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ITERATIVE APPROXIMATION OF SOLUTIONS
TO NONLINEAR EQUATIONS OF ¢-STRONGLY
ACCRETIVE OPERATORS IN BANACH SPACES

ZEQING LIU, MICHEL BOUNIAS AND SHIN MIN KANG

ABSTRACT. Suppose that X is an arbitrary Banach space
and T : X — X is a uniformly continuous ¢-strongly accretive
operator. It is proved that, for a given f € X, the Ishikawa
iteration method with errors converges strongly to the solu-
tions of the equations f = Tz and f = x + Tz under suitable
conditions. Related results deal with the iterative approxima-
tion of fixed points of ¢-strongly pseudocontractive operators.
Our results generalize, improve and unify the corresponding
results in [2]-[11], [13]-[16], [19], [20], [23]-[26] and [28].

1. Introduction. Let X be an arbitrary Banach space with norm
Il - || and dual X* and J denote the normalized duality map from X
into 2X" given by

Ix ={f* € X" |f*|* = |2l = Re {z, f*)},

where (-,-) stands for the generalized duality pairing between X and
X*. It is well known that, if X* is convex, then J is single-valued. In
the sequel we shall denote the single-valued duality mapping by j.

An operator T with domain D(T) and range R(T) in X is called
strongly accretive if there exists a constant & > 0 such that for all
x,y € D(T), there exists j(z —y) € J(x — y) satistying

(1.1) Re (Tz — Ty, j(x —y)) > klz —y|*.

Without loss of generality we may assume k € (0,1). If £ =0 in (1.1),
then T is called accretive. Furthermore, T is called ¢-strongly accretive
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if there exists a strictly increasing function ¢ : [0,00) — [0, 00) with
@(0) = 0 such that for all z,y € D(T), there exists j(x —y) € J(z —y)
satisfying

(1.2) Re(Tz =Ty, j(z —y)) = ¢z = yl)llz - yll.

Closely related to the class of strongly accretive operators is the class
of strongly pseudocontractive operators where an operator T is called
a strong pseudocontraction if there exists a constant ¢ > 1 such that
for all x,y € D(T), there exists j(z —y) € J(x — y) satisfying

. 1
(1.3) Re(Tz =Ty, j(x —y)) < 7 o —y|*

If t = 1 in (1.3), then T is called pseudocontractive. We call T ¢-
strongly pseudocontractive if there exists a strictly increasing function
¢ :[0,00) — [0,00) with ¢(0) = 0 such that for all z,y € D(T), there
exists j(z — y) € J(x — y) satisfying

(14)  Re(Tz—Ty,j(x—y)) < |z —yl* = oz —yl)lz -yl

If I denotes the identity operator on X, then it follows from inequal-
ities (1.1) to (1.4) that T is pseudocontractive, respectively, strongly
pseudocontractive, ¢-strongly pseudocontractive, if and only if (I —T)
is accretive, respectively, strongly accretive, ¢-strongly accretive. If T
is accretive and (I +7T)(D(T)) = X for all » > 0, then T is called

m-accretive.

The classes of operators introduced above have been studied by
several researchers, see, for example, [1]-[28]. Osilike [23] proved
that the class of strongly accretive operators, respectively, the class of
strongly pseudocontractive operators, is a proper subclass of the class
of ¢-strongly accretive operators, respectively, the class of ¢-strongly
pseudocontractive operators.

We recall the following iterative processes due to Ishikawa [17], Mann
[21] and Liu [19], respectively.

(a) Let K be a nonempty convex subset of X, and let T : K — K be
an operator. For any given z¢ € K the sequence {z,}52, defined by

Tnt1 = (1—an)Tn+an,Tyn, Yn = (1=bp)xn+b,Tx, for all n >0,
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is called the Ishikawa iteration sequence, where {a,}52, and {b,}22,
are real sequences in [0, 1] satisfying appropriate conditions.

(b) In particular, if b, = 0 for all n > 0, then the sequence {z,}5°,
defined by

290 €K, pt1=1—an)xy,+a,Tx, foraln >0,

is called the Mann iteration sequence.

