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A CENTRAL LIMIT THEOREM FOR GENERAL
WEIGHTED SUMS OF LNQD RANDOM
VARIABLES AND ITS APPLICATION

MI-HWA KO, DAE-HEE RYU, TAE-SUNG KIM AND YONG-KAB CHOI

ABSTRACT. In this paper we derive the central limit the-
orem for Z?:l ani &, where {an;, 1 <1i < n} is a triangular

. n
array of nonnegative numbers such that sup,, Z¢:1 a?, < oo,

maxij<ij<p @n; — 0 as n — oo and §;’s are a linearly negative

quadrant dependent sequence. We also apply this result to

consider a central limit theorem for a partial sum of a gener-
. . oo

alized linear process of the form X, = Zj:ﬂx) agy;&;-

1. Introduction and results. Lehmann [8] introduced a simple
and natural definition of positive (negative) dependence: A sequence
{&, 1 < i < n} of random variables is said to be pairwise positive
(negative) quadrant dependent (pairwise PQD (NQD)) if, for any real
aj, a5 and i # j P& > o, § > o) = (S)P(& > ai)P(§ > o).
Much stronger dependent concepts than PQD and NQD were consid-
ered by Esary, Proschan and Walkup [4] and Joag-Dev and Proschan
[6], respectively. A sequence {&, 1 < ¢ < n} of random vari-
ables is said to be associated if, for any real coordinatewise increas-
ing functions f,g on R", Cov (f(&1,...,&n), 9(&1,-..,&,)) = 0 and
{&, 1 < i < n} is said to be negatively associated if, for any disjoint
subsets, A, B C {1,2,...,n} and any real coordinatewise increasing
functions f on R4 and g on R?, Cov (f(&;, i € A), g(& € B)) <0.

Instead of association (negative association) Newman’s [10] central
limit theorem requires only that positive linear combinations of the
random variables are PQD (NQD). The definition of positive (negative)
dependence introduced by Newman [10] is the following: A sequence
{&, 1 < i < n} of random variables is said to be linearly positive
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(negative) quadrant dependent (LPQD (LNQD)) if, for every pair of
disjoint subsets A, B C {1,2,...n} and positive ;s

(1.1) Zm&- and erfj are PQD(NQD).

icA jeB

Let us remark that LPQD (LNQD) is between pairwise PQD (NQD)
and association (negative association) and it is well known, see, for
example, [10, p. 131] that association (negative association) implies
LPQD (LNQD) and LPQD (LNQD) implies PQD (NQD).

Newman [10] established the central limit theorem for a strictly
stationary LPQD (LNQD) process and Birkel [2] also obtained a
functional central limit theorem for LPQD processes which can be used
to obtain the functional central limit theorem for LNQD processes. Kim
and Baek [7] extended this result to a stationary linear process of the
form X = E?io a; Ek—j, where {a;} is a sequence of real numbers
with Z;io la;| < oo and {&;} is a strict stationary LPQD process with
E& =0,0< E£? < oo; this result can be extended to the LNQD case
by a similar method.

In this paper we derive a central limit theorem for a linearly negative
quadrant dependent sequence in a double array, replacing the strict
stationarity assumption with uniform integrability, see Theorem 1.1
below. We apply this result to obtain a central limit theorem for
a partial sum of a linear process of the form X, = Z;’;ioo a4 &
generated by linearly negative quadrant dependent sequence {¢;}, see
Theorem 1.2 below.

Theorem 1.1. Let {an;, 1 < i < n} be a triangular array of
nonnegative numbers such that

n
(1.2) supZafu- < 00
=1
and
(1.3) max an; — 0 as n— oo

1<i<n
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Let {&;} be a centered sequence of linearly negative quadrant dependent
random variables such that

(1.4) {€2} is a uniformly integrable family,
(1.5) Var (Zam §i> =1
i=1
and
(1.6)
Z Cov (&;,€,)” — 0 as u— oo uniformly in i>1,
Jili—=jlzu
see [3]. Then

Zamfi i>N(0,1) as n — oo.

i=1

Remark. Theorem 1.1 extends Newman’s [10] central limit theorem
for strictly stationary LNQD sequences from equal weights to general
weights, while at the same time weakening the assumption of station-
arity.

