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RELATIONS FOR IMAGINARY PARTS
OF ZEROS OF ENTIRE FUNCTIONS

M.I. GILY

ABSTRACT. Finite order entire functions are considered.
New relations for the imaginary parts of the zeros are de-
rived. They particularly generalize the Cartwright-Levinson
theorem. By virtue of these relations, under some restriction,
the Hadamard theorem on the convergence exponent of the
zeros is improved.

1. The main result. Consider the finite order entire function

L ap\k
(1.1) f(A):Z(]’;W, AEC, ap=1, ~>0,
k=0

with complex, in general, coefficients. Assume that
oo

(1.2) w(f) =) Ja* <o
k=1

and put
2 — 2 1/2
v = [lm @+ Y lal?]
k=2

Everywhere below {z;(f)}7,, m < oo, is the set of all the zeros of
f taken with their multiplicities. In this section it is assumed that the
zeros are numerated in the following way

1
‘ k=1,... m—1.

’I’” (|

> ’Im

1
ook

In the sequel, if m < oo, then we take |z (f)|~! = 0 for k > m.

AMS Mathematics Subject Classification. 30D20, 30C15.

Key words and phrases. Entire functions, estimates for zeros.

This research was supported by the Israel Ministry of Science and Technology.
Received by the editors on November 18, 1999.

Copyright ©2004 Rocky Mountain Mathematics Consortium

945



946 M.I. GIL’

Since ag = 1, we have z;(f) # 0, k = 1,2,... . The aim of the present
paper is to prove the following

Theorem 1.1. Under condition (1.2), the following inequalities are
valid:

(1.3) Z
k=

’ wf+Zk+1 i=1,2,....

The proof of this theorem is given in the next section. As is shown
below, under some restrictions, Theorem 1.1 with j = oo particularly
generalizes the Cartwright-Levinson theorem, cf. [5, p. 126]. Moreover,
by virtue of Theorem 1.1 under some restrictions we improve the
Hadamard theorem [5, p. 18].

Furthermore, put wr(f) = ¢y +277. The well-known Lemma II.3.4
[4] and Theorem 1.1 imply

Corollary 1.2. Let ¢(t), 0 <t < oo, be a convex continuous scalar-
valued function, such that $(0) = 0. Then, under condition (1.2), the
inequalities

J 1 '
Z¢(‘1mm’)<¢w1 +Z¢ ((k+1 j=2,3,...,

k=1

are valid. In particular, for any real v > 1,

J J
S (f)+D (k+1)™
k=1 k=2

T

Assume that

(1.5) ry>1 and r>1.
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Then the series

oo

Y1) =) 127

k=2

converges. Here ((.) is the Riemann zeta-function. Now relation (1.4)
yields

Corollary 1.3. Under conditions (1.2) and (1.5), the inequality

(1.6) >
k=1

r

ST HPp) + ) — =27

1
Imm

is valid. In particular, if v > 1, then

(1.7) >
k=1

2k

1
Imm‘ <¢r+((y) -1

Consider now a positive scalar-valued function ®(t1,t2,...,t;) de-
fined on the domain

—OO<tj§tj,1§t2§t1<OO

and satisfying

oo 09 o
> >— >0 fOIt1>t2>~~->tj.

(1.8) 7 > TR o,

Then Theorem 1.1 and the well-known Lemma I1.3.5 [4] yield

Corollary 1.4. Under conditions (1.2) and (1.8), for any natural
7 > 1, the inequality

geeey

<I><‘Imﬁ‘, |t Im—t5 > < B(wr(f),37,.. 7(1+j)”)
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is valid. In particular, let {dy}72, be a decreasing sequence of positive
numbers. Then

de‘lm ‘<d1¢f+2dkk+1) i=1,2,....

For instance, let 0 < v < 1. Take d, = (k4 1)+~ with an
arbitrary positive €. Then

‘<2 (=, +Z (k+1)"

7
S (k4 1) (e 7>’Im
k=1 f

7=12,....

Hence,
S (k+ 1) I 2 ()] < 27y (1 +e) - L
k=1

Let f belong to the Cartwright class C, i.e., it is of exponential type
and satisfies the property

/°° log" |f(t)]

T dt < oo.

— 00

Recall that if f € C, then the Cartwright-Levinson theorem asserts,
among other results, that the series in the lefthand part of (1.7) con-
verges. At the same time Corollary 1.3 under more general assumptions
not only asserts the convergence of that series but gives us the estimate
for the sum of imaginary parts of the zeros.

