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ON THE GOLDBACH CONJECTURE
IN ARITHMETIC PROGRESSIONS

CLAUS BAUER AND WANG YONGHUI

ABSTRACT. It is proved that for a given integer N and for
all but < (log N)B prime numbers k < N5/48=¢ the following
is true: For any positive integers b;, ¢ € {1,2,3}, (b;, k) = 1
that satisfy N = b1 + ba + b3 (mod k), N can be written as
N = p1+p2+p3, where the p;, i € {1,2,3} are prime numbers
that satisfy p; = b; (mod k).

1. Introduction. Vinogradov [17] has proved that every sufficiently
large odd positive integer can be written as the sum of three primes.
This theorem has been generalized in many ways. In 1953, Ayoub [1]
proved the following result: If k is a fized positive integer, b;, i = 1,2, 3,
are integers with (b;,k) = 1 and J(N;k,b1,ba,b3) is the number of
solutions of the equation

N = p1 + p2 + p3,
pj = b; (mod k),

then
2

21og® N
where for odd integer N = by + by + b3 (mod k),

J(N;k,bl,bg,bg):(N;k) (1+O(1)>,
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36 C. BAUER AND WANG Y.

where all p > 2, C(k) =2 for odd k and C(k) = 8 for even k.

Using Ayoub’s method, one can prove this result for all k£ < logA N
for an arbitrary A > 0 for all sufficiently large odd integers N. Liu and
Zhan [11] as well as the first author [2] improved upon Ayoub’s result
by proving the following theorem:

For N =b; 4+ by + b3 (mod k) and an odd N sufficiently large, there
holds

(1.1) J(N;k,bl,b27b3)>0

for all k < N°, where § is a very small, positive constant.

In [10], it was shown that (1.1) holds for all k < R = N(1/8)~¢ with
at most < R(log N)~#4 exceptions for any A > 0. Liu proved in [7]
that if k is restricted to be a prime number, R can be chosen as large as
N3/29(log N)~=4 for any A > 0. Here we give a result that improves on
the result in [7] by obtaining a significantly smaller set of exceptional
modules k at the cost of a smaller upper bound R:

Theorem 1. Let R = N°/*8=¢. Then the inequality (1.1) holds for

all prime numbers k < R with at most O((log N)?) exceptions for a
certain B > 0.

The improvement in this paper compared to previous work is due to
two innovations. First, we apply a technique previously used in [9] to
our problem. Second, as a main contribution of our paper, we exactly
calculate the contribution of N-exceptional zeros that we define in the
following. We set

X(n)

S

)

L=log N, Ly=loglog N,  L(5,X)=)_

n>1

where X is a Dirichlet character. For a prime number k, £k < N, and a
fixed positive integer V', we define

Po={meN:m=0 (modk)}, Iy=[kkL"]| ][k KL"],
Ay, =P.N1Iy.
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We call a Dirichlet character X to a module g, ¢ < N, an N-exceptional
character if there exists at least one complex number s = o + it such
that

EL
(1.2) 0>1-—2 [f| <N, LX) =0,

where F is a fixed, positive number to be defined later. We call s an
N-exceptional zero and we call an integer ¢ an N-exceptional integer if
there exists an N-exceptional character X modulo q.

We note that the concept of N-exceptional zeros has earlier been
applied to other problems in additive prime number theory in [18] and
[3]. However, the exact definitions of the N-exceptional zeros in both
papers differ from the definition given here and, indeed, the sets of
N-exceptional zeros defined here and in [18] and [3] have no common
elements.

Theorem 1 is a direct consequence of Theorems 2 and 3.

Theorem 2. For a given prime number k < N°/*3=¢_if none of the
integers q € Ay is N-exceptional, then (1.1) is true for this k.

Theorem 3. There are at most O ((log N)?) prime numbers k,
1 < k < N, such that at least one of the integers q € Ay is N-
exceptional. Here, B is a fized positive constant.

2. Outline of the proof of Theorem 2 and treatment of the
minor arcs. In the sequel, [ay,...,a,] denotes the least common
multiple of the integers ai,...,a,. ¢ is an effective positive constant
and e will denote an arbitrarily small positive number; both of them
may take different values at different occasions. For example, we may
write

L°LS < L°, N°L® < N°.

We use the familiar notations

r~R<+<—= R<r<2R,

I

X modgq X modgq 1<a<q 1<a<gq

X primitive (a,q):l
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We know from [1] that Theorem 2 holds true for k < L for any H > 0.
Therefore, we assume throughout the document that

(2.1) k>L"

for a fixed H > 0 to be determined later. X, denotes a character modulo
q and X, 0 is the principal character modulo gq. We write e(a) = 2™
and the variables p and k always denote prime numbers. We keep k
fixed throughout this paper. If p™|q, but p™*! { ¢, we write p™||q. We
define for any three positive integers r;, i € {1,2, 3} that satisfy &3 { r;,

T lka[TZ,
(22) S; = ’I“i/k if kH’I‘i,
ri/k2if K2||r;.

Setting [r1,72, 73] = r and [s1, s2, $3] = s, this implies for &™||r, m < 2:
(2.3) r=sk™.

