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®-INEQUALITIES OF
NONCOMMUTATIVE MARTINGALES

TURDEBEK N. BEKJAN

ABSTRACT. In the recent article [10, 11], Pisier and
Xu showed that, among other things, the noncommutative
analogue of the classical Burkholder-Gandy inequalities in
martingale theory. We prove the noncommutative analogue
of the classical ®-inequalities for commutative martingale.

1. Preliminaries. Let E be a rearrangement invariant space on
[0,00), cf. [5] for the definition. We denote by A a semi-finite von
Neumann algebra with a semi-finite normal faithful trace o. The set
of all o—measurable operators will be denoted by A. For z € N, let
i.(z) be the generalized singular value function of z, cf. [4]. We define

LpN,o)={zeN: u(z)cE}
2l Lpvo) = (@) |e for @€ Lp(N,o).

Then (Lp(N,0),|.||Ls,s) is a Banach space, [2, 12]. For E =
L?(0,00), we recover the noncommutative LP—space LP(N, o) associ-
ated with (NV,0). We will denote Lg(N, o) simply by Lg(N). Let
a = (an)n>o be a finite sequence in Lg(N), define

follseasy = (2 lanl?) "

n>0

Jollseay = | (3 162F)

n>0

1/2

This gives two noms on the family of all finite sequences in Lg(N). To
see this, denoting by B(I?) the algebra of all bounded operators on [?
with its usual trace tr, let us consider the von Neumann algebra tensor
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product N ® B(I?) with the product trace o ® tr. o ® tr is a semi-
finite normal faithful trace, the associated noncommutative Lg space
is denoted by Lg(N ® B(I?)). Now, any finite sequence a = (ay)n>0
in Lgp(N) can be regarded as an element in Lr(N ® B(I?)) via the
following map

ap 0

ar—T(a)= | @ 0 ... 1,

that is, the matrix of T'(a) has all vanishing entries except those in
the first column which are the a,’s. Such a matrix is called a column
matrix, and the closure in Lg(N ® B(I?)) of all column matrices is
called the column subspace of Lg(N ® B(1?)). Then

||a||LE(N,zg) = H|T(a)|||LE(N®B(z2)) = HT(a)”LE(N@B(lz))'

Therefore ||.|[, (a2, defines a norm on the family of all finite se-
quences of Lg(N). The corresponding completion is a Banach space,
denoted by Lg(N,I%). It is clear that a sequence a = (an)n>o0 in
Lg(N) belongs to Lg(N,1%) if and only if

(Zn: ak2)1/2HE < 0.

k=0

sup
n>0

If this is the case, (3 e lax|?)'/? can be appropriately defined as
an element of Lg(N). Similarly, we may show that [l povz) is a
norm on the family of all finite sequences in Lg(N). As above, it
defines a Banach space Lg (N, l?%)7 which now is isometric to the row
subspace of L (N ®B(I?)) consisting of matrices whose nonzero entries
lie only in the first row. Observe that the column and row subspaces
of Lp(N ® B(I?)) are 1-complemented subspaces (by the definition of
E and Theorem 3.4 in [3]). If E is g—concave, ¢ < oo, cf. [5], then
Le-(N®B(1?)) = Ly (N ® B(1?)), [8, p. 362]. Then we deduce that, if
F is g-concave,

We now turn to the description of noncommutative martingales and
their square functions. Let M be a finite von Neumann algebra with
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a normalized normal faithful trace 7. Let (M,,)n>0 be an increasing
sequence of von Neumann subalgebras of M such that U, >oM,, gener-
ates M, in the w* —topology. (M,,)n>0 is called a filtration of M. The
restriction of 7 to M,, is still denoted by 7. Let &, = £(.|M,,) be the
conditional expectation of M with respect to M,,, &, a norm 1 pro-
jection of Lg(M) onto Lg(M,,), by the definition of E and Theorem
3.4 in [3], and &, (x) > 0 whenever z > 0.

A non-commutative Lg—martingale with respect to (M,,),>0 is a
sequence & = (xy)n>0 such that =, € Lg(M,,) and

Em(xn) =xm, YVm=0,1,2,... n.

Let a2, = 5uppso [2nllar,) I [2llzpu < o0, a s said to
be bounded.