2. Proof of Theorem 1.1. To prove Theorem 1.1, for a natural
n > 2, consider the polynomial

n aw "k
(21) P = Y M
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with the zeros zx(p,,) ordered in the following way
[Im zi(pn)| > Im zg+1(pn)|, k=1,...,n.
Put .
P(pn) = [[Tm ar| + D Jax|*]V>.
k=2

Lemma 2.1. The zeros of p, satisfy the inequalities

J J
Z|Imzkpn _w(pn)—l—z:(k;—l—l)*'y, j=1,...,n-1
k=1 k=1

and
n—1

S 1Im o)) < ) + 3 (k4 1)
k=1 k=1

Proof. Introduce the n x n-matrix

—ap —a2 —az -+ —Apn—-1 —0an
/27 0 0 - 0 0
B, = o 13 o0 - 0 0
0 0 0 e 1/nY 0

The direct calculations show that p,,(\) = det (B, —AI,), A € C, where
I, is the unit matrix. So

(2.2) 2k (Pn) = Mi(Bn)

where A\ (B), k = 1,...,n, mean the eigenvalues of an n x n matrix
B with their multiplicities. Denote Im B, = (B, — B};)/2i. Here and
below the asterisk means the adjointness.

Due to the well-known Lemma I1.6.1 [4]

J

(2.3) Z|Im)\k <D si(Im By), j=1,....n

k=1
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where s (B), k = 1,...,n, denote the singular numbers of an n x n-
matrix B : s7(B) = \y(BB*) ordered in the decreasing way. Here and
below the asterisk means the adjointness. Clearly,

C_Ll — a1 —ag — 1/2Fy —das e —Qnp_1 —Qp
1/27 + ag 0 -1/37 .. 0 0
B, — B* — as 1/37 o - 0 0
an 0 0 - 1/27 0

With the notation

(a1 +a1)/2 —ax —az -+ —a,
0 0 0 0
C= . L :
0 0 0 0
and
0 0 o --- 0 0
/22 0 0 -~ 0 0
D= 0 1/37 0 0 0
0 0 0 -~ 1/nY 0

we have B, — B} =C —C*+ D — D* and

P?(pn) 0 0 0
0 0 0 0
COo* = 0 0 0 0
0 0 0 0
and
0 0 0 - 0 0
0 1/2% 0 -0 0
pD*= 1|0 0 /3% ... 0 0
0 0 0 0 1/n*
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Since the diagonal entries of diagonal matrices are the eigenvalues, we
can write out

$51(C) = ¥(pn),sk(C) =0, k=2,...,n.
In addition,
sp(D)=(k+1)77, k=1,...,n—1, s,(D)=0.
Taking into account that
J J
> sk(Bn—Bj) =Y si(D—D*+C—C)

k=1 k=1
J J

A
M
Y2l
z
2

=~
||
=~
Il
i

cf. [4, Lemma I11.4.2]. So

J J
Zsk(ImB < ¥(pn) +Zk+1 j=1,...,n—1,
k=1 k=1
and
n—1
ZsklmB)<wpn —|—Zk—|—1
k=1

Now (2.2) and (2.3) yield the required result. O

Proof of Theorem 1.1. Consider the polynomial
g A) =1+a A+ F+a,n A", 2<n< o0,
with the zeros zj(g,) ordered in the following way

1
Rk+1 (Qn)

'Im , k=1,... ,n—1.

> ‘Im

2k(qn)

With a fixed £ <n and z = z;(¢,), we get

n
z)=2z" E apk™ 728 =0
k=0
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Hence, z;, ' (¢n) = z(pn) where p, is defined by (2.1). Now Lemma 2.1
yields the inequalities

1
2k (qn)

Im

<P(p) + Y (k+1)77

k=1

J
k=1

(2.4) ;
r+ Y (k+1)77, j=1,...,n—1
k=1

IA

But the zeros of entire functions continuously depend on its coefficients:

: 1 ! 1
Im — Im ‘
2| T
as n — o0. Now (2.4) implies the required result. O

3. Inequalities for the real parts of the zeros. In this section
it is assumed that the zeros of the function f defined by (1.1) are
enumerated in the following way

1 1
il

7 ‘ k=1,2,....