For a positive integer ¢ and a character X modulo g, let

ky=(k,q), R(N)= Z A(n1)A(n2)A(ns),
N/4<n;<N
n=b; (mod k)
ni+ne+nz=N

C(X,q,h,b,a) = Eq: X(m) e (@) ,

Z(qua quXhXQ,XS) =

Z C(X17q>kq7b17a) C(X2>Q7 kq7b27a’)

—aN
X C(XS,qa kqab3aa)e( Z ) )

A(Nv q, kq) =7 (Nv q, kq, X(q/kq),Ov X(q/kq),Oa X(q/kq),O) )
TN = > e(w).

N/4<n<N
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As we always argue for fixed variables N and k, denote by
(2.4)

S = Y Ame(nd), SAX) = > A)e(nA)x(n),

N/4<n<N N/A<n<N
n=b; (mod k)

1 if X = Xo,
WA X) =S\ X)— Eg(X)T(N), Eo(x) = {

0 otherwise,
P = k4/3L3G, Py = kQLgG, Q — Nk72L74G,

where the constant G > 8 will be specified later. Using the circle
method, we define the major arcs M = E;(k) U E2(k) as in [7]:

so=U U [l

g<P; a=1 q
ktq (a,q)=1
q
a 1 a 1
EQ(k):U U |:___7_+_:|5
P oo L4 9@ a 9@
klg (aq)=1

We define the minor arcs m as m = [(1/Q), 1 4+ (1/Q)] \ M. Writing
a = (a/q) + A, we use Dirichlet’s theorem on rational approximation
and find that m C Es(k) U E4(k), where
a 1
Es(k)=<a=—-4+A:Pi<qg<@Q,k1q, |\ S—},
() ={a=2+aim fo M <
1
E4(k;):{oz=g—|—/\:P2<q<Q, klq, |/\|§—}.
q qQ
We see

R(N) /;Hw )HS(a,bi)da
(2.5) <§2:/ ) ﬁS(a,bi)da

+0<;/Ei(k) ES(a,bi) da)

=: Ri(N) + R2(N) + O (Rs(N) + Ra(N)) .
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To estimate the contribution of the integral over m, we quote the
following lemma from [7]:

Lemma 2.1. Let A > 0 be arbitrary and o € E5(k) U Ey(k). If in
(2.4) G = G(A) is chosen sufficiently large, then

S(Oé,b) < LA

We derive from Lemma 2.1 and Dirichlet’s lemma on rational approx-
imation the following estimate:

(2.6) / [S (v, b1)S (e, b2)S (v, b3)| do
Eg(k})uEk(4)

1 1/2
< max 1S (e, by)| (/ |S(cr, by)|? da>
a€Fs(k)UE, (k) 0

1 1/2
y (/ 1S (e, b) 2 da>
0
N2

< e

In the following sections, we shall show that, under the condition of
Theorem 2,

N2
(2.7) Ri(N) + Ba(N) = o(N, k) 7o + O (N?k—2L74),

for any A > 0 and where o(N, k) is defined as in (1.2). Using

k k
¢3—(k) > O'(N,k) > ¢3—(k3)7

Theorem 2 follows from (2.5), (2.6) and (2.7).

3. Preliminary lemmas.

Lemma 3.1. Let f(x), g(z) and f'(z) be three real differentiable and
monotonic functions in the interval [a,b] and |g(z)| < M.
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(i) If |f'(x)] > m >0, then
b
/ g(x)e(f(z))de < M/m.
i) If |f"(x)] > r >0, then

b
[ s@e sy s < payr

Proof. See [13, Chapter 21].

Lemma 3.2. For any natural number ¢ = q1q2, (q1,92) = 1 and
characters X, (mod q) = X4, (mod ¢1), Xa, (mod ¢2), X (mod q) =
Xp, (mod ¢1)Xp, (mod g2), X. (mod ¢)= X, (mod ¢1), X¢, (mod g2)
and f = fiqao + foqu, there is:

a) C(Xa,qa kq;b, f) =C (Xau(hvkqubv fl) C (X(l23q27kq2’b’ f2)a

b) Z(N7q>kq7xa>Xb>Xc) = Z(N>q17kq1>Xa17Xb1>Xcl) Z(N7 Q27kq27
Xll27 ng b Xcz)'

¢) If X modulo p? is a both nonprimitive and nonprincipal character,
i.e., X is induced by X* modulo p*, 1 < a < 8, then for (b,p) = 1,
(a,p) =1 and 0 < v < 3, we have

C (x,p”,p",b,a) = 0.

Proof. Parts a) and b) are shown in the same way as Lemma 4.4 a
and b in [2]. Part ¢) is Lemma 4.3 in [2].

Lemma 3.3. Set (a,q) =1 and (b,q) = 1 throughout the lemmata
a) and b).

a) Let X be a character modulo q. Then

C(X,q,1,b,a) < ¢*/2.
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b)

C (Xq,07 q, kqv b7 a/)
_ {u(q/kq)e(tba/kq) if (q/kq,kq) =1, tq/kg =1 (mod ky),

0 otherwise.

c) Let there be given any three characters Xi, Xz, X3, modulo k2.
Then
Z(N7 k27k7X1aX2aX3) 7& 0= X1, X2, X3

are primitive characters modulo k2.

d) For any three primitive characters X; modulo r;; 1 < i < 3 with
K2||r where [r1,72,73] = 7, 7|q, and the principal character Xo modulo q
we have:

Z (N, q,k,X1X0, X2X0, X3X0) # 0 = K?||r;, 1<i<3.

e) For any X1, X2, X3 modulo k2

Z (N, k2, k,X1,X2,X3) < k2.

