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FROM N PARAMETER FRACTIONAL
BROWNIAN MOTIONS TO N PARAMETER
MULTIFRACTIONAL BROWNIAN MOTIONS

ERICK HERBIN

ABSTRACT. Multifractional Brownian motion is an exten-
sion of the well-known fractional Brownian motion where the
Holder regularity is allowed to vary along the paths. In this
paper, two kinds of multi-parameter extensions of mBm are
studied: one is isotropic while the other is not. For each of
these processes, a moving average representation, a harmoniz-
able representation, and the covariance structure are given.

The Holder regularity is then studied. In particular, the
case of an irregular exponent function H is investigated. In
this situation, the almost sure pointwise and local Hélder
exponents of the multi-parameter mBm are proved to be
equal to the correspondent exponents of H. Eventually, a
local asymptotic self-similarity property is proved. The limit
process can be another process than fBm.

1. Introduction. In many applications, fractional Brownian motion
(fBm) seems to fit very well to random phenomena. Recall that one-
dimensional f Bm can be defined by one of the following four properties.
Let H € (0,1) (H is sometimes called the Hurst parameter).

e B is a centered Gaussian process such that

Vs,teRy; E[BFB] = % (82 + 27 — |t — s|?H]

e the process B such that

sl = [ )T ()2 W)+ / () W)

— 00

is an fBm,
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e the process BY such that

H et —1

is an fBm,

e BH is the unique self-similar Gaussian process with stationary
increments.

Its efficiency has already been shown in simulation of traffic on the
Internet or in finance. This induced some recent progress such as
stochastic integration against f Bm.

However, the main limitation of f Bm is that the Holder regularity is
constant along the paths.

Multifractional Brownian motion (mBm) has been independently
introduced in [4, 13]. This process is a generalization of fractional
Brownian motion where the Hurst parameter H is substituted by a
function ¢ — H(t). As a consequence the Holder exponent is allowed
to vary along trajectories. The different definitions by the two groups
of authors provided two different representations of mBm.

Peltier and Lévy-Véhel ([13]) defined the mBm from the moving
average definition of the fractional Brownian motion

X, = /_0 {(t_u)H(t)—lﬂ _ (_u)H(t)—l/Z} W (du)

t
+/ (t—u)HO=12 W (du)
0

where ¢t — H(t) is a Holder function.

Benassi, Jaffard and Roux [4] defined the mBm from the harmoniz-
able representation of the f Bm

et -1
X = Aww(df)

These two definitions were proved to be equivalent up to a multiplica-
tive deterministic function [6].



FRACTIONAL BROWNIAN MOTIONS 1251

Moreover, in [1] the covariance function of this Gaussian process has
been proved to be

E [X X}
- D (H(S),H(t)) [‘S‘H(S)J”H(t) + |t|H(8)+H(t) _ ‘t _ S|H(s)+H(t)}

where D is a known deterministic function.

The goal of this paper is to study some multi-parameter extension of
the multifractional Brownian motion, i.e., a stochastic process indexed
by RY, which is an mBm when N = 1. One extension has already
been considered in [4].

2D extension of fractional Brownian motion has been already used in
various applications such as underwater terrain modeling [14]. It may
be more realistic to allow local regularity to vary at each point: our
extension of mBm in R? may be used for this kind of application.

2. Multi-parameter extension of the fractional Brownian
motion. Since multifractional Brownian motion is an extension of
fractional Brownian motion, we start with a review of the existing
extensions of fBm. Most of the results in this section are well known,
but we give new proofs based only on the covariance functions.

In the same way as Brownian motion has two main multi-parameter
extensions, Levy Brownian motion and Brownian sheet, two different
multi-parameter extensions of fractional Brownian motion have been

defined.

2.1 Levy fractional Brownian motion. The Levy fractional
Brownian motion is defined to be a centered Gaussian process of
covariance function

(1) E[X. X = 5 [IsIP" + 14> = 1t = s]*"] .

N~

There are several definitions of this process by its trajectories. Among
these, it can be defined as integral against white noise. Lindstrom
stated the following, see [12].
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Proposition 1. The process defined by
@ Xe= [ [l a2 W)
RN

18 a Levy fractional Brownian motion up to a multiplicative constant.

The harmonizable representation of fractional Brownian motion can
also be generalized.

Proposition 2. The process defined by
eilhd) 1
(3) X = /RN S - W (dg)

where W is the Fourier transform of white noise in RN, is a Levy
fractional Brownian motion up to a multiplicative constant.

Proof. As will be done for multifractional Brownian field, the Fourier
transform of the kernel of representation (2) could be directly com-
puted. But as this representation defines a real centered Gaussian
process, it is enough to show that the covariance function has the form

(1).
For all t € R, let us denote by f; the function ¢ +— (e<*¢> — 1)/
(||€]|+(N/2)) and consider the centered Gaussian process
X ={X; =W(f); te RY}
where W denotes the Fourier transform of the complex isonormal
process.
First, we remark easily that, for all ¢, almost surely, /W( fi) € R.

The covariance function of the real process X is

=

BIX.X\) = B[W(f)W(f)

L[ e oy
Ry TP+ |

ei<s—t,£> _ ei<5,§> _ e—i<t,€> + 1
= /R BIEER %
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Then we have to consider three integrals of the form
1— ei<t,€>
/ ( 2H+N ) 3
ry €]l

For t € RN, t # 0, fixed, consider the change of variables from RY
into itself, u = ¢ (§) where ¢ is the linear application which maps the
canonic basis of RY to the orthonormal basis (e; = t/||t||, ez, ... ,en)-

Then, we get

1 i<t,&> 1— P[] w1
/ o de= | du.
ry €[ ry [[ul]2
After the second change of variables

v=|t]|.u=|t|Id.u
dv = ||t||N.du,

we get

1— ei<t,£> Ht||2H+N 1— eivl
de = / dv.
/RN [[€]2H+N [EIN Jra (o] PHEN

CN,H >0

Proceeding the same way for the two other integrals, we can conclude

E[X.Xi) = Cn [IsIP + 1627 — It — s]*"]

which shows that the process {1/(\/C’N,H)W(ft),t € Rf} is a Levy
fractional Brownian motion. O

2.2 Fractional Brownian sheet. On the contrary to the Levy
fractional Brownian motion, this process is not isotropic. In particular,
we can have different Hurst parameters in each of the N directions.