(c¢) Let K be a nonempty convex subset of X, and let T : K — X
be an operator. For any given zg € K the sequence {z,}52, defined
iteratively by

Tnt1 = (1—an)xn+anTyn+vn, Yn = (1=bp)xn+byTxn+un,
Vn >0,

where {2, }2°, and {y,}52, are in K, {u,}>2, and {v,}>2, are two
summable sequences in X, i.e., > 7 ||un|| < oo and Y07 [|lv,]| < oo,
{an}22, and {b,}22, are real sequences in [0,1] satisfying suitable
conditions, is called the Ishikawa iteration sequence with errors.

(d) If, with K,T and z¢ as in (c), the sequence {x,}>2, defined
iteratively by

Tpy1 = (1 — ap)xpn + anTxy +u,  for all m >0,

where {2,}22, is in K, {u,}52, is a summable sequence in X and
{an}22, is a real sequence in [0,1] satisfying suitable conditions, is
called the Mann iteration sequence with errors.

It is clear that the Ishikawa and Mann iterative processes are all
special cases of the Ishikawa and Mann iterative processes with errors,
respectively.

The accretive operators were introduced independently in 1967 by
Browder [1] and Kato [18]. An early fundamental result in the theory
of accretive operators, due to Browder, states that the initial value

problem
d
d—:: +Tu=0, u(0)=muo,
is solvable if T is locally Lipschitzian and accretive on X. Martin [22]

indeed generalized the result of Browder to the continuous accretive
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operators. That is, he proved that if T': X — X is strongly accretive
and continuous, then T is surjective, so that the equation

(1.7) Tz =f

has a solution for any given f € X. Meanwhile, he proves also that if
T : X — X is accretive and continuous, then T is m-accretive, so that
the equation

(1.8) x+Tx=7f
has a solution for any given f € X.

In [4], Chidume proved that if X = L,, or I,, p > 2, and K is a
nonempty closed convex and bounded subset of X and T : K — K
is a Lipschitz strongly pseudo-contractive operator, then the Mann
iteration method converges strongly to the unique fixed point of T.
Afterwards, several authors applied the Mann iteration method and
the Ishikawa iteration method to approximate fixed points of strong
pseudo-contractions and to approximate solutions of equations (1.7)
and (1.8) (see, for example, [2], [3], [5]-[11], [13]-[16], [20], [23], [25],
[26], [28]). Using the Mann and Ishikawa iteration methods with errors,
Liu [19] and Osilike [24] also obtained the convergence theorems for
strongly accretive operators under certain conditions.

Motivated and inspired by the above works, the purpose of this paper
is to study the iterative approximation of solutions to equations (1.7)
and (1.8) in the case when T is a uniformly continuous ¢-strongly
accretive operator and X is an arbitrary Banach space. By the
way, we also obtain the iterative approximation of fixed points for
a uniformly continuous ¢-strongly pseudo-contractive operator. Our
results generalize, improve and unify the corresponding results of Chang
[2], Chang, Cho, Lee and Kang [3], Chidume [4]-[8], Chidume and
Osilike [9]-[11], Deng [13]-[15], Deng and Ding [16], Liu [19], Liu
[20], Osilike [23]—[25], Tan and Xu [26] and Zeng [28] and others.

2. Preliminaries. The following lemmas play a crucial role in the
proofs of our main results.

Lemma 2.1 [19]. Let {a,},{8n} and {y,} be three nonnegative real
sequences satisfying the inequality

[778S] S (1 - wn)an + Bn + Yns
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for all n > 0, where {w,} C [0,1], >°0° jw, = 00, By = o(wy) and
> o n < 00. Then lim, o o, = 0.

Lemma 2.2. Let {a,}22, be a nonnegative and bounded sequence
and ¢ : [0,00) — [0,00) strictly increasing and ¢(0) = 0. Assume that
Alan) = (¢(an))/(1 + an + ¢(ay)) for all n > 0. Then the following
statements are equivalent:

(i) inf{A(a,) : n >0} =0;
(ii) inf{¢p(ay) : n > 0} = 0;

(ili) There exists a subsequence {an, }72, of {an}oy such that ayn, —
0 as k — oo.

Proof. Note that 0 < A(ay) < ¢(ay,) for all n > 0. This means that
(ii) implies (i).