Proof. Part a) is contained in Lemmas 5.1 and 5.2 in [12]. Part b) is
shown in [16].

c) If any X; = Xo (mod k?), 1 < i < 3, then the lemma follows from
Lemma 3.3 b). If any of X; is a nonprimitive character modulo k? that
is induced by a primitive character modulo k, then the lemma follows
from Lemma 3.2 c).

d) Applying Lemma 3.2 b), we can write Z(N, q,k,...) = Z(N,r’, k,
...)JA(N,1,1), where (/,1) = 1, r|r’, and every prime factor that di-
vides r’ also divides r. From Lemma 3.2 ¢), we see that Z(N, ', k,...) =
0, if ¥ # r. Using the notation introduced in (2.3) and again
Lemma 3.2 b), we find Z(N,r,k,...) = Z(N,s,1,...)Z(N,k? k,...).
Thus, the proof can focus on terms Z(N,gq,...) that can be writ-
ten as Z(N,q,k,...) = Z(N,s,1,...)Z(N,k* k,...)A(N,I,1), where
(r,1) =1 and (s, k) = 1. Now the statement of this lemma follows from
Lemma 3.3 ¢).
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e) We know from Lemma 3.3 ¢) that we only have to consider
characters X;, 1 < ¢ < 3, that are primitive modulo k2. We know
from [3, Lemma 5.1 c], that for a primitive character x; modulo k2, we
have X;(1 + bsk) = e(c;bs/k), where (k,c;) = 1 and bb = 1 (mod k?).
By definition,

k
2 _ ab; + aks
C (X, k% k. b, a) = ; Xi(b; + sk)e (T)
k - ab; + aks
(3.1) = X;(b;) Z Xi(1+b;sk)e <zT)
k —
sc;b; ab; + aks

Inserting (3.1) in the definition of Z(...), we find

(3.2) (N K,k xl,x2,x3)

(£ () ()M ()

a=1 =1 “s;=1

_ iy xa) 1 Xz bz ZZZ (810151 + 322252 + 83031_73>

S1 S2 S3

a(by + ba + b3 — N + s1k + sok + s3k)
XZ ( . )

Using that by +bs +b3 — N = Mk, M € Z, we can write the inner sum
n (3.2) as

L. <a/<;(M—|—sl—|—52+33))
> e =

z_: ( M+81—|—82+S3))
— k

k(k
k

—1) if M+s1+s2+s3=0 (mod k),

else.
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Obviously,
(3.3)

f{s1,52,53: 1< 51,820,583 <k, M+ s1+s2+s3=0 (mod k)} = k.
Thus, noting that k/¢(k) < 2, we obtain from (3.2) and (3.3):

Z (N, k% k, X1, X2, X3) < k™ Ok* = k2.

Lemma 3.4. Let there be given primitive characters X; mod r;,
i =1,2,3, the principal character Xo mod q and r = [r1,r9,73].

a) If (r,k) =1, then

Z |Z (N, q, kq, X1 X0, X2X0, X3X0)| < r/2L.
qg<P
rlq

b) If k™||r, m € {1,2}, then
Z |Z (Na q, kqv XlXO, XQXO, X3XO)‘ < 8_1/2k_2L.

q<P
rlq

c) If (r,k) =1, then
> " 1Z (N, q, kg, X1X0, X2Xo, X3Xo)| < v~ /2K 2L

q<P
krlg

Proof. a) Let J denote the left-hand side in Lemma 3.4 a). Arguing
as in the proof of Lemma 3.3 d), we see that we can focus on terms
Z(N,q,...) which can be written as follows

Z(N,q,kg,...)=Z(N,r,1,...) A(N,l, k),
where (I,r) = 1. Thus

(3.4) J<|Z(N,r, 1,01 Y AN, L k)
I<P/r
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From Lemma 3.3 a), we derive
(3.5) |Z (N, 7, 1,.. )| < r 3203 = r= 1213,
Lemma 3.3 b) implies that |A(N, 1, k)| < l¢=3(l). Thus

(3.6) > AN LK) < 1.
I<P/r

Part a) follows from (3.4)—(3.6). For the proof of part b), we use the
definition (2.3) and Lemma 3.2 b) to write

(3.7) Z(N,rk,...)=Z(N,s,1,..)Z (N, k™ k,...).

Asin (3.5), we use Lemma 3.3 a) to estimate Z(N, s, 1,...). In order to
estimate Z(N, k™ k,...), for m = 1, we use the fact that by definition
|C(X,k, k,b,a)| <1 whereas for m = 2 we use Lemma 3.3 ¢). Thus,

3.8 Z(N,s,1,..)Z (N, k™ k,...) < s Y2k 2L3.
2

The lemma then follows from (3.4), (3.6), (3.7) and (3.8). For the proof
of part c), we argue as in (3.4):

(3.9) J<|Z(N,r, 1,01 Y AN, LK)

I<P/r
k|l

We see from Lemma 3.3 b) that

! o
(310) Y JAW.LK< D mLi<k?LY Y 1P <kTLE
I<P/r I<P/r I<P/rk
k|l k|l

Part ¢) now follows from (3.5), (3.9) and (3.10).