The fractional Brownian sheet (fBs) is defined to be a centered
Gaussian process of covariance function

N

(4) E[X.X] = H% (S?Hf, L2 silzm> _
i=1
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As in the isotropic case, this process has two different representations
by its trajectories.

Proposition 3. The process defined by

N
Xo= [Tl = w2 = gt 172] W)
RY =1

s a fractional Brownian sheet, up to a multiplicative constant.

Remark 1. In [8], Pontier/Léger introduced another moving average
representation of fractional Brownian sheet.

*e= / ﬂ [ = )7 = () 2] Wdw).
-

i=1

Proof. 'This process is obviously Gaussian and centered. Thus, we
only need to show that its covariance function has the expected form.
We compute

N
EX: X)) = H/ {‘Si _ ui|Hi—1/2 _ |ui\Hi—1/2}
i=1/R
R R

We can see that the factor corresponding to each i, is the covariance
of an fBm with Hurst parameter H; (or a Levy fractional Brownian
motion with N = 1). Then we have

N
FE [XSXt] = HKLHv: [|Si|2Hi + |ti‘2Hi — |ti — SZ|2H1] . O
i=1

This process also has a harmonizable representation, using the Fourier
transform of the white noise in R" as in the previous paragraph.
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Proposition 4. For all t = (t;), consider the function ¢, such that
for all £ = (&),
ztm§m _ 1

I

The process defined by

etmém _ 1 -
¢t /RN H |§ |Hom 1€ [Hmt1/2 " W(d¢)

s a fractional Brownian sheet, up to a multiplicative constant.

Proof. As in the previous proposition, let us compute the covariance
function of this process.

zs,,Lfm _ 1 —ztmﬁm -1
BlX.Xi] = H / Em |2£{m+1 ) dSm

H Cl,Hm [|Sm|2Hm + ‘tm‘QHm - |tm - 8m|2Hm]

using the same argument of the previous proposition. u]

Remark 2. The processes defined in Propositions 3 and 4 are proved
to have the same law. In fact, as a particular case of Proposition 10,
they are indistinguishable.

2.3 Stationarity of increments and self similarity. Let us start
by recalling the notion of increments in Rf .

For a function f : [0,1]Y — R and h € R, one usually defines the
progressive difference in direction ¢; by

Ahﬂ-f(x)_{g(x"‘haz) f(x) efith,er+haze[0,1]

and, for h € RN and A = (iy,...,iz),

Apaf=2n i fo-0lp uf.
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Despite the temptation to define the increments by X; — X, as in one
dimension, it is better to set

AXgp =D a,.. . 0Xs
(5) = Z (_1)N_Zl rlX[SiJF'"i(ti*Si)]q‘, :

re{0,1}V

If there exists ¢ € {1,..., N} such that s; = ¢;, we have AX,,; = 0.
Then, we consider

I:{’L:L,N, Si$£ti}

and
Ay 51X = Z (_1)#1_21 ”X[S#Tv:(tifsi)]ief :
ref{0,1}#1

2.3.1 Isotropic case. In the isotropic case, the following extension of
fBm’s properties are well known, see [12].

Proposition 5. Let X = {Xt; te Rf} be a Levy fractional
Brownian motion. We have the following two properties for all h € Rf
and a > 0,

{Xeon— Xu; t e RY} 2 (X, - Xo5 t e RY}
{Xus te RY} @ ol t € RY})

d
where @ means equality of finite dimensional distributions.
Proposition 5 implies the stationarity of increments (5).

Proposition 6. The increments of Levy fractional Brownian are
stationary, i.e., for all h € Rf,

@

{AXh,t—i-h; te R_IX} {AXQ7t; te R_IX} .
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Proof. We fix h € Rf and write
AXh,t"rh = Z (_1)N_El E (X[hlJr’F,,ti]l - Xh) 5
re{0,1}N —{0}

then in the development of E [AX}, 541, AX} 14n], we only have terms
of the form

E [(X[hi"r’f’isi] - Xh) (X[hi"l‘piti]

i i

- Xh)] =L [X[Tisi]iX[Piti]J
using the previous proposition. Therefore, we have

E [AXh,s+hAXh,t+h] == E [AXo_’sAXo_’t] . [m]

2.3.2 Non-isotropic case. In the non-isotropic case, the properties
of self-similarity and stationarity of increments have been stated by
Léger/Pontier, cf. [11]. Here, we give another proof based on the
covariance function rather than the moving average representation.

Proposition 7. Let X = {Xt;t € Rf} be a fractional Brownian
sheet. We have the following two properties for all h € Rf and a > 0

{AX) 1 4nt e RY Y @

{Xu; teRY} 2 {azi Xy te Rf}

{AXo; t e RYY

Proof. We consider N independent fBm X .. XN of Hurst
parameter H;, and the process Y = {Yt;t € Rf} such that Y; =

Hil\il Xt(l) We can see easily that X and Y have the same covariance
function. The same result follows for the increments {AX hit+h; T E Rﬂ:’ }
and {AYM_HL; te Rf} As a consequence, from

N
N— T %
AYvh,t-i—h = Z (_1) Zz 1 HX}(h)—s-ntL
N =1
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we get

N
BIAXnwrndXneen) = [[ B[ (x00, - x07) (X1, - x17))]

i i i
i=1

B[x(x{]

= F[AXpsAXoy]-
For self-similarity, we verify easily that, for all a > 0

E[XusXat] = E a2 Hi X, a22: Hi Xt} .o

Therefore, we can conclude that both extensions of fBm satisfy the
properties of self-similarity and stationarity of increments.