Set inf{¢(a,) : n > 0} = r. Suppose that » > 0. Since {a,}52,
is bounded, there exists d > 0 satisfying a, < d for all n > 0. It
follows that A(a,) > r/(1 +d + ¢(d)) for all n > 0. It is clear that
inf{A(a,) :n >0} >r/(1+d+ ¢(d)) > 0. That is, (i) implies (ii).

Assume that (ii) holds. Then there is a subsequence {a,, }3, of
{an}22, satisfying ¢(an, ) — 0 as k — oco. It follows from boundedness
of {a, }52, that there exists a subsequence {ankj 1320 of {an, }7Z, such
that ny, — as j — oo. Clearly, t > 0. We claim that ¢t = 0. If
not, then ¢ > 0. Therefore, there exists a subsequence {ankj" 1o

m=0
of {ankj 1520 with Uny, 2 t/2 for all m > 0. Note that ¢ is strictly
increasing. Thus 0 = lim,,—« ¢(an,€j ) > ¢(t/2) > 0. This is a
contradiction. Hence, (ii) implies (iii).

Assume that (iii) holds. If inf{¢(a,) : n > 0} = s > 0, then ¢(a,) > s
for all n > 0. Since ¢ is strictly increasing, a,, > ¢~ '(s) > 0 for all
n > 0. Therefore, each subsequence of {a,}22, does not converge to
zero. This is a contradiction. This completes the proof. ]

Lemma 2.3. Suppose that X is an arbitrary Banach space and
T : X — X is a continuous ¢-strongly accretive operator. Then the
equation Tx = f has a unique solution for any f € X.
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Proof. Given f € X and n > 1, define T}, : X — X by T,z =
(1/n)z + Tx for all x € X. Then, for any x,y € D(T), there exists
jlx —y) € J(z — y) satisfying

o1y (T =T ile =) = le = ulP/n+ ol = yDlle =
> |z — yl*/n.

That is, T}, is strongly accretive. Since T}, is continuous, it follows from
Deimling [12, Theorem 13.1] that the equation T,z = f has a solution
z, € X. In view of (2.1), we have

<Tn$n - Tnxlaj(xn - $1)>

= (f — (x1/n) = Tz1,j(xn — 21))
= (1 = (1/n)z1, j(zn — 21))

< @il - lzn — 21l

which implies that ¢(||x, — 21||) < ||z1]. Consequently, {z,}2, is a
bounded sequence. This yields that Tz, — f as n — oco. Note that,
for all n > 0 and m > 0,

lon=2mll < 67 (I Ten=Tamll) < ¢ (IT2n—f] + [ T2m—fIl),

which means that {z,}52, is a Cauchy sequence. Hence, {z,}5%,
converges to some p € X. From the continuity of T, we get that
Tx, — Tp as n — oo. Therefore, Tp = f.

Suppose that the equation Tz = f has another solution ¢ € X — {p}.
Then there is j(p — q¢) € J(p — ¢) such that

0= (Tp-Tq,j(p—q)) > ¢(lp—al)lp—all,

which implies that ¢(||p — ¢||) = 0. Since ¢ is strictly increasing,
¢(0) = 0 and ||p—¢|| > 0so that ¢(|[p—g¢]||) > 0. This is a contradiction.
Therefore, the equation Tx = f has a unique solution in X. This
completes the proof.

3. Main results. In the sequel, F(T') denotes the set of fixed points
of T. Now we prove the following theorems.
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Theorem 3.1. Suppose that X is an arbitrary Banach space and
T : X — X is a uniformly continuous ¢-strongly accretive opera-
tor. Assume that {un}5% o, {vn}52, are sequences in X and {a,}52,,
{bn}22, are sequences in [0,1] satisfying the conditions

(3.1)
Zai < 00, Z [vnl| <400, [lvall = o(an),  lHm |lu,| = 0;
n=0 n=0 e

n— oo

o
(3.2) lim b, =0, Z anp =+o0o and a, #0, n>0.
n=0

Then for any given f € X, the sequence {x, 5>, defined for arbitrary
xg € X by

Yn = (1 - bn)xn + bn(f + T — Txn) +Un, n >0,

3.3
( ) Tn+1 = (1 - an)xn + an(f + Yn — Tyn) + v, n=>0,

converges strongly to the solution of the equation Tx = [ provided that
the sequences {xn, — Txp}lg and {yn — Tyn}nig are bounded.