Lemma 3.5. There exists a positive number J such that:
a)

; p k/k A(N,q,ky) = (N, k).
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> m |A(N,q,kg)| < (Pk)~'L7.
q=>P q

Proof. The proof is nearly identical to the proof of Lemma 4.6 in [2].
Whereas in [2] the estimate k/¢(k) < k° is used, here the estimate
k/p(k) < loglog k is applied.

4. Treatment of the major arcs. We first consider the set E; (k).
If k 1 q, we find

q
s (9 + )\,bi) =Y e (ﬂ) S Am)e(nh) +O(L?).
q g=1 q N/4<n<N
n=b; (mod k)
n=g (mod q)

We shall introduce the Dirichlet characters € mod k£ and X mod ¢ and
obtain

a 1 1
5 (E " M”) = Seg) C Yo e Lbeal T+ Zaerrs

Emodk Xmodgq

In the sequel, we will neglect the error term O(L?). We will see that its
contribution will be dominated by other, larger error terms. We obtain
from (2.5):

(4.1) Ri(N) = R{"(N) + R{(N),
where

=> FIE@ zq: ﬁC(Xo,q,l,bi,a)e<—gN)

q<P; a=1 i=1
ktq

1/4Q
X / T3(\) e (=N)\) d,
-1/qQ
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(4.2)
= s e (-4v)
el ——N
q<P, ¢3 a=1 q
ktq
1/4Q 3 ~ B
/ ( > ) ¥ CRaLbawine)
1/4Q ; i=1 “&modk Xmodgq
(=AN) dX
q
+zz& o)
=1 q<P; a=1
ktq
1/9Q 3 B
/ ( (b)) Y C<x7q,1,bj,a>W<A,fx))
1/4Q j;él {modk Xmodq
VED)

xC(Xo,q,l bi,a) (A e (=AN) dA

q
%% wwea (5
kq

1/4Q B
b
- /1/‘1Q <§r§ik€( )

3
x [ € (x0.q,1,b;,a) T*(A) e (~AN) dA

> C(Y,q,l,bi,a)W()\,ﬁx))

Xmodgq

o
“TITT

We first evaluate the main term R}*(N) using (3.6) with r =1,

1/2

RT(N) = ZANq, / T(A)? e (=NX)dA

q<P 1/2
ktq

1 /2
O — A(N,q,1 A
<¢3<k> 2, |4t 1o P )

kfq
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_ 1 N? (PQ)?
(4.3) —¢3—(k)q;1A(N,q,l)§+O(¢(k)>
ktq
Z A(N,q,1) == + O (N?k~1L74),
q<)(P
ktq

where we have used T'(\) < 1/|A] and

(4.4)
1/2 N2

/ TP e(-N)dA = 3 Y =2 iow.
—1/2 N/4<ni<N/2 N/4<nz<3N/d—n; 32

In the sequel we will without further mention use the fact that, for any
character X induced by a primitive character X*, we have W (X, X¢§) =
W(A X*€¢) + O(L?). Using Lemma 3.4 a), we estimate ) ;:

SEps X Y Y Y S %

q<P; X1modq Xomodq Xgmodq & modk £ modk E3modk
ktq

1/qQ 3
17 (N, 4,1, X1, Xa Xs) |/ TTIW O xi6) d

] 1

7"1 <Py re<P; r3<P; Xymodr; Xomodrz Xzmodrs
k)('rl k}'f’l‘z k'f’l‘g

SPIRDIEDY

&1 modk £amodk E3modk

1/[r1,r2,m3]Q 3 )
ws) x| IL (WO + L) dx

—1/[r1,r2,r3]Q j=1

X Z |Z (N, q,1,X1Xo, X2Xo, X3Xo0)|

q<P;
[n ,r2,73]lq

Py 2 2 2 a2

r1<P1 ro<P; r3<P;
kh"l kh"g kTTg
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DD DD D IED

Ximodr; Xemodre Xsmodrs &3modk&amodk 3modk

1/[r1,r2,m3]Q 3
></ H (W XG€)] + L2) d,

1/[r1,r2,r3]Q

In the following, we will neglect the error terms L? in the last integral
n (4.5) as their contribution will be dominated by other terms. As
a character £ modulo k is either primitive or the principal character
modulo k, the following relation holds for all characters X; and &,
i € {1,2,3}, over which is summed in (4.5):

X* 1f§ :§O>

X*¢  otherwise.