Corollary 1.1. Let {&;} be a centered sequence of linearly negative
quadrant dependent random wvariables such that {£2} is a uniformly
integrable family, and let {an;,1 < i < n} be a triangular array of
nonnegative numbers such that

no2
(1.7) supz a,; < 00,
no =1 °n
(1.8) max < 0 as n— 00,
1<i<n oy,

where 02 = Var (31| i &). If (1.6) holds, then as n — oo,

1 < D
1.9 —_— ami—>N0,1.
(1.9) U; ¢ (0,1)
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Theorem 1.2. Let {a;, j € Z} be a sequence of nonnegative num-
bers such that 3, a; < 0o, and let {&;, j € Z} be a centered sequence
of linearly negative quadrant dependent random variables which is uni-
formly integrable in Lo and satisfying (1.6). Let

Xp= > ar;& and Sp=)» X,
j=—00 i=1

Assume

(1.10) inf nto2 >0

where o2 = Var (S,,). Then

S
(1.11) 2 DUN0,1) as n— o
o

This result extends Theorem 18.6.5 in [5] from the i.i.d. case to the
linearly negative quadrant dependence case by adding condition (1.6)
and improves the central limit theorem of Kim and Baek [7] for linear
processes generated by LNQD sequences.

2. Proofs. We start with the following lemma.

Lemma 2.1 [9]. Let {Z;, 1 <i<mn} be a sequence of linearly nega-
tive quadrant dependent random variables with finite second moments.
Then

‘Eexp (ztz Zj) - H Eexp(ith)‘
j=1 j=1
< Ct2’ Var (ZZJ) - Z Var (Zj)‘
j=1 j=1

for all t € R, where C > 0 is an arbitrary constant, not depending on
n.
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Proof of Theorem 1.1. Without loss of generality, we assume that
ap; = 0 for all ¢ > n and sup,>; E& = M < oco. For every
1<a<b<mnandl<u<b-—a, we have, after some manipulations,

b—u b
0< Zam’ Z Qnj Cov (fiagj)i

(21) 1=a j=t+u .
<SHP( > COV(EkﬁjV)(Za%i)
BN jilk—jl>u i=a

By the definition of LNQD, we also have, for every 1 < a < b < n,

b b
Var (Zam fl) < MZaii.
i=a i=a

We shall construct now a triangular array of random variables {Z,,;, 1 <
i < n} for which we shall make use of Lemma 2.1. Fix a small positive
¢ and find a positive integer u = u. such that, for every n > u + 1,

(2.2) 0= ( ; . J; ng Cov (666 )>

<e.

This is possible because of (2.1) and (1.6). Denote by [z] the integer
part of x, and define

u(j+1)

Yn]: Z anigiv j20517"'a

i=uj+1

o 2KIHK
Aj: {Z : 2Kj < 7 < 2K]+K, Cov (Y;L“Yvn’“_l)i < E Z Var (Y;Lz)}
i=2Kj
Since 2Cov (Y, Yy it1)” < Var(Y,;) + Var (Y, ;41), we get that
for every j the set A; is not empty. Now we define the integers
mi,ma, ..., My, recursively. Let mg = 0 and

mjt1 = min{m : m >m;, m € A;}
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and define

M1

> Yai j=0,1,...,

i=mj;+1
Dj = {u(mj +1) +1,... ,u(mjy +1)}.