Remark. (i) Let o € Lp(M). Set z,, = () for all n > 0. Then
r = (x,) is a bounded Lg—martingale and ||z|z,nm) = (|02 ()

(ii) Suppose E is p-convex and g-concave for some 1 < p, ¢ < o0
with the relevant constants equal to 1. But then Lg(M) is uniformly
convex and so reflexive. Then, by standard argument, any bounded
noncommutative martingale x = (x,) in Lg(M) converges to some
ZToo I Lp(M) and z,, = &,(2s) for all n > 0.

Let = be a martingale; its difference sequence, denoted by dzr =
(dxn)n>0, is defined as

dxg = x9, dr, =2, —Tp_1, n>1.

Set

n 1/2 n
Scn(x) = (Z |dack2> and Sga(z) = (Z dx2|2>
k=0 k=0

By the preceding discussion dx belongs to LE(M,Z%), respectively
Lr(M,1%)), if and only if (Sc,(7))n>0, respectively (Sg.n(x))n>o0, is
a bounded sequence in Lg(M); in this case,

Sc(z) = (Iimxkﬁ)l/z and Sg(z) = (gwxzﬁ)

1/2

1/2
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are elements in Lr(M). These are noncommutative analogues of the
usual square functions in the commutative martingale theory. It should
be pointed out that the two sequences Sc () and Sk, (z) may not
be bounded in Lp(M) at the same time. Define HE (M), respectively
HE (M), to be the space of all Lg-martingales with respect to (My,)n>0
such that dz € Lg(M, %), respectively dz € Lg(M,1%), and set

2z vy = el gz, resp l2luz g = ldzllLgmgz,)-

Equipped respectively with the previous norms HE (M) and HE (M)
are Banach spaces. Note that, if x € HE(M),

||~’UHH§(M) = Slipo ||Sc,n(33)||LE(M) = ||SC(33)||LE(M)

and similar equalities hold for HE(M). Then we define the Hardy
space of noncommutative martingales as follows: If E is 2-cotype,

Hp(M) = HE(M) + Hg (M),
equipped with the norm

Il = mf {lyll gz + 12l aza o=y + 2,
y € HEM), = € HE(M)}.
If F is 2-type,
Hp(M) = HE(M) N HE (M),
equipped with the norm

[|z]] = max {Hx”Hg(M)v ||37HH1§(M)}-

The reason that we have defined Hp(M) differently according to
whether E has 2-cotype or 2-type will become clear in the next section.
This was used in [10, 11] and also in [9].

For every 0 < s < oo, we define a linear operator Dy : for a measurable
function f on [0, c0)

(Dsf)(t)_fG), 0<s<oo, Vtel0,o00).
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The Boyd indices pg, g of E are defined by

I log s log s
pp = lim ———— =sup —>——,
s=oo log ||Dsl| - s>1 log || Ds|l
. log s . log s
= ]llIm —— = 1 — -
= 20 Tog [ D] ~ ofs<1log [ D]

Then 1 < pg < qg < 00. The 2-convexification E® of E is defined as
1/2
lall g = llal[3?, 5, p. 54].

Let ® be a convex nondecreasing function defined on [0,00) with
®(0) = 0, limtoo ®(t) = oo and such that ®'(t) = ¢(t) is left-
continuous and ¢(0) = ¢(0"). ® is said to be moderate. If there is
a constant C' > 0 such that ®(2t) < C®(t), for all ¢ > 0, @ is called
a Young function if lim; . ¢t~ '®(#) = co. A Young function is called
strictly convex if infysq tp(t)/®(t) > 1. Consider the left-inverse ¢ of
¢ which is defined by 9 (s) = inf{t, ¢(t) > s}. It is easily verified that
if @ is a Young function, then ¢(t) 1 oo, t — oo. In this case ) is well
defined on [0.00). Put ®*(t) = fotw(s) ds. Then ®* is also a convex
nondecreasing function. The function ®*, defined in this way, is called
the Young complementary function of ®. It is clear that ® is the Young
complementary function of ®*, i.e., &** = &. We let

po = iglgtcb(t)/@(t% g = inf to(t)/(1);

then pg« = ¢ where 1/q + 1/qe = 1, see [1, 6]. Given a Young
function ®, we consider the function space on [0, 00) which is defined
by

Ly = {f7 Hf||<1> < OO},

where
Iflle = inf {A >0, BS(|f]/A) < 1}.