(16) o ={

Thus we see from (4.5) and (4.6) and by the notation for s; introduced
n (2.2),

(4.7)

S Y Y ey Yoy

r1<Pikro<Pikr3<P1k r1<Pikro<Pikr3<P;
kllr1  kllr2  kllrs kllre  kllr2 Kfrs

EDIIDID LD WD M VY SR

ri<Pikro<P;r3<P; 7r1<P;ro<P;r3<P;
Ellre kfre  kfrs kfri  kira  kirs

1/[s1,52,83]Q

D SIED SIS S | T o) o

X1modr; Xgmodrs Xszmodrs 1/[s1,52,83]Q j=1

i=1 1,

where each )", , stands for one of the multiple sums in (4.7). Using
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1/2 1/4 1/4
[s1, 80, 83]'/% > 55/ s

Z<<k‘°’f?2 > ma W)

r1<P1k Xymodry

, we obtain

klry
. 1/52Q 1/2
X Z 5_1/4 Z </ ‘W(A’XQ)‘Q d)\)
(48) Tzljf;lk Xomodrsy —1/52Q
—1/4 . 1/55Q 1/2
DI EAED SEN (NN CRBTREY
r3<Pik Xsmodrs —1/83Q
klrs
= k2L WA,
where
=k ) Z max [W(\,x)|,
r<Pik X (mod r \/\|<k/7"Q
k|r
r\ A . k/rQ 1/2
A= L—1/3 Z (_) Z (/ |W()\7X)‘2 d)\) .
r<Pik F X (mod r) —k/TQ
k|r
Arguing similarly, we obtain
4
(4.9) ZZ K k2L (IaWaWg + LaW3 + IgW3)
i=2 1,

where

— 1/3
LD DD DR wfgla;;Q WA )|,

T<’(P1 X (mod r
ktr
. . 1/rQ 1/2
Bk Y (/ |W<A7x>2dl) .
r<Py X (mod r) -1/rQ

ktr
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In the same way we find

(4.10)
S+ < kL’ Jnax TN (W3 + WpWa +W3)
2 3 -
1/Q 1/2
+ k720 max [T())] (/ IT(\)| dl) (Wg 4+ Wy).
A<1/Q -1/Q
We have
(4.11) max |T(\)] < N.

A<1/Q

Using T'(A) < min (N, (1/X)), we see that

(4.12) (/w IT(\)]? dl>1/2 < N2,

-1/Q

Therefore, we see from (4.2) and (4.7)—(4.12):

R{(N) < k212 (N (WE+WWa+ W3) + N*2(Wp+ Wa)
(4.13)
F IAWE+ IAWAW B+ IA WA+ JBWg) :

For q € Ey(k), we see

S<g+/\,bi)_ zq: *e(@) S Am)e(mn)

‘ N/d<n<N
g=b; (mod k) n=b; (mod k)
n=g (mod q)

e (@> S Am)e(nd)

q

I
M=

g=1 N/A<n<N
g=b; (mod k) n=g (mod q)
1
=—C(x ) 7k7bi7a T(A
1 —_
+ — Cx,q,k,bi,aWA,X.
) e IW (A, X)

Xmodgq
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Arguing as in (4.1)—(4.3), we obtain by applying (3.6) in the same way
as in (4.3) and using (4.4):

(4.14) Ry(N) = R3"(N) + R3(N),
where
N2
(4.15) Ry (N)= > A(N,q.k) o= +0O (N?k°L™7),
32
q<Ps
klq

q<P, a=1 1/a@
klq
3
x H ( Y o k,bi,a)W()\,X)) e (— IN - )\N) A
i=1 Xmodgq 4
)PP DD S i
+
i=1 q<P, ¢3 a=1 7-1/4Q
klq
3
<11 ( > C(Y,q,k,bj,a)W(/\,x))
j=1 >Xxmodgq
J#t
% C (Xo, . k, bi,a) T(\) e (— IN - AN) A
(4.16) q
1/4Q
+ZZ 5@ Z / > C(X.q kb, a)W(AX)
= 1q;‘P (b 1/4Q Xmodgq
q

3
a
x HC(Xo,q, k,bj,a) T*(\) e <— EN - AN) d\

i

2:24:—#25:—#26:.
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Arguing similarly as in (4.5) and using Lemma 3.3 d), we see

Z D> > Y 1 Z(Nagkxa,Xe, xs))

q<P; Xymodq X2modg Xz3modgq

klq
1/¢Q 3
X/ [T woux)ldx
1/4Q 521
(4.17)
<(zrr+ry ¥
r1<Pare<Por3<P; 11<Par2<Por3<P/k
kilry kilrs kilrs kllr1 K||r2 ktrs
DD DD DR D D
T1<Pary<Py/kr3<Py/k 11<P2/kro<Py/kr3<Py/k
kl|ry kfra ktrs kfry Kira kfrs
DD I ID VD VD
r1<Pyro<Pyr3<P;’ Ximodr; Xgomodry Xzmodrs
k2|1 K2[|ra k[|rs
1/[ri,ra,rs]Q 3
</ [T (W) +22) dA
—1/[r1,r2,m3]Q 4
x> |Z(N,q kg X1 X0, X2X0, X3Xo) |
q<P>
[r1,72,73]lq
klq
(4.18)
5
i=1 4,3

where each 24 stands for one of the multiple sums in (4.17). The
condition k|¢ in the index of the sum > ,<p, |Z(N,q, kg, X1Xo,

