || is the characteristic function of the interval |—|x|, || [.

We remark that by change of variables the relation (1.17) takes the
following form, for all z € R4, for all z € C¢,

(1.19) K(z,2) = % [1et$2(1 — )1+ t) dt.

2. The Dunkl intertwining operator and its dual.

Notations. We denote by C(RY), respectively C.(R%), the space
of continuous functions on R?, respectively with compact support;
CP(RY), respectively CP(R?), the space of functions of class C” on R,
respectively with compact support; £(R?), the space of C'*°-functions
on R%; D(R?), the space of C*°-functions on R with compact support;
S(RY), the space of C*°-functions on R which are rapidly decreasing
as their derivatives. We provided these spaces with the classical
topology.

We consider also the following spaces. £'(R?), the space of distribu-
tions on R? with compact support. It is the topological dual of £(R%);
S’(R?), the space of tempered distributions on R%. It is the topological
dual of S(R?).

The Dunkl intertwining operator V4 is defined on C'(R?) by

(2.1) Vi(f)(z) = " f(y) dua(y),

where (i, is the measure given by the relation (1.16), (see [24]).
We have, for all x € R?, for all z € C,

(2.2) K(x,z) = Vi(el¥) ().
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The operator 'V}, satisfying for f in C.(RY) and g in C(R?), the
relation

23 [ M@= [ V@@ @) d.

Rd

is given by

(2.4) V() = () dvy (),
Rd

where v, is a positive measure on R? with support in the set {z €
R?: ||z|| > ||ly/|}. This operator is called the dual Dunkl intertwining
operator, (see [24]).

The following theorems give some properties of the operators Vi and
Vi, (see [24]).

Theorem 2.1. i) The operator Vi is a topological isomorphism from
E(RY) onto itself satisfying the relations, for all z € R?,

(25) ijk<f><x>—vk(aixj ><x>, j=12...d feERY).

ii) For each x € R?, a unique distribution n, in E'(R?) exists with
support in the closed ball B(0, ||z||) of center 0 and radius ||x|| such
that, for all f in E(R?), we have

(2.6) Vi {()(@) = (s, £).

Theorem 2.2. i) The operator 'V}, is a topological isomorphism from
D(RY), respectively S(RY), onto itself, satisfying the relations, for all
y € RY,

@7 (D)) = aiyth(f)(y), j=1.2.....d, f € D(RY).
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ii) For each y € R%, a unique distribution Z, exists in S'(R?) with
support in the set {x € R : ||z > ||y||} such that for all f in D(R?),
we have

(2.8) (V)T ) = (Zy, ).

Ezamples. 1) When d = 1 and W = Zj, the Dunkl intertwining
operator V} is defined by (2.1) with & given by the relation (1.18). We
have shown in [15] that it can also be written for all f in £(R), in the
form, for all z € R,

(29) V(D)) =Ros1plf)@) SRl (o)),

where f., respectively fo, the even, respectively the odd, part of
[, Ry_1/2 the Riemann-Liouville integral transform defined for all even
C*>-function g on R by, for all » > 0,

210) Romayalo)) = T [Cge -y tar

(see [23, pages 26-27] and [21, page 74]), and I the operator given by,
for all z € R,

||

(2.11) I(fo)(x) = fo(t) dt.

0

Using properties of the transform R.,_/5, we prove that the inverse
operator V,;l can be written for all f in £(R), in the following form,
for all x € R,

(212) V@) =R (@) + TR f0)(@)

It is an integro-differential operator.

The dual Dunkl intertwining operator 'V} is defined by (2.4) with
dvy(z) = k(z,y)wr(x)dz,where k and wy given respectively by the



898 K. TRIMECHE

relations (1.18) and (1.4). It can also be written for all f in D(R), in
the form, for all y € R,

(213) () = Wyt a(f)(y) + diny—mJ(fo)(y),

where W, _; /5 is the Weyl integral transform defined for all even C'>°-
function g on R with compact support, by, for all ¢t > 0,

2l(y+1/2) [~ A2 — 271 dr
S /tg< )2 — 2 d

(see [23, pages 41-50] and [21, pages 81, 85]), and the operator J is
given by, for all z € R,

(2.15) Ia)ie) = [ " folt).de

From properties of the transform W, _;,, we deduce that the inverse
operator (‘V},)™! possesses for all f in D(R.), the following form, for all
y €R,

(2.14) W, _1/2(9)(t) =

210 (VD0 =W )0 + (1)) )

It is also an integro-differential operator.