3. The multifractional Brownian motion’s case. Once again,
we can consider two different kinds of multi-parameter extension of
mBm: isotropic and anisotropic extension. Note, first of all, that mBm
already has a multi-parameter extension. Indeed, the formulation of
Benassi/Jaffard/Roux in [4] was done for t € RY. We will see that it
can be considered as an isotropic extension.

3.1 Isotropic extension. To define an isotropic extension of the
mBm, the natural way is to substitute the constant H of the moving
average representation of the Levy fractional Brownian motion, with a
function.

Definition 1. Let H : RY — (0,1) be a measurable function. The
process {Xt; te Rf} such that

6) X = / 16—l 7O HO-02] W (du)
RN

is called multifractional Brownian field.

We will show that this process is the same as the process defined
by Benassi/Jaffard/Roux. This result generalizes on the equivalence
stated in the case N =1 in [6].
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Proposition 8. Let H : RY — (0,1) be a measurable function. The
process defined by

elt8) 1 -
(M) Xi = /RN [€[HEO+N/2) W (d¢)

18 indistinguishable, up to a multiplicative deterministic function, from
the process defined by (6). This formulation is the harmonizable repre-
sentation of the multifractional Brownian field.

Proof. First of all, let us compute the Fourier transform of the
function ||.||%, —N < a < 0.

(TN1% ) = (I-1%,9)

= /RN i (/RN e_i<w’t><p(w).dw) dt

we consider the change of variables
RY xRY — R" xRV
(w,t) — (w, A = ¢(t))

where ¢ is the linear application which maps the canonic basis of R
to the orthonormal basis (e; = w/||w||, ez, ..., en). We get

@ier = [ ] e o) du.da
[l iy

tp(w)
= Jor Jon ol =00 i

using the change of variables (w, A\) — (w,u = ||w||A). Then we have

. 1
T, o) = (/ u||%e™"™ du)/ —— o(w) .dw.
@irer = ([l [ o #l)

Aa

Thus, for —N < a <0,

a )‘Oé
T %(w) = W
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From this result, an elementary computation gives the Fourier trans-
form of ||t —.[|* — ||.||*. We get

Aa

Tt = [ = [.1*] (v) = [e7" <> 1] ol ™

We deduce that for all t € RN, almost surely,
/ {Ht _ UHH(t)f(N/?) _ |\u||H(t)*(N/2)} W (du)
RN
el 1
=) /RN reEoT v )

using the fact we saw previously that the second integral is almost
surely real. Therefore, by an argument of continuity, the result follows.
mi

This process is obviously a centered Gaussian process. It is thus of
interest to study its covariance function. The following proposition is
an extension of the case N = 1 stated in [1].

Proposition 9. Let {Xt; te Rf} be a multifractional Brownian

field. There exists a deterministic function D']’; : R — R such that the
covariance function of X can be written

®) E[X,X,] = DY (H(s) + H(1))
x [||3||H<s)+H(t) L @O ”t_S”H(s)-i-H(t)}

Proof. The easiest way to show this result is to use the harmonizable
representation. By definition of W, we have

(6i<s,£> _ 1) (67i<t,5> _ 1) J
[[€[|H (S +HB+N dg.

E[X,X,] = /

RN
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This integral has already been calculated for a Levy fractional Brow-
nian motion with a parameter H = (H(s) + H(t))/2. Then we have

1 _eZU1

DY (H(s)+H (1)

X [l FETHE 4 | HEHHO g g H+HO

)

with D (2) = [pn (1 —e™)/(Jul|**N).du.  ©

3.2 Non isotropic extension. Another way to extend the mul-
tifractional Brownian motion for a set of index included in Rﬂ:’ , is to
copy the definition of the Brownian sheet.

Definition 2. Let H : RY — (0,1)" be a measurable function. The
process {Xt;t € Rf} such that

N

X, = / i H [\tz _ ui|Hi(t)—1/2 i ‘H ((t)—1/2 W (du)
RY =1

where W is the white noise, is called multifractional Brownian sheet
(mBs).

As in the case of the isotropic extension, there also exists a harmo-
nizable representation of the mBs.

Proposition 10. Let H : RY — (0,1)" be a measurable function.
For allt = (ti);eq1,. . ny» we consider the function ¢y such that for all

ztmf,n -1

H |£ |Hom 1€ [Hm(®)+(1/2)"
The process defined by

etm&m _ 1

(bt /RN H |§ |Hm(t)+(1/2) (dﬁ)



1262 E. HERBIN

18 indistinguishable, up to a multiplicative deterministic function, from
the process defined previously. This formulation is the harmonizable
representation of the multifractional Brownian sheet.

Proof. We have already seen that for each m € {1,..., N}

_ _ eitmgm — 1

By an easy computation,

N
T (H |:|tm _ .|Hm(t)*(1/2) —. H,n(t)(1/2)}> (€)

N
— H T |:|tm _ .|Hm(t)_(1/2) _ |.|Hm(t)_(1/2) (€m).

m=1

Therefore,

N tme — 1
(H /\m(t)> ( H - |Hm(t)+(1/2) )
=1

A(t)

zw<ﬂ {|t — |Hm(t) 1/2_| m (t)— 1/2})

m=1

We use the same arguments as in Proposition 8 to conclude. ]

The following proposition shows that the covariance structure of
multifractional Brownian sheet, is a generalization of the f Bs’s one.