[r1,r2,73]lq
X2X0,X3Xo) is only necessary for the sum 24 4q In the other cases,
k|[r1,r2,75] which implies k|g. Thus, we will only make use of the
condition when we estimate the sum Z 4,4- Again, we neglect the error
terms L? in the last expression as they will be dominated in the sequel
by other error terms. In order to estimate the }, ,, we use the fact
that for all ¢ considered in (4.17), there holds k3 { ¢ because of ¢ < Ps.
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This allows us to apply Lemma 3.4 b). Using (2.2), Lemma 3.4 b) and
the relation [sy, s9, s3]/ > 81/635/651/6, we argue as in (4.8):
(4.19)

S T S T

r1<Pyro<Pyr3<Ps
k”’l"l k”’l"g k‘H’r’g

1/[r1,r2,73]Q

D DD / H|W>\Xj)|d>\

Xi1modr; Xsmodrs Xszmodrs 1/[r1,rz,7‘3]QJ 1

< k2LIcWE,

where

~1/6
r *
Io = - WA
c=> (k) > wrg?;ng (A X)),

r<Ps X (mod r)
k|r
o\ /6 1/rQ 1/2
_ * 2
We=S" (E) 3 (/ W) d)\) .
r<P, X (mod r) /mQ
k|r
Arguing as in (4.10), using Lemma 3.4 b) and the relation [s1, 52, s3]'/?
1/6 1/6 1/6 .
51’ 85" 85’ ", we obtain
(4.20) ST +>" <k L (IpWE + IpWpWe)
42 43
where
SO me WAL
[A<1/rQ
r<P,/kX (mod r)
kir
. 1/rQ 1/2
o= 3 S ([ wosra)
r<Py/k X (mod r) —-1/rQ

kir
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For the estimate of 2474, we argue as in (4.19) and apply Lemma 3.4 ¢):
(4.21)

Z<<,Z€ 2L Z Z Z T17T27’I"3 —1/2

r1<Py/kro<Py/krs<P>y/k
kiry kira kitrs

1/[r1,r2,73]Q

+ Y > Y / H|W>\XJ)|d>\

Xi1modr; Xsmodrs Xszmodrs 1/[r1,ra,rs]@Q j=1
<k 2LIpW3.
As k3t ¢ for all considered ¢, we use Lemma 3.4 b) to estimate the sum
24755
(4.22)

Z<<]€ 2L Z Z Z 81,82,83 —1/2

r1<Pyro<Pyr3<Ps
kZHm k2H7"2 k2 HTg

1/ T1,T2, 7“3 3
DD YD S | T w00l
X1modr; Xgmodrs Xszmodrs 1/[r1,r2,r3]Q j=1
<k 2LIgW3,
where
r —-1/6
- — A
=Y (F) Xm0
r<Pj X (mod r)
k2|r
,\ L/6 . 1/rQ , 1/2
we= Y (5) X ([ wewora)
r<Py X (mod 1) -1/rQ
E2|r

Arguing as in (4.9), we obtain
(4.23)

d+Y < k—2L(”m% IT(\)| (W2 + WeWp + W3 + WE)
5 6

1/Q 1/2
+ max |[T()\)] (/ T\ dl) (We+ Wp+ WE)).
IA<1/Q -1/Q
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Therefore, we see from (4.11), (4.12), and (4.16)—(4.23):

RS(N) < k—2L(N (W +WpWe + W3 + W2)
(4.24) + N32(We + Wp + W)
+ IcW2 + IpW2 + IpWpWe + IpW3 + IEW§).

Using Lemma 3.5, we see from (4.3) and (4.15) that for a sufficiently
large G = G(A)

(4.25) RT"(N)+ RyY(N) = o(N, k) ];]—22 +0 (N?k2L74).

Thus we see from (4.1), (4.13), (4.14), (4.24) and (4.25) that the proof
of (2.7) reduces to the proof of the following two lemmas:

Lemma 4.1. Ifk < N®/1)=¢ then for F € {A, B, D}
Wr < NY2L=4
for any A > 0.
For k < NO/M8=¢ and if none of the integers q € Ay is N-
exceptional, then for F € {C,E}
Wr < NY2L=4
for any A > 0.
Lemma 4.2. If k < N®/1)=¢ then for F € {A,B,C,D,E}
Ir < NLM

for a certain M > 0.

In the sequel, we will also use the following lemma, which is the
estimate (1.1) in [6]:
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Lemma 4.3. Let N*(«, T, q) denote the number of zeros o + it of all
L—functions to primitive characters modulo q within the region o > «,
[t| < T. Then, for a positive integer m,

prp, ((2/5) ) (1)
> v < (2T) .

qg<P
mlq

5. Proof of Lemma 4.1 for W4. In order to prove the lemma it
is enough to show that

1/4
(5.1) Wapr < NY2 (%) EV3L=A,

where

k/rQ 1/2
(/\,X)|2d>\>

W= ¥ ([

’I‘NRX mod r) k/rQ

for R < Pik/2. Applying Lemma 1, [4], we see

k/rQ

(5.2) / W) dA
—k/rQ

2

N

< (QR/k)*Q/ Z A(m) x(m)—FEo(X) Z 1| dt.
N/8 |t cm<t+Qr/k t<m<t+Qr/k
N/4<m<N N/d<m<N

We note that Ep(X) = 0 because of R > k and the primitivity of the
characters. We set X = max(N/4,t) and X +Y = min(N,t + Qr/k).
We apply a slight modification of Heath-Brown’s identity [5]

/ K /
S =3 (4o @ -S 6 0 - o).