Proof. It follows from Lemma 2.3 that the equation Tz = f has a
unique solution g € X. Define S: X — X by Sz = f+ (I —T)z for all
x € X. Obviously, S is uniformly continuous and ¢ is a unique fixed
point of S. Thus, for any x,y € X, there exists j(z —y) € J(x — y)
satisfying

Re((I = 8)x— (I = S)y,j(x —y)) = Re(Tw - Ty, j(x —y))

= ol = ylDll= =yl
> A(z,y) |z =y,

where

O ee—l)
A ) = =y olle —on) €OV

for all x,y € X. This implies that

Re((I =S — A(z,y))x — (I =S — A(z,y))y,j(z —y)) >0,
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and it follows from Lemma 1.1 of Kato [18] that
34) |z -yl <llz —y+r[I-5S-Az,y))x — (I-5-A(z,y)) ],
for all x,y € X and r > 0. In view of (3.3), we have

Ty = Tpy1 + An&y — Ay SYy — Uy
=1 +apn)zni1+an(I—8S—Alxnt1,9))Tnt1
— (1= A(@n+41,9))an®n + (2 — A(Tnt1, q))ai(zn — Syn)
+ an(STpni1 — Syn) — 1+ (2 = A(zny1, Q))an]vn.

(3.5)

Note that

(3.6) q=14an)g+an(I-S—A(zpn+1,9))g — (1—A(Zni1,q))ang.

It follows from (3.4), (3.5) and (3.6) that

lzn —q|l > (1 +an) [|Tnr1 — ¢

an

l+a [(I -S5- A(anrl,Q))anrl

~ (T~ 8~ Alen,0)a)]|

— an(1 = A(@nt1,9))l|2n — 4|
— (2= A@n41,9))ap |20 = Synll = an)|STnt1 — Syal
=1+ (2= A(@ns1,9))an][lval
> (1+an)||zn+1 — qll — an(l — A(@nt1,9) |20 — 4|
— (2= A(zn11,9))ad ||lzn — Synl|
— an[|STni1 — Synl = 1 + (2 = A(@n41, ) an][lvall,

+

which implies that
(3.7)
1+ (1= A(@nt1,9))an
1+a,
+ (2= A(@ni1,9)ap | w0 — Syl
+ an||STnt1 — Synll + [1 + (2 — A(znt1, @) an]||vn||
< (1= Azpsr, g)an + ap) |z, — 4|
+ MlaiHl”n = SYnll + anllSznt1 — Syull + Ma||va|,

[Zn41 =gl < [ — 4l



ITERATIVE APPROXIMATION OF SOLUTIONS 989

for some constants My > 0, My > 0. Put
d = sup{[|Szn, — gl + | Syn — gl : n > 0} +|zo—qll, D =d+>_|lval.
n=0

It is easy to verify that ||z, — ¢|| < D and ||z, — Sy,| < 2D for all
n > 0. Using (3.1), (3.2) and (3.3), we have

[Znt1 = ynll < (1 = an)l|@n = Yull + anllSyn — yull + llvnll
<zn = ynll + anllSyn — zull + [lvnll
< byllzn — Sznll + |lunll + 2Day + ||on ||
< 2D(an +bn) + |lun| + [lva ] — 0,

as n — oo. It follows from the uniform continuity of S that ||Szp41 —
Syn]| — 0 as n — oco. From (3.7) and (3.1), we have

[2n+1 —qll < [1 = Al@nt1,@)an + ai]”xn — 4|
+2DMia? 4 an||STpi1 — Synl| + Ma|v,||
< [1 = Awnsr, an)llonqll + (1+ 2001) D
T anlSzaer — Syall + Malon]
<1 = Alzpt1, @)an]l|zn — gl
+ (14 2M;)Da? + o(ay),

(3.8)

for all n > 0. Assume that inf{A(x,1,9) : n > 0} = r. We assert that
r = 0. Otherwise r > 0. Using (3.8), we obtain that