Proposition 11. Let {Xt; te Rf} be a multifractional Brownian
sheet. There exists a deterministic function D® : RN — R such that

N
o POXd= D+ He) IT [Ism
+ ‘t Hop (8)+Hm () _ |

H (8)+Hm (%)

m — Sm

H o (5)+Hon (1 )]
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Proof. As usual, we use the harmonizable representation of the
process

(eFomem — 1) (e~*tmem 1)
FlA]= H / |E | Hom () +Hm (£)+1 .

We remark that the factor corresponding to each m is the covariance of
a multifractional Brownian motion, which has already been calculated.
Therefore, we have

E [XSXt]
H D{ +H ( )) |Sm|Hm(S)+Hm(t) + |tm|Hm(s)+H7n(t)
m=1

- ‘tm - Sm|Hm(S)+Hm(t) . g

Remark 3. The form of the previous covariance function gives the idea
to consider the process Y = {Yt; te Rf } defined from IV independent
multifractional Brownian motions X (9 with parameter H; by

1) (N)
Y;f Xt(l) Xt(N)
Although Y is not a Gaussian process, it is easily seen that it has the
same covariance function as a multifractional Brownian sheet. This
remark will be often used in the following.

4. Regularity. A lot of properties are known about the regularity of
the trajectories of Brownian motion and fractional Brownian motion.
As we will see, in the case of the multi-parameter extension of the mBm,
we have to make some assumptions about the regularity of H before
studying the continuity of trajectories. In the definitions of mBm, cf.
[2, 4], the function H is supposed to be Holder continuous.

4.1 Existence of a continuous modification. As usual, the
quantity F [|Xt —XS\Q] is studied for s,t € [a,b] where a < b to
use Kolmogorov’s criterion, cf. [10]. The following paragraphs show
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that in both isotropic and anisotropic cases, under Holder regularity
assumptions for H, we have

E[X, - X, < K|t — s|°

for some a > 0. As usual, in the Gaussian case, we can write, for each
integer n

E[X, — X" < A\ K|t — 5|
and choose n such that n.ac > N.

Then, a classical patching argument is used to extend to Rf the
existence of a continuous modification of the two processes.

4.1.1 Isotropic case.

Lemma 1. For all n and p such that 0 < n < p < 1, the
multiplicative factor D{V of covariance function in (9), is positive and
belongs to C* ([n, u]). Moreover, the order n derivative is given by

(n) 1 — e 1
(10) DI () = / — — In" — .du.
N r [ul[eH [l

Proof. As the integral of a positive function, DJ]:, is positive. By
an argument of uniform convergence of integrals (10) on [n, y, D{V is

C>([n,pu). o

Proposition 12. For all s,t € [a,b], we have
()

1
5E[Xt—XS]2 = D[H(s)+ H(t)] x |[t—s||HOTH®

5| T () H ) s+ 92 (H(s)+-H (D) )
< (H (1)~ H(s))?
+Ou [(HE)~ H()) (el 5I)] + 0 (H(E)~ H(s))*,

x

where ¢(z,y) = D(z)y”.
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Proof. Using the covariance function of the multifractional Brownian
field, we have

(12)

1
5B [1Xa=Xu"] = D2H(s)] |5 = D [H(s)+-H(®)] [}s] "+
+ D [2H(®)] ||t]|PH® — D [H(s)+H(t)] ||t||H+H®
+ D[H(s)+H(t)] [[t — 5] 70,
We have to get a second order expansion of this expression.

We introduce the function ¢ defined by
p(z,y) = D(x)y”.

We can write

%E[\Xs—xtu—w(sz(sm 1)~ e(H(s) + H®) )

)|
P(2H (1), [[tl]) — ¢(H (s) + H(2), [It]])
D[H(s) + H(t)] ||t — 5]+,
We use the second order expansion

p(2H(s), [Isl]) — p(H(s)+H(t), [|s]])

= (H(s)~ H(1)) x 22 (H(s)+ H (), 3]) + w

x S5 (H()+H(), s]) + 0us (H(s) ~ H(1)).

(13)

An inversion of roles between s and ¢ provides the expansion of
P(2H(2), [[t]]) — ¢(H (s) + H(2), [It])-

Then (13) becomes

1

3 F [1Xs— X %]

= (H(O) () | 52 ()10, 1) = 57 (6) 10, o))

w%(m) H(t), ||s]) + a—“"(H(s)+H(t)7lltll)]

+ D [H(s)+H (1)) |t = | "OHHO 4o, (H(t)—H(s))*.



1266 E. HERBIN

(H(1) — H(s)) x | 92 (H(s)+ H(D), 1) ~ 92 (H (s) + H(), s])

is O [(H(t) — H(5)) (J1t]l — |Is]))], the result follows. o

Corollary 1. For all s,t € [a,b], we have
1 xR _ g2H®)
5 B Xe — X,]" = D2H(t)] x ||t - s

2
(14) + T2 (1) 1)) x (H(1) — H(s))

+ Oa,b (H(t) — H(S))2 + Oa,b (”t o S||2H(t))

where ¢(z,y) = D(z)y”.

Proof. Using the expansion of D [H(s) + H(t)] and
6= s FOTHE = [l —s|2HO — (H(t) = H(s)) [t —s]|* In ||t —s]
+ 04 (H(t) — H(s))?,
we get
(15)
D [H(s)+H(t)] x [t =] T+HO
= DRH®] x 1= + 00y ([t=sl27O) + 00 (H()~ H(s))".