Sl

Let us suppose that (1.2) holds, and put
e 1/2
Or = [\Re a | + Z |ak\2} .
k=2
Substituting in (1.1) z = iw we get by virtue of Theorem 1.1,
Theorem 3.1. Under condition (1.2), the inequalities

>

k=1

Re

1 J
<O+ > (k+1)77, j=12,...,
Zk:(f)‘ ! kz::l

are valid.
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Furthermore, denote wr(f) = 67 +277. The well-known Lemma
I1.3.4 [4] and Theorem 3.1 imply

Corollary 3.2. Let ¢(t), 0 <t < o0, be a convex continuous scalar-
valued function, such that $(0) = 0. Then, under condition (1.2), the
inequalities

ijﬁ(\&ﬁ\) < d(wn(f) + gqx(k S0, =23

k=1
are valid. In particular, for any real v > 1 and all real j > 2,

T

1

Re )

>

k=1

J J J
SWR(N+D (k+1)77 = (0,427 ) (k+1)7.
= k=2 k=2

This corollary with j = oo yields
Corollary 3.3. Under conditions (1.2) and (1.5), the inequality

>

k=1

r

<@ () —1 -2

1
Re——
zk(f)
is valid. In particular, if v > 1, then

>

k=1

1

e

‘ <O +C(y) -1

Moreover, Theorem 3.1 and the well-known Lemma I11.3.5 [4] yield

Corollary 3.4. Under conditions (1.2) and (1.8), for any natural
j > 2, the inequality

@(‘Reﬁ‘,‘Reﬁ’,...,

1 -, -
RemD < Bwr(f),37 .. (Hi))
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is valid. In particular, let {dy}72, be a decreasing sequence of positive
numbers. Then

j
(3.1) ) di|Re
k=1

1 J
<di0s+ dp(k+1)7"7, 57=1,2,....
Zk(f)‘ 1Uf kz_;l k( ) J

For instance, let 0 < v < 1. Take d, = (k4 1)+~ with an
arbitrary positive e. Then

J J
1
> (k+1)" e Re ’ <27 0FEgp Y (k4 1)1,
Pt zk(f) =
J=12
Hence,
> 1
> (k4 1)~ Re—’ <27+, L ¢(14¢) — 1.
— zk(f)

Furthermore, due to the inequality a” + " < (a + b)", r > 1, for
arbitrary positive a, b, Corollaries 1.3 and 3.3 yield

Corollary 3.5. Under conditions (1.2) and (1.5), the inequality

(32) >

k=1

r

1
2z (f)

<270+ (27 )+ 20— 1 -2
is valid. In particular, if v > 1, then

>

k=1

<ty +05+2(C(v) - 1)

1
Zk:(f)’

[o.¢] /2
< [poaf + 43 jl] 2 -

Under conditions (1.2) and (1.5), this corollary improves the Hada-
mard theorem, since our result not only asserts the convergence of the
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series in (3.2) but gives us the estimate for the sum of absolute values
of the zeros.

4. The case v > 1/2. In this section we are going to make relations
(1.6) and (3.2) more sharp under the conditions r = 1 and

(4.1) v >1/2.

Moreover, under (4.1) we will derive an estimate for the quantity

S(f) = max

2e(f) z;(f) '

1 1 ‘

Theorem 4.1. Under conditions (1.2) and (4.1), for the zeros of
function (1.1), the following inequalities are true:

(4.2) S la AT S w(f) +¢(2y) -1
k=1
and

o0 (o)
_ 1
(4.3) kg_l [Im 2 (pn)|? < [Im ay)*+2 "Rea2+§ [k2_2|ak|2+(:(2'7)_1 .

To prove Theorem 4.1, again consider polynomial (2.1).

Lemma 4.2. With the notation

n

wipn) = 3 Jarl?,

k=1

the zeros of p, satisfy the inequalities

(4.4) S o) P < wpa) + 3k
k=1

k=2
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and

3 (axl? + k7).
k=2

| =

n
(4.5) Z [Im z(pn)? < [Im a1|* + 27 "Reay +
k=1

Proof. Due to the Schur inequality [6, Section III.1.4],
(4.6) > Ak(Ba)P < N*(B,)
k=1

where N(B) is the Frobenius (Hilbert-Schmidt) norm of a matrix
B : N?(B) = Trace BB*. Obviously,

(4.7) N%(B,) = w(pn) + Zn: k2.
k=2

Now (2.2) and (4.6) imply inequality (4.4).

Furthermore, let us use the inequality
(4.8) > 1Im A(Bn)> < N*(Im By),
k=1
cf. [6, Section III.1]. Obviously,

2N*(Im By) = 2[Im a1|* +[1/27 + ao* + Y (|ax]? + £~2).
k=3
Simple calculations show that

|1/27 4+ as|* = 1/47 + |ag|* + 277 Re as.