2) The Dunkl intertwining operator Vi of index v = Z 0, 05 >0,
associated with the reflection group Zs x Zg x --- x Zs on R? is given
for all f in £(RY) by, for all z € R,

o= (5)

i=1

(2.17)

d
></ f(timy, toxs, ...  taxy) H (1=t (14-t;)dty - - - dtg,
[_171]d =1

(see [26]). It can also be written in the form, for all x € RY,

(2.18) Vi(f)() = (Vi)' © (Vi)* @ -~ @ (Vi) (f) (),
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where for all g in £(R) we have, for all z; € R,

4 1
)i ta)(e) = = [ gaiag 1= )t )

Using the results of the previous example, we determine the inverse
operator V; ', the dual operator 'V}, and its inverse (‘1) 1. We deduce
from (2.12) and (2.16) that the operators V, ' and (*Vj;,) ! are integro-
differential operators. We remark that if one or many «; is equal to
zero, we replace the corresponding (V4)® in the definition (2.18) of the
operator Vi by the operator identity.

3. Dunkl transform. In this section we define the Dunkl transform
and we give the main results satisfied by this transform, (see [5, 9, 10,
25)).

Notations. We denote by S°(R?) the subspace of S(R?) consisting
of functions f such that, for all v € N¢,

D" f(0) =0,
where for v = (vy,vs,... ,1vq) € N9,

|v]

=0

Ox* -+ 0z
and [v|=vi + -+ vy

So(R?) is the subspace of S(R?) consisting of functions f such that,
for all v € N¢,

(z)z¥ dx =0,
Rd
where for v = (v1,v9,... ,v4) € N? and = (21, 22,... ,24) € R?, we
v __ V1 v vq
have z¥ = 7" - 25> ------ .

SY(R?) is the subspace of S(RY) consisting of functions f such that,
for all v € N¢,

(z)m, (x)wi(x) dz = 0,
Rd
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where, for all z € R?,

u

o) =i () @),

where for v = (v1,vs,... ,v4) € N, we have v! = vylvp! - -4l

LY(R%Y), p € [1,400], the space of measurable functions on R% such
that

1/p
umm=(/'uuwwam¢0 <400, if1<p<too,
Rd

[[fllk,00 = esssup| f(z)] < +o0.
z€RY

H(C4) is the space of entire functions on C?¢ which are of exponential
type and rapidly decreasing.

We provide these spaces with the classical topology.

The Dunkl transform of a function f in D(R?) is given by, for all
y € RY,

(3.1) Fo(Ny) = | fl@)K(z, —iy)wy(z) do.
R
This transform has the following properties

i) For f in L} (R%), we have

(3.2) [ Fp(f)]

koo < | flk,1-

ii) Let f be in D(R?). If f~(x) = f(—x) and f,(z) = f(wx) for
z € R, w € W, then for all y € R%, we have

33)  Fp(f7)y)=Fp(f)ly) and Fp(fu)(y) = Fp(f)(wy).
iii) For all f in S(RY), we have

(3.4) Fo(f) = Fo'Vi(f),
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where F is the classical Fourier transform on R given by, for all
y € RY,

(35) FHw = | f@e ¥ de,  f DR,

Theorem 3.1. The transform Fp is a topological isomorphism from
D(R?) onto H(CY), from S(R?) onto itself, from SJ(R?) onto S°(R?).
The inverse transform is given by, for all x € RY,

Ci

36 Fp0@) = gty | M@K i) dy

Theorem 3.2. Let f be in LL(R?) such that the function Fp(f)
belongs to Li:(R®). Then we have the following inversion formula for
the transform Fp:

2
6D 10 =gk [ Fo DK ) du. o

Theorem 3.3. i) Plancherel formula for Fp. For all f in D(RY)
we have

33 [ WP = ks [ 1506 P

i) Plancherel theorem for Fp. The renormalized Dunkl transform
f — 27720, Fp(f) can be uniquely extended to an isometric iso-
morphism on L3 (R?).

From Theorem 3.1, the relation (3.4) and properties of the classical
Fourier transform F, we deduce the following result.

Theorem 3.4. The transform 'V}, is a topological isomorphism from
SY(R?) onto Sp(RY).
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Using Theorem 3.3 we obtain the following proposition.