Moreover, as H(t) < 1 for all ¢ € [a,b], we have e =1 — H(t) > 0 and

2(H(t)—H{(s)) (¢l =15l
= 2(H(t)—H(s)) (£l —l1s1)** < (el —[lsll)* />
< (H(6)=H(s)* (Il =l1sID° + (el = llsl)*

that implies
(16)

(H(0)~H() (1]~ 31 = 00 (H(0)~H())* + 00y (J1t=5]7®)
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We conclude by (11), (15) and (16) using first order expansion of
0%¢/0x? in x and y. o

Using the continuity of D, D’ and D", we can state from the previous
proposition

Corollary 2. There exist positive constants K and L such that

(17) Vs, t € [a,b]; E[X,—X.,])* <K |[t—s|*"® + L |H(t)—H(s)]”.

Corollary 3. Suppose H is B-Holder continuous. There exists a
constant M such that

(18)  Vstelab) E[X,— X2 <Mt - s|2EAH0).
4.1.2 Non-isotropic case.

Lemma 2. There exists positive constants K and L such that
(19)
Vs, t€a,b]; E[|Xi—Xs*] < K|jt—s|?™ 5O 4 L H(t)-H(s)|%

Proof. By Remark 3, we have
[Tl T
8 )
1
(HX (i) X((l) HX (n)

i>1

(a
< (1) HXS< i) (1)>X (2) HXS< ))

E[X, — X;]?

1>1 1>2

([ )]
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Then

2

2
EX,-X,)<N{E E |:Xs((11)) - Xt((ll))} +-

[1x0

i>1

2
V) _ (™)
+B X0 -xV] E

N—1 2

()
0 X;i)]
=1

N
. N 12
(20) BIX, - X < N Y0 E (X - x()]
i=1

N\ 12
with M = M, , = sup, , E [X(’)} .

(1)
Using
. N2 . .
B[X) - xB < Kils® —(OPHO 4 L (H(s) ~ Hi(t))?
Vi=1,...,N,
(20) implies
E[X,— X,
N N
< NM™ ! l(z K) [t — |2 mine i) 4 (Z Li> ||H(t)—H(s)|21 .o
=1 =1

Corollary 4. Suppose H is (3-Holder continuous. There ezists a
positive constant M such that

(21) Vs,t€la,b; E[X;— X]? < Ml[t — s||2@Amin: Hi(®),

4.2 Hoélder exponents. The notion of Hoélder function is well
known. It is interesting to consider a localized version of this notion.
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For the paths of a process X, one usually define two kinds of exponent,
see [2, 3]:

e the pointwise Holder exponent

| Xegn — Xy
a(tp) = sup {a; lim ————— =0
h=o A

. sup X:—X
= sup {a; lim sup s’tEB(tO”;) X o < oo} .
p—0 p

e the local Holder exponent

v — .1 ‘Xt - Xs|
a(to) =sup{ a; limsup  sup ———— <o0..
p—0  s,teB(to,p) It — s

We can see easily that, for all ¢y, we have
(22) d(f,o) S Oé(to).

A study of these exponents, in the case of 1D mBm, is made in [3].

Remark 4. If H is (-Holder continuous, then the local Holder
exponent 3(t) of H at every point is not smaller than .

Conversely, suppose that the local Holder exponent of H at every
point of a compact [a, b] is positive. Then H is -Holder continuous on

[a,b] with 3 = inf,c(qp B(2).

In the same way, one may define directional pointwise and local
Hélder exponents in the direction u € U = {u € R"; ||lul| = 1} by

_ e Kot — Xi|
au(tO) = sup {OZ, ;I_I)I’(l) 0 =0

and
5 _ T | X — X
Ay (to) =sup a; limsup  sup —— <00

p—0  s,teB(to,p) [t — s||*
s, t€to+R .u
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As previously, for all u € U, we have
(23) A (to) < ay(to)-
Moreover, we can see easily that for all u € U, we have

(24) Ck(to) S au(to) and d(to) S du(to)

In the following, we suppose that H admits positive local Holder
exponent 3(tg) at every point t.

Proposition 13. Let X = {Xt; te Rf} be a multifractional
Brownian field, respectively sheet. For all ty € Rf, the local Hélder
exponent of X at tg is almost surely given by

(25) &(to) = B(to) A\ H(lfo) (resp. B(to) AN Il’lzln Hi(to))
and the pointwise Hélder exponent of X at ty satisfies almost surely

(26) alto) = B(to) A H(to)  (resp. §(to) A min H(to))

where B(to) and B(ty) denote the pointwise and local Holder exponents
of H at ty.

As a consequence of this result, if H satisfies
vteRY; B(t) < H(t)

the Holder regularity of multifractional Brownian field of parameter
function H is given by the regularity of H (and not by the value of H).
This point is developed in [7].

The proof of Proposition 13 is detailed in the following three para-
graphs.

4.2.1 Lower bound for the local Hélder exponent. A lower bound for
the local Holder exponent is directly given by Kolmogorov’s theorem.
Indeed, for X a multifractional Brownian field or a multifractional
Brownian sheet indexed by [a, b], by Corollaries 3 and 4, Kolmogorov’s
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theorem states that there exists a modification of X, which is g¢-
Holder continuous for all ¢ € (0,a), with a = inf, (8 A H) or
a = inf, 3 (6 A min; H;).

Then, localizing this result, we get

e in the isotropic case,
(27) a(to) > Blto) A H(to)
e in the non-isotropic case,

(28) alto) > B(to) A min H(to).