=1

with K =5 and
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to the sum
Z A(m) X(m).
X<m<X+Y
Arguing exactly as in part III, [19] we find by applying Heath-Brown’s
identity and Perron’s summation formula that the inner sum of (5.2)
is a linear combination of O(L€) terms of the form

SI“I"" layg
1 T 1 (X+Y)((1/2)+iu)_ X((1/2)+iu)
omi )y ( + Z“’X> (1/2) + i Y
+O(T™'NL?),
where 2 <T < N,
10
F(s,) = [[ fi(s:%),  £i(s,X) =D aj(n)x(nm)n~*,
j=1 nel;
lognorl j=1,
aj(n)=<41 1<j<5,  I;=(N;,2N;], 1<j<10,
(n) 6 <j<10.
10
(5.3) N< ][N <N, N;<N'Y5 6<j<10.
j=1

Since
(X+y)((1/2)+iU) _ x ((1/2)+iu)
(1/2) + iu

< min(Qkalel/Q,NW (|u|+1)*1)

by taking T = N and Ty = N(QR/k)~!, we conclude that, for a
sufficiently large G = G(M), S; I.,, is bounded by

@yt

1
F<§ +iu,X>‘ du

1 d
F(——l—iu,X)‘—u—i—LQ,
2 lu

To

< QRk—lN—W/

—To

+N1/2/
To<|ul<T
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Thus we derive from (5.2) that, in order to prove (5.1), it is enough to
show that, for R < Pyk/2,

Gy S /

r~R X
klr

( + it, x)‘ dt < NY2RYAR/2 -4

(5:5)

>y

r~R X
k|r

2T,

( + it, x)‘ dt < N~Y2QRY4k=Y"21 L4,

To < |Th| <T.

The inequalities (5.4) and (5.5) are both derived from the following
lemma which is shown for m = 1 in Lemma 5.2, [10] and for the
general case m > 1 in Lemma 2.1 in [8].

Lemma 5.1. Let F(s,X) be defined as above. Then, for any R > 1

and Ty > 0,
- [ 1
5.6 Fl| = it dt
5o SN[ | (G
TN‘RX 2

2
< (% T2 + 13/2 T21/2N3/10 + N1/2)LC.

Using (2.1) and (2.4), the estimates (5.4) and (5.5) follow from
Lemma 5.1 by setting 7o, = Ty and 1o = Ti, respectively, provided
that k < N2/15=¢ and H is chosen sufficiently large in (2.1).

6. Proof of Lemma 4.2 for I4. To prove the lemma it is enough
to show that

A NEV3Le.
D D DN
RX( od )
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Arguing as in the section before (we do not have to apply Gallagher’s
lemma here) we find

W (A, X)
T N t
< L° max / F<— + it,X) dt/ ul/Qe(— log u+)\u> du
aprlaro | Jor \2 N/4 2m
+ L?k°.

Here, we have set T = N and used that |A\| < k/Q. Estimating the
inner integral by Lemma 3.1 we obtain

N
t
‘ / ’U,_l/26<— log u + lu) du
N/4 2m

<<N1/2min< N , — N )
VIt 41 minyocu<n [t + 2mAul

Taking Ty = 47N (QR/k)~! we conclude that in order to prove the
lemma it is enough to prove that

>y [

1
F(5 +it, x) ‘ dt < NPT 2R 3Le

r~R X
k|r
<P
> / F(— + it,X) ’ dt < NY2EV3TILe, Ty, < || <T.
TI;TR X T 2

These estimates follow from Lemma 5.1 for k < N2/15-¢

7. Proof of Lemma 4.1 for W, W, Wp and Wg.  Arguing
analogously to Section 5, we find that the proof of Lemma 4.1 for
F = B reduces to the proof of the following two estimates: For T'= N,
To = N(QR)™', R< P;/2 and k < N3/16=¢ there must hold

YY" /OT°

r~R X

1
F(5 +it, x) ’ dt < NY2RYVARM3 =4
(7.2)

>y

r~R X !

27y

1
F(5 + it,X) ‘ dt < N~Y2QRY4KM3T L4,

To < |T1| < T.
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The estimates (7.1) and (7.2) follow from (2.1) and Lemma 5.1. For the
case I = C, we treat separately the cases R/k < LY and R/k > LV
for a sufficiently large V' to be determined later. In the second case, it
is enough to show, using Lemma 5.1, that for T = N, Ty = N(QR)~!
R < P,/2, and k < N3/29=¢_we have

1/6
(7.3) /‘ ( + it, X>‘dt < Nl/Q(%> L4,

TNR X
k|r

(7.4)

>y

r~R X
k|r

2Ty

( +it, x)‘ dt < N~Y2QR™/k=Y61 L4,

To < |Ty| < T.