If ® is a moderate function, then Lg is a rearrangement invariant space.
Note that Le(M) = L, (M).

2. The main results. In this section (M, 1) always denotes a
finite von Neumann algebra equipped with a normalized normal faithful
trace, and (My,),>0 an increasing filtration of subalgebras of M which
generate M. We keep all notations introduced in the previous section.
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Theorem 2.1. Let E be a rearrangement invariant space with
1 < pg < qg < oco. Then there is a positive constant Bg such that, for
all finite martingales x in Ly(M), we have

@) Y endan . Og|| > da Ve, = £1.

Le(M)’

Proof. Theorem 2.b.11 in [5] gives that E is an interpolation space
for the couple (L, Ly) where 1 < p < pgp < ¢g < ¢ < co. Then, by
Theorem 3.4 in [3], we have that Lp(M) is an interpolation space for
the couple (L,(M), Ly(M)). We define

T: Ly,(M)+ Ly(M) — Lp(M) + Ly(M)
by
Tx = an dz, for xz€ L,(M)+ Ly(M) and z,=E,(z).
Then Theorem 2.1 in [11] gives
1Ty < Bp,  [ITllg < Bqs

where (3, 3, are positive constants. Using the fact that Lg(M) is
an interpolation space for the couple (L,(M), Ly(M)), we obtain that
there is a constant g such that

I Tz|| < Bellz].

Hence (2) holds. o

Corollary. Let ® be a strictly convex and moderate Young function,
i.e., 1 < qo < pe < oo. Then there is a positive constant Be such that
for all finite martingales x in Le(M), we have

Hzgndxn”L@(M) §ﬁ¢HZd$n||L¢(M), VEn::tl

Lemma 2.1. Let FE be a q-concave rearrangement invariant space
with ¢ < oo and (N,0) a semi-finite von Neumann algebra with a
normal semi-finite faithful trace.
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(i) If 1 < q < 2, then for any finite sequence a = (an)n>0 i Lrp(N),
we have

CRE A )yt

(ii)) If E is a p-convex with p > 2, then, for any finite sequence
a = (an)n>0 in Ly(N'), we have

de =~ |la .
L) lallLpwviz)rLmoviz)

(1) LI evanlisonds ~ lallov ey

Proof. (i) Let E* = F. Then F is ¢’-convex with ¢’ the conjugate
index of ¢, so F is 2-convex and there is a rearrangement invariant space
F1 such that F1(2) = F. It is clear that Fy is ¢’/2-convex. Hence we
use Theorem IV.4 in [9] and Theorem V.5 in [8] to obtain the desired
result, see [9, p. 254].

(ii) E* satisfies the condition of (i). Then, for any finite sequence
a = (an)n>0 in Lg«(N), we have

/G |3 can

By Kahane’s inequality, [5, Theorem 1.e.13], it follows that

de ~ .
e (V) ”aHLE* (NIZ)+ L« (N12)

1/2
(5) (/G [ ananH%E*(/\/) d5> / R lall L e (W a2) 1L g N 12)-
Since FE' is g-concave, by (1)
(LENLIZ))* = Lp-(N,12) and (Lgp(N,I%))* = Le-(N,1%).
On the other hand, we have
(L*(Le(N)))* = L*(Lp-(N)),

see [8, p. 362]. The condition of (ii) implies that Lg-(N) is K-convex.
Then there exists a constant C' such that, for all f € L?(Lg-(N)),

|5e

S ONfllz2 (L= (V)

L2(Lpx(N))
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where b, = [ &nfde,n > 0. Hence,
1/2
</ H anan de)
_Sup{‘/G<Z€nan, f>d5‘ :f ELQ(LE*(N)), Hf”LQ(LE*(N))Sl}

{ / Zenan, Zenb >d5’:

n>0

b= | et ||f||L2<LE*<N>>s1}
< sup {}/ < Enln, Enbp > de} : H Enbn < C}
el n%% TLZZ% TLZZ% L2(Lg+(N))

<sup {} Z<Gn,bn> (On)n>0ll L e (W 12) + L (A 12) < Cl}

n>0

< Bell(an)nzollL o i2)nL s .i2)-

Since E is 2-convex, we use (I.7) in [9, p. 247] to obtain that

1/2
Nan)nsoll oz ynse vy < ( LISeal; ) |
E

So we get (4). o
Corollary. Let ® be a convez function and (N, o) a semi-finite von
Neumann algebra with a normal semi-finite faithful trace.