4.2.2 Lower bound for the pointwise Holder exponent. By (22), para-
graph 4.2.1 provides a lower bound for the pointwise Hélder exponent.
However, it can be improved in the case 5(to) < B(to)-

Let X = {Xt;t € Rf} be a multifractional Brownian field. By
Corollary 2, there exist positive constants K and L such that for all
s, t € RY,

BX, - X.J* < K [t — | + L|H(t) - H(s)P
and by Corollary 3, there exist positive constants o and M such that
Vs,t€la,b]; E[X;— X,])* < Mt — s

Therefore, using Kolmogorov’s criterion, there exists a modification of
X, which is v-Hélder continuous for all v € (0, /2). In the following,
we consider such a v with 1/v € N.

For any € > 0, there exist pp > 0 and M > 0 such that for all p < po
and all t € B(tg, p)

E|: Xt_XtO

2
I £
pﬁ(to)/\H(to)—E:| < Mp".

Then, setting v = B(to) A H(tg) — ¢, for any p € N*|

Xt - Xt()

2p
pY } < M, p.

PUX; - Xy > 5"} < B |
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Let p = 27" and for all m € N,
_ —(n+m). mA N
Dm_{t0+k.2 ke {0,£1,... ,+2m) }

let us compute

P{ max ‘Xt°+k'2_(m+n) — Xuo| > 1}
ke{*1,...,£2m}V 2—Tm

S Z P {lXt0+k'2—(n+m) - Xt0| > 277n}
ke{%l,...,£2m}N

< Mp 2(m+1)N 9—pen.

Let us take m = (1 + |v]/v)n = kn and p € N such that N(1+ |v|/v)—
pe < 0. By the Borel-Cantelli lemma, there exists a finite random vari-
able n* such that almost surely,

29 Vn>n" max Xy apo—rmn — Xgo| <2777,
( ) ) kE{O,A..,iZ"”L}Nl to+k. 0|

From (29), we show that for all n > n*, almost surely, for all m € N,
we have

(30) Vit S D’m7 ‘Xt - Xt0| S C 27
e if 0 < m < kn, (30) follows directly from (29)
o if m > kn, for any t € D,,, let
Ctﬁ[:}t = {l’ (S Dnn; VZ, (tO)z < Z; < tz} .
Then consider { € B(t,2- (1) 0 Crn,.
As the paths of X are v-Holder continuous, we have
1X; — X, < C2v(H0n < Go—m

and by (29),
I1X; — X, | <27,

Using the triangular inequality, the result follows.
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Therefore, (30) leads to
Vm e N; Vs,t € Dy | X — X5 <2C 277
Using the continuity of X and m — +o00, we get

sup |X: — X <20 277"
s,t€B(to,2—™)

and therefore, almost surely,

X — Xs
(31) limsup sup [Xe = Xl <+
p—0  s,teB(to,p) p'y

Q.

By (31), for all € > 0, almost surely

a(te) > B(to) N H(to) — e.
Taking € € Q4, we have almost surely
(32) a(ty) = B(to) A H(to)-

For a multifractional Brownian sheet X, by Lemma 2, we get in the
same way that, almost surely

(33) alto) = B(to) A Hi(to)

foralli=1,...,N.

4.2.3 Upper bound for the pointwise Holder exponent. The main result
getting the upper bound for the Holder exponents is the following
lemma, a direct consequence of Proposition 12 using continuity of D,
D’ and D".

Lemma 3. Let X = {Xt; te Rf} be a multifractional Brownian
field. For all [a,b] C RY, there exist positive constants ki, ko, l1, lo
such that
(34)

Vs,t €[a,b]; E[X;—XJ? >k ||t —s|?"® — 1, (H(t) — H(s))?
(35) B[Xy — X,)° > ko (H(t) — H(s))* — Iz ||t — s]| .
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Proof. We only have to study the multiplicative factors of ||t — s||2H(*)

and (H(t) — H(s))? in (11). The proof only relies on continuity and
positivity of the two functions ¢ — D [2H (t)] and

t— [|£))2H® x {D[2H(t)] In? ||t|| — 2D’ [2H (t)] In ||t|| + D" [2H(t)]}. o

Lemma 4. Let X = {Xt; te Rf} be a multifractional Brownian
sheet. For all [a,b] CRY, there exist positive constants ki, ko, I, l
such that

Vs, t €la,b; t—seR;.€
(36) E[X; — X,)* > k||t — s|27®) — 1y (Hy(t) — Hi(s))”
(37) E[X; — X.]? > kg (Hi(t) — Hy(s))* = lg ||t — T ®.

Proof. For all s, t such that t — s € Ry .¢;, using Lemma 3, we have
2 i 012 H12
BIx - X, = B [x{ - x0 | T[# [x7)]
J7#i
> Joy [t — 52O — 1y (H(t) — Hi(s))?
and

E[X, — X.J> > ks (Hy(t) — Hi(s))* = o |t — s;* 0. o

From this result, the upper bound for the pointwise exponent is a
consequence of the following lemma whose proof is the same as the
case N =1, see [2].

Lemma 5. Let X = {Xt; te Rf} be a Gaussian process. Assume
there exists € (0,1) such that for all € > 0, there exist a sequence
(hn)pen of (Rf)* converging to 0 and a constant ¢ > 0 such that

VneN; E[Xyn, —Xd° > c|lha|?Fe.
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Then we have almost surely

a(t) < p.