[Zni1 —qll < (1= ran)|zn — ql| + (1 +2M1)Dal + o(an),

for all n > 0. By virtue of (3.1), (3.2) and Lemma 2.1, we infer
immediately that ||z, —¢|| — 0 as n — oo. Lemma 2.2 implies that
r = 0. This is a contradiction. Hence r = 0. It follows from Lemma 2.2
that there exists a subsequence {zp, 11}, of {&n11}22, such that
Tn;41 — q as @ — oo. Using (3.1) and (3.2), we conclude that, given
e > 0, there exists a positive integer m such that, for all n > m,

(3.9) [Zn,,+1 = qll <&,
(3.10)

lonll _ . fe  o(e)e
1+2M,)D S -5 M. - — 5.
( + 1) Qnp + || "'En'i‘l yYLH + 2 an, < min 25 1+25+¢(2€)




990 Z. LIU, M. BOUNIAS AND S.M. KANG

Now we claim that

(3.11) 5,45 = all <&

for all j > 1. Obviously, (3.9) ensures that (3.11) holds for j = 1.
Assume that (3.11) holds for j = k. If ||y, +x+1 — ¢l| > €, we conclude
that by (3.8) and (3.10)

(3.12)

1Zn++1 = qll < NTn+ — qll + an,, +x[(1 +2M1) Day,,, 11
+ 15% 4541 = SYnptkll + Malvn,, 4l (@n,, 1) ']
P(e)e

3
< i - n < 2e.
€+mm{2’1+25+¢(25)}a mtk < 4€

In view of (3.9), (3.10) and (3.12), we obtain the following estimates:

P(e)
—all< (1= —7%/ _
oo = all < (1= e n )l =l
+ a7lm+k[(1 + 2M1)anm+k + ‘|S$"Lm+k+1 - Sy7Lm+k||
+ M [on,, 41| (an,,+x) ]

(e)
< (1- o s
. (e o(e)e
min {5’ 1+ 2e + ¢(2) }a”’”k
<e.

That is,
€ < |[@n,,+k+1 —ql <&,
which is impossible. Hence, ||y, +k+1 — ¢|| < . By induction, (3.11)

holds for all j > 1. It follows from (3.11) that z,, — g as n — oo. This
completes the proof. i

From Theorem 3.1 we have the following results.

Theorem 3.2. Suppose that X is an arbitrary Banach space and T :
X — X is a uniformly continuous ¢-strongly accretive operator. As-
sume that {u, }22 o, {vn}22, are sequences in X and {an}22q, {bn}52,
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are sequences in [0, 1] satisfying (3.1) and (3.2). Suppose that the range
of I =T is bounded. Then, for any given f € X, the sequence {x,}5
defined as in (3.8) converges strongly to the solution of the equation
Te=f.

Corollary 3.1. Suppose that X is an arbitrary Banach space and
T : X — X is a uniformly continuous ¢-strongly accretive operator.
Assume that {v,}52 is a sequence in X and {a,}52 is a sequence in
(0,1] satisfying

(3.13)

oo oo oo
Z ap = 400, Z a? < 400, Z [[vn]l < 400, |lvnl|| = o(an).
n=0 n=0 n=0

Then for any given f € X, the sequence {x,}5> defined for arbitrary
xg € X by

(3.14) Tni1 = (1 —an)Tn + an(f + 20 — Txyp) + v, n >0,

converges strongly to the solution of the equation Tx = [ provided that
the sequence {x, — Tx,}52 is bounded.

Theorem 3.3. Suppose that X is an arbitrary Banach space and T :
X — X is a uniformly continuous ¢-strongly accretive operator. As-
sume that {u, }22 o, {v, }22, are sequences in X and {an}2q, {bn}52,
are sequences in [0,1] satisfying (3.1) and (3.2). Then, for any given
f € X, the sequence {x,}52, defined for arbitrary xo € X by

Yn = (1 - bn)xn + bn(f - TCC?L) +Up, n >0,

3.15
( ) Tn+l1 = (1 - an)xn + an(f - Tyn) + v, n=>0,

converges strongly to the solution of the equation v + Tx = f provided
that the sequences {Tx,}22 o and {Tyn}22, are bounded.