Proposition 3.1. Let f and g be two measurable functions on R?
satisfying: p,q € N exist such that the functions (1 + ||z||?)"Pf and
(1+ [|x]|*)~9g belong to Li(R?). We suppose that for all ¢ in S(R?)
we have

(3.9) f(x)fD(U))(x)wk(x)dI:/ 9(@)p(z)wi(z) da.
Rd Rd

Then the function f belongs to L2(R?) if and only if the function g
belongs to L2(R?), and we have

(3.10) Fp(f)=g.

4. Dunkl translation operators and Dunkl convolution prod-
uct. In this section we define and study the Dunkl translation oper-
ators and the Dunkl convolution product, and we give some of their
properties, (see [25]).

4.1 Dunkl translation operators. The Dunkl translation operators 7.,
r € RY, are defined on £(R?) by, for all y € R,

(4.1) 2 f () = (Vi) (Vi)y (Vi)™ () (& + )],

where Vj is the Dunkl intertwining operator given by the relation (2.1).

In the following propositions we give some properties of the operators
Te, ¢ € RY.

Proposition 4.1. i) For all x € R%, the operator 7, is continuous
from E(R?) into itself.

ii) The function x — 7, is of class C*= on R%.

iii) For all z,y € R? and z € C? we have the product formula

(4.2) 7. K (y,2) = K(x,2)K(y, 2).
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iv) For all f in E(R?), we have

(43) Tzf(o) = f(‘r)7 Tzf(y) = Tyf(x)

(4.4) {TJ‘(wa)—Tx(ij) j=12....d,

(T])az(wa) = Tw(ij) Jj=12,... .d,

where T}, j =1,2,... ,d, are the Dunkl operators.
Proposition 4.2. Let f be given in E(RY). We put

(4.5) u(z,y) = 1. f(y)-

Then the function u is the unique solution of class C'°° with respect to
each variable of the system

{(Tj)xU(x,y) = (T)yulz,y) j=1,2,....d,

(4.6) u(z,0) = f(x).

Proposition 4.3. For f in D(RY) and x € R?, the function
y — Tof(y) belongs to D(R?), and we have, for all y € R,

(4.7) Fp(rf)(y) = K(iz,y) Fp(f)(y).

Remark. From the relation (4.7), which is also true for functions in
S(R?) and Theorem 3.1, we deduce that, for f in S(R?) and z,t € RY,

we have

2
48) () = gty [ Kl ) K 0F o) w)arly) dy

Rosler has given this relation in [18, page 535].
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In the following, we give definitions of the Dunkl translation operators
on the spaces LY (RY), p=1,2:

i) The relation (4.8) permits also to define the Dunkl translation
operators 7., € R?, on the space of functions f in L}(R?) such that
Fp(f) belongs to Li(R?).

ii) Using Theorem 3.3 we define the Dunkl translation operators 7,
z € RY, on L2(R?) by the relation

(49) fD(Tzf) = K(va)}—D(f)
The function 7, f belongs to LZ(R?), and we have

72 fll2 < 11 /]

k,2-

Remark. When d = 1 and W = Z,, Résler [17] has shown that the
Dunkl translation operators 7., x € R, possess the integral representa-
tion

el () = [R F(8) dpiay (1),

where pi, , is a finite signed measure on R, of total mass less than or
equal to 4, and supported in [—[z|—[yl, —|[=[ = [yl[]U[llz| = lyll, |=[ +[y]].

4.2 Dunkl convolution product. The Dunkl convolution product of
two functions f and g in D(RY) is the function f *p g defined by, for
all z € R,

(1.10) Froga) = [ mef=uatua) o

(see [25]).

This convolution product is commutative and associative and satisfies
the properties given in the following propositions.

Proposition 4.4. i) Let f be in D(R?) with support in the ball
B(0,a), a > 0, of center 0 and radius a and g in D(R?) with support
in B(0,b), b > 0. Then the function f *p g belongs to D(R?) with
support in B(0,a + b).
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ii) Let f and g be in S(RY). Then f *p g belongs to S(RY) and we
have, for all y € R?,

(4.11) Fp(f *p 9)(y) = Fo(f)(y)-Fo(9)(y)-

iii) For all f and g in S(RY), respectively D(RY), we have

(4.12) Vie(f *p 9) = "Vi(f) * "Vi(9)

where  is the classical convolution product of R given by, for all
r € RY,

(4.13) frg(x) = /Rd flxz—y)g(y) dy.

Proposition 4.5. i) For f in So(R%) and g in S(R?) the function
f * g belongs to So(R?).

ii) For f in SQ(R?) and g in S(RY) the function f *p g belongs to
SY(RY).

Proof. We deduce these results from the relation (4.11), Theorem 3.1
and properties of the classical Fourier transform F.