Let X = {Xt; te Rf} be a multifractional Brownian field, re-
spectively multifractional Brownian sheet. Let ((¢p) be the pointwise
Holder exponent of H at tg. We consider the two cases:

o if H(tyg) < B(to), respectively H;(tg) < B(to), by definition of 3(ty),
we have = 0 H
L H B~ B

o [l v

Hence, by (34), respectively (36), there exists a positive constant C
such that
E[Xign = X,)* 2 C ||,

Then, by Lemma 5,

(38) a(ty) < H(tg) (respectively H;(to))

o if H(tg) > B(to), respectively H;(to) > B(to), we consider o €
(B(to); H(to)), respectively a € (B(to); Hi(to)). There exists a positive
constant C' and a sequence (hy,), . converging to 0 such that

VneN; |H(to+ hn)— H(to)| > C|lha|®.
Then, by (35), respectively (37),

VneN;  E[Xuin = Xeo]* > ko O [ — b [ |2
> C' |7

hence, by Lemma 5,
a > alty),

and therefore

(39) a(to) < B(to).
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We can restate the upper bounds (38) and (39) of the pointwise Holder
exponent of X at tg

(40) a(to) < B(to) N H(to) (resp. B(to) A Hi(to)).

4.2.4 Upper bound for the local Holder exponent. By (22), any upper
bound for the pointwise Holder exponent is an upper bound for the
local Holder exponent. But we can improve on this result in the case

B(to) < H(tg). We first give an analogous of Lemma 5 for the local
exponent, whose proof is very similar.

Lemma 6. Let X = {Xt; te Rf} be a Gaussian process. Assume
there exists p € (0,1) such that for all e > 0, there exist two sequences
(hn)pen and (In),on of (Rf)* converging to 0, and a constant ¢ > 0
such that

VneN; E[Xigin, = Xigrr,)” > cllhn — L]
Then we have almost surely

a(to) < p.

Let a € (B(to), H(to)), respectively o € (8(to), Hi(to)). As

H(t)— H
limsup  sup M = 400
p—0  s,teB(to,p) Ht - SH
for all M > 0, there exists py > 0 such that
Vp<po; 3s,te Blto,p); |H()—H(s)|>MIt—s|*

Therefore we can construct two sequences (h,) and (I,,) converging to
0 such that

VnEN; |H(t0+hn)_H(t0+ln)|>M||hn_ln||a'
By Lemma 6, we can deduce

(41) a(to) < Bto)-
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5. Locally asymptotic self-similarity. Extending fBm into
multifractional Brownian motion implies the loss of the two properties
of self-similarity and stationarity of increments. However, a weak form
of self-similarity remains, called locally asymptotic self-similarity, see
[2, 4]. As we will see, this property still holds for the two kinds of
extension of mBm in RY.

Theorem 1. Let X = {Xt; te Rf} be a multifractional Brownian
field.

For all ty € Rf, the law of the process

_ Xtoeru - Xt

ve() = {vip - XX ey

converges weakly if one of the following two conditions holds
1. o= H(ty) and H(ty) < inf, , Buv(to) where

- o [H(to+ pu) = H(to +pv)| _
6uv(t0) = sup {Oé, })E}% =0p.

pa

Then, the limit measure is the law of a fractional Brownian field with
parameter H(tg).

2. a =infy, Buv(to), H(to) > infy . Buv(to) and for all u,v € Rf,
the following limit exists

. [H(to + pu) — H(to + pv)|
;13% pinfuv Bus(to) = T(u,v)

with (u,v) — (T(u,v))/||u —v||*® bounded on [a,b]* for some 3 > 0.

The limit measure is the law of a Gaussian process Y w.v Buv(to) sych
that

. . 2
E Yqinfu,v Bu'u(tﬂ) _ lenfu,v Bu'u(t(]) — Kto [F(u, U)]2 .
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Remark 5. As in the Levy fBm’s case in Proposition 6, the same
result as Theorem 1 can be stated for the increments AX defined in
section 2.3. The law of the process

Y*(p) = {Yua(/’) = (AXto,toeru)/Pa; UAS Rﬁ}

converges weakly under the same assumptions.

In the case N = 1, for all u,v € Ry, we have (,,(to) = B(to).
Therefore, Theorem 1 has a simpler statement. The two cases to be
considered, depend of the comparison between H (tg) and the pointwise
exponent [(tg) of H.

The following example shows that the limit considered in the second
case, can be non trivial.

Example 1. In the case N=1, let H(t)=3/4+t"/2 for t € [0,1/16].
For ty = 0, we compute, for all u,v and p > 0

[H (p-u) — H(p-v)|
pl/2

= |u1/2 —v1/2| < |u—v|1/2.

The limit measure is the law of a centered Gaussian process Y such
that

E[Y, - Yv]2 — K, (u1/2 _ v1/2)2,

ie.,
E[Y,Y,] = Kqu'/?v"/2,

For a multifractional Brownian sheet, as the two conditions of Theo-
rem 1 can be mixed up, the LASS property takes the following state-
ment.

Theorem 2. Let X = {Xt; te Rf} be a multifractional Brownian
sheet.

The law of the process

AX ”
V() = {0 = S e rY|
p k3

a;
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converges weakly if, for all i € {1,...,N}, one of the following two
conditions holds

1. o = Hi(to) and Hi(to) < infu,vﬁfw(to) where ﬂzv(to) =
sup {a lim, o [H;(to + pu) — Hi(to + po)]/° = 0}.

2. a; = il’lfuﬁv ﬂfw(to), Hz(to) > infuyv Z,U(to) and

lim |H;(to + pu) — H;(to + pv)|

=0 pinfu B, (t0) = Li(u, )

with (u,v) — Ti(u,v)/|lu —v||** bounded on [a,b]? for some B; > 0.

As usual, the proof of weak convergence proceeds in two steps.
First, we need to show finite dimensional convergence, and then, use a
tightness argument. Lemma 14.2 and Theorem 14.3 in [8], for instance,
allow then to conclude.

5.1 Finite dimensional convergence. As the considered processes
are Gaussian, we only have to show the convergence of covariance
functions.

The only case considered is the multifractional Brownian field’s one.
For the multifractional Brownian sheet, we proceed in the same way.