In the case R/k < LV, we can estimate the sum on the righthand side
of (5.2) by using the zero expansion of the von Mangoldt-function:

S Amxm) - B Y 1

t<m<t+Qr t<m<t+Qr
N/4<m<N N/4<m<N

= Y Amxm)-E() Y1

X<m<X+Y X<m<X+Y

(X+Y) X N
< E — +O(T LQ)
|Tm p|<T3 P P 3

N
<QR > NI +O<T3 L2),

[Tm p|<T3

(7.5)

where p runs over the nontrivial zeros of the L-function corresponding
to X mod r with [Im p| < T5 and 3 = Re p. Arguing as in (5.2), we see
from (7.5) for T3 = k2L?" that

1/rQ
/ WA X)|? dA
1/rQ

< N( N’B1>2 O ((Qr) N3k —*L* ).

|Im p|<k2L2V
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Using (1.2) and defining W¢ g analogously to (5.1), we use the assump-
tions of Theorem 2 and Lemma 4.3 and obtain for k < N5/36—¢

(7.6)
Wer<NYZ 3" N7 " NP4 NV

r<kLY Xmodr |Im p|<k2L2V
k|r

< NY2[C max (N((5/12)—26)((12/5)+6)(1—ﬁ)Nﬂ—l)
1/2<B<1-FELz/L

+ N1/2L7A
< N1/2L7A’

for a sufficiently large F = E(A,¢). In the case F' = D, we distinguish
between the cases R > LW for a sufficiently large W to be determined
later and R < LW. In the first case, we argue as in Section 4 and see
that it is enough to show, using Lemma 5.1, the following. If T'= N
and Ty = N(QR)™!, r < P»/2k and k < N*/?°=¢ then:

1
F<5 + it,X> ’ dt < NY2RYAL=4,

1
F<§ +it, x) ’ dt < N~V2QRYAT L4,

To <|Ti| <T.
If R < LW, we apply Lemma 4.3 and the fact that L(o + it, X) with
X mod r and 7 < L has no zeros in the region, see [15, VIII Satz 6.2)

€o

>1-6(T):=1-
7= T log 7 + (log(T + 2))4/5’

it < T,

where ¢y is an absolute constant. Taking 7 = N'/3 and k < N3/20—¢,
we obtain from Lemma 4.3 from (7.5)

1/Qr 9
/ (WA X)) dA < N< Z Nﬁl) 4 (Qr)ANTHA/ LA

-l/Qr |Tm p|<N1/3

2
<« NL¢ max N((4/5)+e)(1=p) p(6-1) + NY/3pAr2W+4
(1/2)<B<1-6(T)

& N exp(—cL'/%).
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This proves the lemma for R < LW. For the case F = E, we treat
separately the cases R/k?> < LY and R/k* > LV for a sufficiently large
V' to be determined later. In the second case, it is enough to show,
using Lemma 5.1, that for T = N, Ty = N(QR)™!, R < P,/2 and
k < N5/%8=¢ e have

. To 1 R 1/6
>N / F(§+it,x)‘ dt < N1/2<k—2> L4,
ZE‘R X 0

r~R X /Tl
E2|r

2T,

1
F(5 + it,X)‘ dt < N~Y2QR"/Sk=131, L4,

To < |T1‘ <T.
For R/k* < LV, we argue as in (7.6).

8. Proof of Lemma 4.2 for 1, I, Ip, and Ig. Throughout this
section we set 7= N and Tp = N(QR)~!. Arguing as in Section 6, we
see that to estimate Ig it is enough to show that for k& < N3/16=¢ and
R < P /2, we have

1
F<5 + it, x> ’ dt < NY2(Ty +1)/2k3Le,

1
F<5 + it, x> ’ dt < NY2EV3TLe,

Ty < || < T.

For the estimate of I it is enough to show that, for k < N3/20—¢ and
R < Py/2, we have:

>y
r~R X 0
k|r

r~R X Al
k|r

1 R 1/6
F<§+it,x>’dt<<N1/2(To+1)1/2<E) Le,

2T,

1 R 1/6
F(§+it,x>’dt<<N1/2<E> Ty LC,

To < |T4| < T.
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These estimates follow from Lemma 5.1.

For the estimate of Ip it is enough to show that if k < N1/5=¢ and
R < Py/2k, then

To

1
F(5 + it,X) ‘ dt < NY2(Ty + 1)Y2Le,

1
F(5 + it,X)‘ dt < N'Y2T,L°,
Ty < |Ty| <T.

These estimates follow from Lemma 5.1.

Likewise, for the proof of the estimate for I, we use Lemma 5.1
to show that for the estimate of Io it is enough to show that for
k < N3/20=¢ and R < P,/2, we have:

>y
r~R X 0
E2|r

r~R X ‘/Tl
E2|r

1 R\®
F<§+it,x>’dt<<N1/2(ﬁ) (To +1)'/2L¢,

2Ty 1 R 1/6
F<5 + z‘t,x> ’ dt < Nl/z(ﬁ) T\ L°,

Ty < || < T.

9. Proof of Theorem 3. Using (1.2) and Lemma 4.3, we derive an
estimate for the number of the N-exceptional zeros. We find

SN (1 B Efz’q) « N(G6/5)4e)(BLy/L) o [36E/5+e
g<N

Thus, there do not exist more than < L36E/5+¢ N _exceptional integers.
Each integer < N has at most O(log N) different prime factors. Thus,
each N-ezxceptional integer does belong to at most O(log N) different
sets Ay. Therefore, there are no more than O(L3%F/5+1+¢) prime
numbers k, 1 < k < N, such that at least one of the integers ¢ € Ay, is
N-exceptional.
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