Proof. Put S = I4+T. 1t is easy to see that .S is a uniformly continuous
¢-strongly accretive operator and

f-Te=f—-(S—1Dx=f+x— Sx,
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for all x € X. It follows from Theorem 3.1 that {z,}52, converges
strongly to the solution of the equation Sz = f. This completes the
proof. i

From Theorem 3.3 we have

Theorem 3.4. Suppose that X is an arbitrary Banach space and T :
X — X is a uniformly continuous ¢-strongly accretive operator. As-
sume that {u,}22 o, {vn}22, are sequences in X and {an}22q, {bn}52,
are sequences in [0,1] satisfying (3.1) and (3.2). If the range of T is
bounded, then for any given f € X, the sequence {x,}22, defined as in
(3.15) converges strongly to the solution of the equation x + Tx = f.

Corollary 3.2. Suppose that X is an arbitrary Banach space and
T : X — X is a uniformly continuous ¢-strongly accretive operator.
Assume that {v,}22 is a sequence in X and {an}2, is a sequence
in (0,1] satisfying (3.13). Then, for any given f € X, the sequence
{zn}0L defined for arbitrary xo € X by

(3.16) Tpt1 = (L —ap)zn +an(f —Txy) + v, n>0

converges strongly to the solution of the equation x + Tx = f provided
that the sequence {Tx,}22 ) is bounded.

Theorem 3.5. Suppose that X is an arbitrary Banach space and K
is a nonempty closed subset of X. Assume that {u,}5% o, {vn}52 are
sequences in X and {an}5% o, {bn}S2, are sequences in [0, 1] satisfying
(3.1) and (3.2). Suppose that T : K — X is a uniformly continuous
@-strongly pseudocontractive operator with F(T) # &. If the sequence
{zn}52L generated from an arbitrary xo € K by

(317) Yn = (1 - bn)xn + b TTy + Un,
Tnt1 = (1 = an)tn + anTyn +vn, n =0,

satisfies that {xn 152y and {yn}iy are in K and {Tx,}5%, and

{Ty,}52, are bounded, then {x,}2, converges strongly to the fized

point of T.
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Proof. We claim that F(T) is a singleton. Suppose that T has
two fixed points p,q in K and p # ¢. Note that T is ¢-strongly
pseudocontractive. Then

Ip—ql> =Re(Tp—Tq,j(p—q)) <llp—al* — ¢(lp — all)llp — 4ll,

which implies that ¢(||p — ¢||) = 0. Since ¢ is strictly increasing and
#(0) = 0, so that p = ¢. This is a contradiction. That is, F(T) = {q}
for some g € K.

Since T is ¢-strongly pseudocontractive, I —T is ¢-strongly accretive.
Thus, for any =,y € K, we have

Re (I-T)z—(I-T)y,j(z~y)) = d(lz—yl)llz—yll = Alz,y)llz—y|,

where A(z,y) = (@(llz — yI)/1 + llz — yll + é(llz — yl)) € [0,1) for all
xz,y € K. That is,

Re((I-T—-A(z,y)e— (I -T— A(z,y))y,j(zx —y)) >0,
and it follows from Lemma 1.1 of Kato [18] that
e =yl <lle—y+r[(I =T = Az, y))z — (I =T = Az, y))yll;

for all z,y € K and r > 0. The rest of the proof of this theorem is
similar to that of our Theorem 3.1 and is therefore omitted. ]

Corollary 3.3. Suppose that X is an arbitrary Banach space and K
is a nonempty closed subset of X. Assume that {v, }S, is a sequence in
X and {an}22, is a sequence in (0,1] satisfying (3.13). Suppose that
T : K — X is a uniformly continuous ¢-strongly pseudocontractive
operator with F(T) # @. If the sequence {x,}>2, generated from an
arbitrary xg € K by

(3.18) Tnt1 = (1 —an)xpn + anTTy + v, n >0,

is contained in K and the sequence {Tx,}52 is bounded, then {x,}52
converges strongly to the fized point of T.

Remark 3.1. The following example shows that the condition that T'
has a fixed point in K is necessary in Theorem 3.5 and Corollary 3.3.
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Example 3.1. Let R denote the reals with the usual norm and
K =[0,1]. Define T': K — R by Tz = rxz + 2 for all z € K and some
€ (0,1). Set ¢(z) = (1 — r)a for all x > 0. Tt follows that

(Tz — Ty, j(x —y) = |z —y|* = é(llz =yl = — yl,

for all z,y € K. Hence, T is a uniformly continuous ¢-strongly
pseudocontractive operator. However, T has no fixed point in K.