So

n
N*(Im B,) = [Im a1|* + 27" Reaz + = > (lax[* + k~27).
k=2

N =

Now (2.2) and (4.8) imply the required inequality (4.5). O
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Proof of Theorem 4.1. As was shown in the proof of Theorem 1.1,

2 (qn) = 2x(pn). Now inequality (4.4) yields

Z |2k (qn)|_2 < a(pn) + Z k2.
k=1 k=2

Hence

(4.9) D lz(gn)| 2 < w(f) + ) kT =w(f) +¢(2y) -1

for any j < n. Letting n — oo in (4.9), we get

D (NI < w(f) +¢(2y) -1
k=1

for any natural j. This implies inequality (4.2). Similarly, inequality

(4.5) yields (4.3). O

Theorem 4.3. Let f be defined by (1.1) under conditions (1.2) and

(4.1). Then the following inequality is true:

(4.10) S2(f) < 2(w(f) +¢(2v) = D).

To prove this theorem, again consider polynomial (2.1).

Lemma 4.4. The zeros of p, satisfy the inequality

n 2
) — 2 n2<2< n k_QV_M.
ma |24 (pn) = 2(pa) | < w<p>+k§:)2 n

Proof. Due to the well-known inequality 111.4.2.1 [6], the inequality

9 1/2
max INe(Bn) — Xj(By)| < <2N2(Bn) - E|Trace Bn|2>
J
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is valid, where N{(.) is again the Frobenius norm. Obviously, Trace B,, =
ay. So, according to (4.7),

n 2
Me(Bp) = Ni(Bn))? <2 n) + k‘Q‘*—M)
s M (B) = A B < 2wl + 3k - 1

Now (2.2) proves the statement of the lemma. O

Proof of Theorem 4.3. As was shown in the proof of Theorem 1.1,
2 (gn) = 2k(pn). Now the previous lemma yields

2

L L < o(wlpn) +C(27) — 1) < 20(f) +C(27) — 1),

T 2@ 2(an)

i#k

Furthermore, the zeros of entire functions continuously depend on
its coefficients. So, letting in the latter inequality n — oo, we get
inequality (4.10). O

5. Equalities for zeros of second order entire functions.
Rewrite (1.1) in the form

(5.1) FO) =14+ b A +b2 A2+ 0303 + - (A € C).
That is,
(52) bk = akk_"*.

Denote by p(f) the order of the growth of f. In this section we are
going to establish equalities for the zeros which supplement relations
(1.6) and (3.2) in the case r = 2 and

(5.3) p(f) <2.

Theorem 5.1. Let the set of the zeros of function f defined by (5.1)
be non-empty and condition (5.3) hold. Then the equality

D M=k = 2(Re 21 ()] = I (f)

k=1
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is valid with the notation

J(f) = Re bf —2Re by = Re a% —2'"7Re as.

To prove Theorem 5.1, we need the following

Lemma 5.2. The zeros zi(pn), k = 1,2,... ,n, of polynomial (2.1)
and (5.2) satisfy the equality

n

D lzpa) P = 2(Im zi(pa))® = J(f)-

k=1

Proof. Consider the n x n-matrix

b1 —by —b3 —bn—1 —bp
1 0 0 0 0
= 0 1 o0 0 0
0 0 1 0

Clearly p,(A\) = det (B, — InA). So zx(pn) = Me(En), k= 1,...,n.
Due to Corollary 1.3.7 [3, p. 19] (see also [2]), we can write out

(5.4) N*(Epn) =Y IM(En)|> = N*(En— E;)/2=2)  |[Im (B[
k=1 k=1

Simple calculations show that N2(E,,) = |b1|* + -+ |bn|? +n — 1 and
N*(E,—Ep)/2=2(Im by)* +|by+1° + |bs |+ [ba]*+- - -+ |bn|* +n—2.

Now (5.4) yields

D (B =2 [Im A (En) P = [b1[* + [ba]* + 1
k=1 k=1

—2(Im by)? — |bo + 112 = J(f).
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This proves the required result. ]

Proof of Theorem 5.1. As was shown in the proof of Theorem 1.1,
2 (gn) = 2x(pn). Now Lemma 5.2 yields

(5.5) > lzlan)| 7 = 2(Im 2 (gn))* = J(f)-
k=1

Since the zeros of entire functions continuously depend on its coeffi-
cients, for any natural j > 2, we have

J
Z|Zk(Qn)|72_2(Imzk an)) —>Z|Zk (Imzkl(f))2
k=1
as n — 0o. Now (5.5) implies the required result. O

Since |z|? = (Re 2)? + (Im 2)?, z € C, Theorem 5.1 yields

Corollary 5.3. Under condition (5.3), we have

S (Re 2 () — (Im 2 () = T(f)-
k=1

Finally, note that Lemmata 2.2, 4.2, 4.4 and 5.2 supplement the well-
known results on zeros of polynomials [1].
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