We define in the following the Dunkl convolution production on the
spaces LY (R?), p=1,2.

i) Let f be in LL(R?) and ¢ in LZ(R%). The Dunkl convolution
product of f and g is the function f *p g of L?(RY) satisfying
(4.14) Fo(f+*p g) = Fp(f)Fp(9).

ii) Let f and g be in L(R%). For each z € R¢, we define f *p g()
by

2
@15) Fepale) = gt [ Kl p(1)0)Fo (o) s do
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This function belongs to L (R4).

Proposition 4.6. Let f and g be in L3(R?). Then

i) The function f*p g belongs to LE(R?) if and only if the function
Fp(f)Fp(g) belongs to L2 (RY) and we have

(4.16) Fp(f*pg)=Fp(f)Fp(g).

ii) We have
(4.17)
2
[ 10 g@Panteyde = ks [ 1Fp(WPIEp(0)0) Porly) dy
R4 Rd

The two sides are finite or infinite.

Proof. i) We deduce these results from the fact that for all ¢ in S(R?)

we have

fxpg(@)Fp' () (@)wi(z)dz = [ Fp(f)(y)Fp(9) @)Y (y)wk(y) dy,

R4 Rd

and Proposition 3.1.

ii) For f*p g in LZ(R?) the relation (4.17) can be deduced from
Theorem 3.3. For the other case the two members of the relation (4.17)
are infinite.

5. Inversion formula for the Dunkl intertwining operator
and its dual. In the following sections we suppose that x = 0 is the
only zero of the function wq(x). In this section we show that the Dunkl
intertwining operator and its dual are bijective on spaces other than
E(R?) and D(R?), and we give inversion formulas for these operators.

We consider the operators K and Kp defined respectively on Sy(RY)
and S§(R?) by, for all x € R,

(5.1) K(f)(x) = FH MorF(f)](2),
Kp(f)(x) = Fp' [MrwrFp(f)](x),
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where

(2m)*C3

Proposition 5.1. i) The operator K, respectively Kp, is a topological
automorphism of So(R?), respectively S§(R?).

ii) For all f in SQ(RY), we have

(5.4) Kp(f) ="Vi oK o'Vi(f).

Proof. 1) The mapping f — Mywy f is a topological automorphism of
S°(RY). Tts inverse is given by f — (1/Mjy)w; ' f. We deduce the result
from Theorem 3.1 and the fact that the transform F is a topological
isomorphism from Sy(R?) onto S°(R9).

ii) We obtain the result from the relations (5.2), (3.4) and Theo-
rem 3.4.

Proposition 5.2. i) For all f in So(RY) and for all g in S(R?), we
have

(5:5) K(f *g) =K(f)*g.

ii) For all f in SQ(RY) and for all g in S(RY), we have

(5.6) Kp(f*pg) =Kp(f)*p g

Proof. We obtain these relations from (5.1), (5.2), Proposition 4.5,
the relation (4.11), properties of the classical Fourier transform F and
the classical convolution product on R?.
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Theorem 5.1. We have the following inversion formulas for the
operators Vi, and 'Vj,.. For f in SJ(RY),

(5.7) F=Vik'Vi(f); [ =KpVi'Vi(f).
For f in So(RY),

(5.8) f="VikpVi(f); [ =KViVi(f).

Proof. Let f be in SJ(R?). Using the relations (3.6), (2.2), (4.11) and
the inversion formula for the classical Fourier transform F, we obtain
for all z € RY,

@) = g7 [ FolNWK G iw)en(o)do,

2
=gkt [ Fonet ) o] (o)

1 t i{.,y
—Vi{ gt [ [Mr 0 0 WD dy (),

where M), is the constant given by (5.3). Thus, for all x € R,

(5.9) f(@) = Vid FH Mpwi F o 'V ()]} (=),
f(x) = ViK'Vi(f) ().

On the other hand, from this relation and (4.11), we obtain for f in
So(R?), the relation, for all z € RY,

(5.10) f(@) = "VikpVi(f)(x).

We obtain the other relations by writing (5.9) and (5.10), respectively,
for the functions Vi (f) and *Vi(f).

Corollary 5.1. The operator Vi, is a topological isomorphism from
So(RY) onto SJ(RY).
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Proof. We deduce the result from Proposition 5.1 i), Theorem 3.4
and the relation (5.9).