It follows from Theorem 3.5 and Corollary 3.3 that

Theorem 3.6. Suppose that X is an arbitrary Banach space and K
is a monempty closed convex subset of X. Assume that T : K — K
18 a uniformly continuous ¢-strongly pseudocontractive operator with
F(T) # @, and {a,}22, {bn}52 are sequences in [0,1] satisfying

(oo} (o]
: _ _ 2
(3.19) lim b, =0, Z%an = +o0, Z%an < +oo.
If the sequence {x,}22 generated from an arbitrary xo € K by

(3.20) yn = (1=bp)xpn+b,Txpn, zpt1 = 1—an)zn+a,Ty,, n>0,

satisfies that {Txp}22, and {Ty,}22, are bounded, then it converges
strongly to the fized point of T'.

Corollary 3.4. Suppose that X is an arbitrary Banach space and
K is a nonempty closed convex subset of X. Assume that T : K — K
18 a uniformly continuous ¢-strongly pseudocontractive operator with
F(T) # @ and {a,}22, is a sequence in [0,1] satisfying

o0 o0
(3.21) Z a? < 400, Z ap, = +00.
n=0 n=0

If the sequence {x,}22 generated from an arbitrary xo € K by

(3.22) Tnt1 = (1 —ap)zy + aTxy, n>0,
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satisfies that {Tx,}2 is bounded, then it converges strongly to the
fized point of T.

Remark 3.2. Theorems 3.1-3.6 extend, improve and unify Theorems
3.3, 3.4 and 5.2 of [2], Theorems 3.2, 3.4, 4.2 and 5.2 of [3], the theorem
of [4], Theorems 1 and 2 of [5], Theorem 2 of [6], Theorems 2 and 4
of [7], Theorems 4, 5, 6, 9, 10 and 13 of [8], Theorems 1, 2, 3 and
4 of [9], Theorem 1 of [10], Theorems 1, 2 and 3 of [11], Theorems
1 and 2 of [13], Theorems 1, 2, 3 and 4 of [14], Theorems 1 and 2
of [15], Theorems 1 and 2 of [16], Theorem 1 of [19], Theorem 1 of
[20], Theorem 1 of [23], Theorems 1 and 3 of [24], Theorem 1 of [25],
Theorems 4.1 and 4.2 of [26] and Theorems 1.2 and 3.4 of [28] in the
following sense:

1. The Mann iteration method in [3]-[5], [8], [9], [20] and the
Ishikawa iteration method in [2], [3], [6]-][10], [13]-[16], [23], [25],
[26], [28] are replaced by the more general Ishikawa iteration method
with errors introduced by Liu [19].

2. The assumptions that the equation f = Tz has solutions in [2],
[3], [23], [25] and a,, < b, in [6]-[9] are omitted.

3. Theorems 3.1-3.6 hold in arbitrary Banach spaces whereas the
results of [2]-[11], [13]-[16], [19], [23], [26], [28] have been proved in
the restricted real uniformly smooth Banach spaces, L, or [, spaces,
p-uniformly convex Banach spaces, smooth real Banach spaces and p-
uniformly smooth real Banach spaces, respectively.

4. The Lipschitz strongly pseudocontractive operators in [2]-[10],
[13]-[16], [20], [26], [28], the uniformly continuous strong pseudocon-
tractive operators in [2], [3], [8], [11], the Lipschitz strongly accretive
operators in [2], [3], [5], [7], [9], [13]-[16], [19], [24], [26], [28], the
uniformly continuous strong accretive operators in [8], [11], [24] and
the Lipschitz ¢-strongly accretive operators in [23], [25] are replaced
by the more general uniformly continuous ¢-strongly accretive opera-
tors and uniformly continuous ¢-strongly pseudocontractive operators,
respectively.

Remark 3.3. The iteration parameters {a,}>>, and {b,}52 in The-
orems 3.1-3.6 and Corollaries 3.1-3.4 do not depend on any geometric
structure of the underlying Banach space X or on any property of the
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operator T. A prototype for {a,}5%, and {b,}52, in our results is
an =by, =1/(n+2) for all n > 0.
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