(1) If 1 < qgo <po <2, then for any finite sequence a = (ap)p>o N
Ly (N), we have

© e,

(ii) If 2 < g < pap < 00, then for any finite sequence a = (an)n>0
in Lo(N), we have

A > R
(7) /GZeaL(NE

d€ ~ lall oz LoV i2)-

Ha”L@(N,l?C)mL@(/\/,l?)'
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Proof. We prove only (i). Let E = Lg, F = Lg+. Then F = F*
and ®* is a convex function with 2 < ¢g¢+ < pg+ < oo. Then F is
go~-convex. By (3), we obtain (6). o

Lemma 2.2. Let E be a rearrangement invariant space with 1 <
pE < qp < 00. Define the map Q on the family of all finite sequences
a = (ap)n>o0 i Lg(M) by

Then there exists rg such that

1Q(a)|Lpmaizy < TElAlLHM12)5

Q)L svmiz) < rellallsyamz)-

Thus Q extends to a bounded projection on Lgp(M,1%) and Lp(M,1%);
consequently, Hg(M) is complemented in Lg(M,1%)+ Lg(M,I%) or
Le(M,1%) N Lg(M,1%) according to whether E is 2-cotype or E is
2-type.

Proof. Let us consider the von Neumann algebra tensor product
M @ B(I?) with the product trace 7 ® tr; then 7 ® tr is a semi-
finite normal faithful trace. Let Lzp(M ® B(I?)) be the associated
noncommutative Lg space. Then Lp(M ® B(I?)) is an interpolation
space for the couple (L,(M ® B(I?)), Ly(M ® B(I?))) where 1 < p <
pE < qp < q¢ < 0co. We define

T': L(M®B(I)+Ly(M&B(%) — Ly(M@B(%))+L,(MoB(12),

by
aylr ... Glp .- 51(@11) 0 0
asy ... Gop ... 52(@21) 0 0
T = :
Qpl  -ov Gpp e Enlan) 0 0

Theorem 2.3 in [11] gives that T is a bounded operator on L,(M ®
B(1?)) into L,(M ® B(1?)) and on Ly(M ® B(I1?)) into L,(M @ B(I?)).
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Then T is a bounded operator on Lg(M ® B(1?)) into Lg(M @ B(I?)).
This gives @ is a bounded operator on Lg(M,I2) into Lg(M,IZ).
Similarly, we may show that @ is a bounded operator on Lg(M,1%)
into Lg(M,1%) too. m

Theorem 2.2. Let E be a q-concave rearrangement invariant space
with ¢ < o0 and x = (zn)n>0 an Lg—martingale with respect to
(Myp)n>0 as above.

() If1l<qg<2andl < pg, then x is bounded in Ly(M) if and
only if © belongs to Hg(M); moreover, if this is the case, we have

(8) apllzlapmy) < l2llLsm) < Bellzl oy )

where ag, Bg are positive constants.

(ii) If E is a p-convex with p > 2, then x is bounded in Lg(M) if
and only if © belongs to Hg(M); moreover, if this is the case, we have

apllzllzpmy < zllLemy < Bellzl g,

where ag, B are positive constants.

Proof. (i) The Boyd indices of E satisfy 1 < pgp < ¢ < 00. So
Theorem 1 holds for E. Let = be any finite martingale in Lg(M);
then we have (2). Applying (2) to the martingale difference sequence
(endzy,) instead of (dzy,,), we obtain the converse inequality

2l < B Y endeal, o Ve =1
Therefore, integrating in € over G, we have
~ d de.
lelloiso ~ [ | Eende], , de

It follows from (i) of Lemma 2.1 that

||$||LE(M) ~ ||d~’0||LE(M,zg)+LE(M,z2)-

Then using Lemma 2.2, we get (8).
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(ii) The proof is similar to (i). Using (ii) of Lemma 2.1, Lemma 2.2
and Theorem 2.1, we obtain the desired result. ]

Corollary 1. Let E satisfy the condition of Theorem 2.2. Then
Hg(M) = Lp(M)

with equivalent norms.

Corollary 2. Let ® be a convex function such that 1 < qp < pp < 2
or 2 < qe < pp <oo. Then

Hy(M) = Lo(M)

with equivalent norms.
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