Corollary 5.2. For all f in So(R?) and g in S(RY), we have

(5.11) Ve(f = g9) = Va(f) *p ("Vi) " (9)-

Proof. Using the relations (4.12), (5.9) and Proposition 5.2 i), we
obtain

Vi Vi) 0 Vi (9)] = KVAIVR(S) *0 (Vi) "M (9))s
= K['"ViVi(f) * g],
= [K'ViVi ()] * g-

But from Theorem 5.1 we have
K'ViVi(f) = f.

Thus
Vi 'Vi(f) #p (Vi) (9)] = [ g.

We obtain the result from Corollary 5.1.
6. Dunkl wavelets.

6.1 Classical wavelets on R?. We say that a measurable function on
R? is a classical wavelet on R? if it satisfies, for almost all 2 € R?, the
condition

e d\
(6.1) 0< Cg = /0 |}'(g)()\x)\27 < +o00,

where F is the classical Fourier transform given by the relation (3.5).

Let a € ]0,+oo[ and g a classical wavelet on R? in L2(R%) (the
space of square integrable functions on R% with respect to the Lebesgue
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measure). We consider the family g, .., * € RY, of classical wavelets on
R? in L?(R?) defined by

(6.2) 9o,z (y) = Ha(g)(z — y),

where H, is the dilatation operator given by

(63) Ha(g)(x) = ig(—) reR

In the following we denote the function H,(g) by gl.

We define for regular functions f on R? the classical continuous
wavelet transform S, on R? by

(6.4) Se(f)(a,x) = " f(W)gax(y)dy, forall z € R

This transform can also be written in the form

(6.5) So(f)(a,x) = f * g2(x),

where * is the classical convolution product given by (4.13).

The transform S, has been studied in [12]. Several properties are
given, in particular if we consider a classical wavelet g on R? in L?(R?),
we have the following results.

i) Plancherel formula. For all f in L?(R?), we have

(6.6) / If(z)|? dz = / / (a,z)? d:cd—a
R4 Rd a

ii) Inversion formula. For all f in L'(R%) (the space of integrable
functions on R¢ with respect to the Lebesgue measure) such that F(f)
belongs to L'(R%), we have

61 1@ =g [T ([ S0 i) 5 e,

where for each z € R%, both the inner integral and the outer integral
are absolutely convergent but possibly not the double integral.
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6.2 Dunkl wavelets on R®. Using the harmonic analysis associated
with the Dunkl operators T}, j = 1,2,... ,d, in particular, the Dunkl
transform Fp and the Dunkl translation operators 7,, z € R%, we
define and study in this subsection Dunkl wavelets on R¢ and the
Dunkl continuous wavelet transform on R¢, and we prove Plancherel
and inversion formulas for this transform.

Definition 6.1. A Dunkl wavelet on R is a measurable function g on
R? satisfying for almost all 2 € R? the condition

(6.8) 0<C,— /Ooo |]—'D(g)()\x)\2% < to0.

Example. The function oy, t > 0, defined by, for all z € R,

Ck —|lz||? /4t
(6.9) au(x) = (s lall® /4t

satisfies, for all y € R,
(6.10) Fplan)(y) = eI,

(see [5, page 13] and [20, page 589)).

The function g(z) = —(d/dt)a;(x) is a Dunkl wavelet on R? in S(RY),
and we have C, = (1/8t?).

Proposition 6.1. A function g is a Dunkl wavelet on R in S(R?),
respectively S§(R?), if and only if the function *Vi,(g) is a classical
wavelet on R in S(RY), respectively So(R?), and we have

(6.11) Cov(g) = Cy-

Proof. We deduce these results from Theorems 2.2, 3.4 and the
relation (3.4).
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Let a € ]0,+0o[ and g a regular function on R%. We consider the
function g, defined by, for all z € RY,

a

(6.12) galz) = %g(f)

It satisfies the following properties
i) For g in L?(R?) the function g, belongs to LZ(R?), and we have

(6.13) Fp(ga)(y) = Fp(g)(ay), yeR™

ii) For g in S(RY), respectively SJ(R?), the function g, belongs to
S(R?), respectively S§(R?), and we have

Go = (th)fl oH,o th(g).

Let g be a Dunkl wavelet on R? in LZ(R?). We consider the family
Ja,z» © € R%, of Dunkl wavelets on R? in L7 (R?) defined by

(6.14) Jaz(y) = Tega(—y), y€RY,

where 7., ¥ € R%, are the Dunkl translation operators given by (4.9).