By (11), we compute

(42) P*E[Y(p) — Y (p)]
= E [Xtgspu — Xtgpo]’
— D [H(to + pu) + H(to + pv)] x |}p.(u — v)|[Fo+om)+H (oto0)
0%
t o2
+0 (lp-(u—v)[|) + 0 (H(to + pu) — H(to + pv))*.

(2H (to + pu); |to + pull) x (H(to + pu) — H(to + pv))*

We can show that pH (fotru)+H(totev) o s2H(t0) in the neighborhood of
p = 0. For this, we study for o < S(to)

[H (to+pu) +H (to+pv) — 2H(to)] Inp

H(to+pu)—H(t o H(to+pv)—H(t
_ H(to )a (O)X|\P~U|| mpt (to )(y (to)
[lp-ull o]

< [lp-vl|” np.
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As (u;p) — ||p-u]|*In p is bounded on [a,b] x [0,1] and

lim H(to + pu) — H(to)

=0
0 ol

for all u € [a,b], we have
[H(to + pu) + H(to + pv) — 2H ()] In p 2= 0.

Therefore, in the neighborhood of p = 0, the first term of (42) is
equivalent to
D[2H (to)] [lu — of[*H(*) x p*H ()

and the second to

82

S5 (2H(to): [toll) x (H(to + pu) = Hito + pv))*.
Let Buv(to) = sup {a;lim, .o |H(to + pu) — H(to + pv)|/p® = 0}. We
have to distinguish the following two cases

o if H(tg) < inf, ,, Buv(to), by definition of By, (to),

|H (to + pu) — H(to + pv)|

H (to) =0.

Vu,veRY: lim
) + p—0 P

Therefore
Vu,v € Rf ;

2 e
B [¥,109) () = Y1) ()] =2 D28 (10)] o]

E[Bf(tO)fo(tm] 2

where BH(*0) denotes fractional Brownian field of parameter H(tg).

o if H(to) > inf, 4, Buv(to), for all a < infy, , By (to), as

=0

Yu,v € Rf; lin% |H (to + pu) ;H(to +pv)l
p— p

we have

1
YVu,v € Rf; pQ—O‘ E [Xto—i-pu - Xto+pv] — 0.
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Moreover, since there exists u,v € RY such that H(ty) > Bu(to), we
can consider a € (Byy(to); H(to)). The limit

H(t — H(t
limsup‘ (0+Pu)a (O+pv)|:+oo
p—0 p

implies

1
Ju,v € Rf; lim sup p2—a E [ Xtotpu — Xt0+pv]2 = 400.

p—

Therefore E[Y,"(p) — Y,*(p)]> admits a limit for all u,v € RY when
p — 0 if and only if

{ a = inf, , Buw(to) and
lim, o [H (to + pu) — H(to + pv)|/p™fws Buvlto) = D(u,v) € R

Remark 6. We can see easily that

(43) Buyfu) (to) A Buyjo) (to) < Buv(to)
hence
(44) ;2{{ Bu(to) < g}g Buw(to)-

Conversely, assume there exist u,v € U such that 5, (to) < Bu(to),
and let a € (B, (to); Bu(to)). By the triangular inequality, we get

H(t — H(t
limsup| (to + pu) - (to + pv)| = +o0,
p—0 p

and therefore o > By, (t0). Then inf,, , Buv(to) < infuey Bu(to), which
gives

(45) inf B0 (to) = Inf B, (to).
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5.2 Tightness of laws. The study of weak convergence is well
known for stochastic processes indexed by R . A comprehensive review
was made by Billingsley, cf. [5], for a compact set of index ([0, 1]). In
[11], Karatzas and Shreve stated the same kind of results for the whole
R. The case of RY can be found in [8] whose Corollary 14.9 provides

Proposition 14. Consider a sequence of continuous processes
(XM, with X" = {Xt(”);t eRY } on (Q,F, P) such that

1. there exists a positive constant v such that

sup &/ ‘Xén) < 0

n>1

2. for all T > 0, there exist positive constants a, 3 and Cp such that

«
Vs, t€[0,T)N; supE ‘Xt(") XM <Cp|t—s|NtA.

n>1

Then the probability measures Py, 2p ()((”))71 on
(€ (RY),B(C (RY)))

form a tight sequence.

We verify the conditions of Proposition 14, in the case of mBm. As
for finite dimensional convergence, we only consider the multifractional
Brownian field’s case.

By (17), there exist positive constants K7 and Lz such that, for all
u, v in [0, TV,

me Y (p) — Yva(ﬂ)]z =E [Xto-‘rpu - Xt0+pv]2
< Kr ||p.(u—v)|2Hote)
+ Ly |H(to + pu) — H(tog + pv)|*.
Therefore,
EY(p) = Y (p)] < K p?H 0= ]| (1 — w)|[2H ()
|H (to + pu) — H(to + pv)|*
p2a

+ Lt
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o In the case H(tg) < infy, y Buv(to), there exists My > 0 such that

2
B (Y0 (p) = Y0 ()| < My |ju— v,

o In the case H(ty) > inf, , Byv(to), under the assumption

H - H
g 020 = Hlto 4 p0)l _
PHO pln u,v Buv (tO)
with (u,v) = T'(u,v)/|lu — v||*® bounded on [a, b]?, there exists Mz > 0
such that

E Yuinfu,v ,3uv(to)(p) _ Yvinfu,v ﬁuv(to)(p)}Q < Mr Hu _ v”?(ﬁAH(to)).

Since the process Y is Gaussian, we get an exponent greater than
N in the usual way. Then we can conclude by Proposition 14 that the
laws of Y™ are tight.

Acknowledgment. The author thanks Jacques Lévy-Véhel for all
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