‘We observe that

anzzankgka ]:Ovla
kGDj

By the definition of LNQD the random variables {Z,;} are LNQD.
From the fact that m; > 2K(j — 1) and mj41 < K(2j + 1) every
set D; contains no more than 3 Ku elements and m;11/m; — 1 as
j — oo. Hence, for every fixed positive € by (1.2)—(1.5) the array
{Zn; :i=0,1,... ,n; n > 1} satisfies the Lindeberg condition, see
Petrov [11, Theorem 22, p. 100], that is, {Z,;} satisfies

(2.3) *1ZE I(|Z;| > €0p) — 0 as n— o0

where o2 Var(zj 1 Znj)-

We can observe that, by Lemma 2.1 and the construction,

(2.4)
}Eexp (zt Zm) H exp(itZy;)
j=1 j=1
< C’t2 Var (Z an) Z Var (an)}’
j=1 j=1

SCtZ{Q(En:COV (Zniy Znit1) >+2(Z z": Cov (Zni, Znj)~ >}
i=1

=1 j=i4+2
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SCtQ[{ ZCOV MG nmJ+1 +2Zanz Z an]COV El?g]) }

Jj=1 Jj=i+tu
+{2Zam Z anjCov(fi,fj)_H
i=1 Jj=itu
= (Ct24 Cni Z an;Cov (&,&5)” +QZCOV Yo, Yom;+1)~ }

1=1 j=t+u Jj=1
n

8
42 45—|—KZVar( m)}

=1

IA
Q

n
< C’ltzs{l + sup Z afw}
i=1

< Cyt’ec  for every positive .

Therefore the problem is now reduced to the study of the central
limit theorem of a decoupled sequence {Z,,;} of independent random
variables such that, for each n and j, the variable Z,,; is distributed as
Znj

By (2.3) {Zn]} also satisfies the Lindeberg condition, that is, {an}

satisfies &, IZJ 1EZQLJ-I(|ZU-| > e6,) — 0 as n — oo where G2 =

Var (ijl Zn ;), and hence by [1, Theorem 7.2]

n
(2.5) 5;122713‘ i>N(0,1) as n — oo
j=1

where 62 = Var (Y"_, Z,,;). It follows from (2.3), (2.4) and (2.5) that

n 7j=1

(2.6) UTTIZanLN(O,l) as n — 0o
j=1
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where 02 = Var (Z?:l Zy;), and now the proof is complete by (2.5),
(2.6) and [1, Theorem 4.2].

Proof of Corollary 1.1. Let A,; = ayni/o,. Then we have

max A,; — 0 as n — oo,
1<i<n

Hence, by Theorem 1.1 the desired result (1.11) follows.

Proof of Theorem 1.2. First note that Zj a? < oo and, without loss
of generality, we can assume supEf,% = 1. Let

n
:ZX =
k=1

In order to apply Theorem 1.1, fix W,, such that le\>Wn a? < n73,
and take k, = W,, + n. Then

Sn Z <Zak+g>—+ Z (§Gk+j>§—i=Tn+Un.

On
[71<kn [71>kn

e}

> <kzi:lak+j) &5

j=—00

By the Cauchy-Schwarz inequality and the assumptions we have the
following estimate

Var (U,) < Y Var ( Z Akt n)

71> kn
n
2 -2 2
E ( E ak+j/an> B¢ <no, g ( E akﬂ-)
U|>k77 k=1 U|>kn k=1
2 —2 2 2 _—2 2
<n E aj <n‘o, E aj

[]>kn—n [71>W,

§n710;2—>0 as n — oo
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which yields
(2.7) U, — 0 in probability as n — oo.
By [1, Theorem 4.1], it remains to prove that T, LA N(0,1). Put

22‘;1 A+j

On

(28) Unk =
From the assumption }; a; < oo (a; > 0), (1.10) and (2.8) we obtain

n
SUP_ o< k< oo Ej:l Ak+j

—0 as n — oo,

On
max a,, — 0 as n — oo,
1<k<n
n
2
su .
anank < 00
k=1
Hence, by Theorem 1.1,
D
(2.9) T, — N(0,1)

and from (2.7) and (2.9) the desired result (1.10) follows.
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