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ON A PROBLEM OF DIOPHANTUS
WITH POLYNOMIALS

ANDREJ DUJELLA AND FLORIAN LUCA

ABSTRACT. Let m > 2 and k£ > 2 be integers, and let
R be a commutative ring with a unit element denoted by
1. A kth power diophantine m-tuple in R is an m-tuple
(a1, a2, ..., am) of nonzero elements of R such that a;a; +1
is a kth power of an element of R for 1 < i < j < m.
In this paper, we investigate the case when £ > 3 and
R = K[X], the ring of polynomials with coefficients in a field
K of characteristic zero. We prove the following upper bounds
on m, the size of diophantine m-tuple: m <5if k =3; m <4
if k=4; m <3 for k>5; m <2 for k even and k > 8.

1. Introduction. Let m > 2, k£ > 2 be positive integers, and let
R be a commutative ring with 1. A kth power diophantine m-tuple
in R is an m-tuple (a1, a2, ..., an) of nonzero elements of R such
that a;a; + 1 is a kth power of an element of R for 1 < i < j < m.
Given R and k, the question of interest is usually finding an upper
bound on m, the size of such a kth power diophantine m-tuple. For
k=2 and R = Z, or Q, the ring of integers, or the field of rational
numbers, this question has received a lot of interest, see [3, pp. 513-
520]. For example, the first diophantine quadruple of rational numbers
(1/16, 33/16, 17/4, 105/16) was found by Diophantus himself, while
the first diophantine quadruple of integers (1, 3, 8, 120) was found by
Fermat. In 1969, Baker and Davenport, see [1], showed that Fermat’s
quadruple cannot be extended to a diophantine quintuple of integers,
and in 1998, Dujella and Pethd, see [7], proved that even the pair (1,3)
cannot be extended to a diophantine quintuple. When R = Z and
k = 2 it is conjectured that m < 4, and the best result available to
date towards this conjecture is due to the first author who proved, see
[4], that m < 5, and that m = 5 can happen only in finitely many,
effectively computable, instances. In the case in which R = Q and
k = 2, the first Diophantine quintuple was found by Euler and a few
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diophantine sextuples were recently found by Gibbs, see [8]. However,
no upper bound for the size of such sets is known.

The case R = Z[X] and k = 2 was considered by Jones, see [10, 11].
Among other results, he proved that the pair of polynomials (X, X +2)
cannot be extended to a diophantine quintuple. Recently, some variants
of this case were considered by Dujella and Fuchs, see [5] and Dujella,
Fuchs and Tichy, see [6]. In [5], it was shown that there is no quadruple
of polynomials (a1, a2, a3, a4) with integer coefficients and at least
one of them nonconstant, such that a;a; — 1 is a perfect square in Z[X]
for all 1 < i < j < 4. In [6], an absolute upper bound was given for
the size of sets of polynomials with integer coefficients such that the
product of any two of them plus a linear polynomial is a square.

For R = Z and larger values of k, Bugeaud and Dujella, see [2]
showed that there is no kth power diophantine quadruple provided
that k£ > 177. They also gave upper bounds on the size of a kth power
diophantine m-tuple for the remaining values 3 < k < 176.

In this paper, we investigate the above question when £ > 3 and
R = K[X], the ring of polynomials with coefficients in any field K
of characteristic zero. There is no loss of generality in assuming that
K is algebraically closed. Before we state our results, let us make a
few remarks. Suppose that £ > 2 and (a1, ..., an) is a kth power
diophantine m-tuple. When R = Z, then the fact that a; # a; holds
for all i # j follows from the fact that the equation a? 4+ 1 = r* has no
integer solutions (a, 7, k) with k¥ > 2 and a # 0. However, this is not

necessarily so over other rings. In particular, if (a;, a2, ..., a;) is a
kth power diophantine m-tuple over R, and if a2, + 1 happens to be
an kth power in R, then we may adjoin at the m-tuple (a1, ..., am)