Ezample. We consider the function oy, ¢ > 0, given by (6.9). From
[5, page 13], (see also [20, page 589]), we have, for all z,y € R%,

B Ch e—umnijuyn? x Yy
615 e = g k(o)

Using (6.10) we deduce that the family g, ., € RY, given by, for all
y € R,

(6.16) ) = =72 (0 ) (-0

is a family of Dunkl wavelets on R? in S(R?).
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Definition 6.2 Let g be a Dunkl wavelet on R? in L2 (R%). The Dunkl
continuous wavelet transform Sf on R% is defined for regular functions
f on R% by

SP(f)(a, ) = / (0o @) d,
Rd

a>0 zeR%

(6.17)

This transform can also be written in the form

(6.18) Sy (Fla,z) = f *p Gal(x),

where *p is the Dunkl convolution product given by (4.10).

Theorem 6.1 (Plancherel formula for SP). Let g be a Dunkl wavelet
on R? in LZ(RY). For all f in L2 (R?), we have

©019) [ 1@l = o [ [ 1520 P it

Proof. Using Fubini-Tonnelli’s theorem, Proposition 4.5 ii) and the
relations (6.18) and (6.13), we obtain

//\SD )(a2) P ) e 2
:F/ (/ fmg:(rc)%k(w)dw)%
:_/ (/ |Fp( )(y)2fD(g—a)(y)2wk<y)dy)i—av

= [ @r(g [T 1F@ @

But, from Definition 6.1, we have for almost all y € R?,

1 [~ yda
— -1
Cg/o Fo(g)ay)l— =1,
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then
1 = da
Fg/o Ld|55(f)(a,x)|2wk(x) dx; :/Rd Fo(F) () Pwr(y) dy.

We deduce the relation (6.19) from Theorem 3.3.

The following theorem gives an inversion formula for the transform
SD.
g

Theorem 6.2. Let g be a Dunkl wavelet on R in L2(R%). For f
in Li(RY), respectively L2(RY), such that Fp(f) belongs to L}(R?),
respectively Lr(R%) N LE(RY), we have

1

020 1) =g [ ([ 5PO@ 0Lt a)

da
—, a.e.,
a

where for each x € R® both the inner integral and the outer integral are
absolutely convergent, but possibly not the double integral.

Proof. We obtain (6.20) by using an analogous proof as for Theorem
6.111.3 of [22, page 199].

7. Inversion of the Dunkl intertwining operator and of its
dual by using Dunkl wavelets. In this section we establish relations
between the Dunkl continuous wavelet transform SgD on R%, and the
classical continuous wavelet transform S, on RY. Next, using the
inversion formulas for the transforms S, ;3 and Sy, we deduce relations
which give the inverse operators of the Dunkl intertwining operator Vj
and of its dual V.

Theorem 7.1. i) Let g be a Dunkl wavelet on R in D(RY),
respectively S(R?). Then, for all f in the same space as g, we have,
for all x € R?,

(7.1) Sg (F)(a,z) = (Vi) "M Svi(o) (Vi) (a, )] ().
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ii) Let g be a Dunkl wavelet on RY in S§(R?). Then, for all f in
So(RY), we have, for all x € R,

(7.2) Stvi(e) (F(a,2) = V7 1SP (Vie(f)) (a, )] ().

Proof. We deduce these results from the relations (6.5), (6.18) and
properties of the Dunkl convolution product studied in the subsection
4.2.

Theorem 7.2. Let g be a Dunkl wavelet on R in S§(R?). Then
i) For all f in S§(RY), we have, for all x € RY,

(7.3) SP()a,x) = a” VilSicevi ) (Ve()(a, )](z).

it) For all f in So(R?), we have, for all x € RY,

(7.4) Stvi(o) ()@ 2) = a™Vi[SE, (o) (Vie(f)) (a, )] ().

Proof. We obtain these relations from Theorems 7.1, 5.1 and the fact
that

K("Vi(9)3) = a=*1(K("Vi(9)))a,
and

Kp(ga) = a7 (Kp(9))a-

Theorem 7.3. Let g be a Dunkl wavelet on R? in S§(R%). Then
i) For all f in SQ(R?), we have, for all x € RY,

(7.5)  ("Vi)"H()(=)
1 da

o |7 (L vlSeevion (Dt 0o twhantn v ) 5

Q|
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it) For all f in So(R?), we have, for all x € RY,

(7.6) Vi '(N)(@)

1 ° ‘ . da
=g [ (LR (0 I Va0

th

Proof. We deduce (7.5) and (7.6) from Theorems 7.2, 6.2 and the
relation (6.7).
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