values of a,,, say t times, where ¢t > 1 is any positive integer, obtaining
in this way a kth power diophantine (m + t)-tuple. Since when K is
algebraically closed the equation a? + 1 = r* admits a solution r in K
for any given values of a € K and integer k > 2, it follows that we have
to assume that our kth power diophantine m-tuple (a1, as, ..., am)
consisting of nonzero polynomials in K[X], fulfills a; # a; for i # j
whenever a; is a constant polynomial. Let us also notice that since K
is algebraically closed, any m-tuple of constant polynomials is a kth
power diophantine m-tuple for any k > 2. So, we will assume that at
least one of the polynomials is nonconstant. From now on, we will work
under these assumptions.
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Let us also notice that, at least in principle, one may ask for a slightly
more general problem, namely given £ > 2, to determine an upper
bound for m such that there exist A € K* and an m-tuple of nonzero
polynomials (ay, as,..., an) with coefficients in K and at least one of
them nonconstant, and such that

(1) aiaj—i—)\:rfj for 1<i<j<m

holds, with r;; € K[X] for all 1 < i < j < m. However, since K is
algebraically closed, we may replace a; by A™'/2a; and i by AV ’“rij
and obtain our original problem.

Our main result is the following.

Theorem. Assume that K is an algebraically closed field and that
(a1, ag, ..., am) is a kth power diophantine m-tuple consisting of
polynomials with coefficients in K, not all of them constant. Assume

also that if a; and a; are constant polynomials for i # j, then a; # a;.
Then,

i.m<5if k=3
il. m<4if k=4
iii. m <3 for k > 5;
iv. m <2 for k even and k > 8.

The paper is organized as follows. We first prove a couple of lemmas
concerning inequalities between the degrees of polynomials appearing in
kth power diophantine triples and, respectively, quadruples. Combin-
ing these two results, we get an easy proof of parts i—iii of our Theorem.
For the proof of part iv of the above theorem, we will develop a theory
of Pell-like equations in K[X].

2. Inequalities for the degrees of polynomials. In the proof
of our first two lemmas we will use the following theorem of Mason
[12], see also [13], which is usually referred to as the abc theorem for
polynomials:
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The abc theorem. Let f, g, h be three nonzero polynomials, not
all three constant such that f and g are coprime and f + g = h. Then,

max(deg(f), deg(g), deg(h)) < N(fgh) -1,

where for a nonconstant polynomial X\ we denote by N(\) the number
of distinct roots of .

Lemma 1. Let (a1, as, ..., am) be a kth power diophantine m-
tuple satisfying the conditions from the hypothesis of the Theorem.
Then a; # a; for i # j and at most one of the polynomials a; for
1=1, ..., m s constant.

Proof. We already know that the constant polynomials appearing
in the m-tuple are distinct. Assume that there exists a nonconstant
polynomial a such that a = a; = a; for some i # j. We write

(2) a>4+1=r"

and notice that a and r have no common root and that

deg(r) = 2de§(a).

An applications of Mason’s theorem to equation (2) gives 2deg(a) <
deg(a) + (2deg(a)/k) — 1 or (k — 2)deg(a) < —k, which is obviously a
contradiction.

To prove the second assertion of Lemma 1, assume that a # b are
two constant polynomials belonging to the m-tuple, and let ¢ be a
nonconstant polynomial in the m-tuple. We write
(3) ac+1=r" and bc+1=s",
where r and s are some nonconstant polynomials. Relations (3) imply

(4) bt —ask =b—a.

Applying Mason’s theorem to equation (4), we get k deg () < 2deg (r)—
1 < 2deg (r), which is a contradiction. O
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Lemma 2. Assume that a, b, c¢ are distinct polynomials such that
at most one of them is constant. Assume moreover that

(5) ac+1=7r" and be4+1=s"

hold with two polynomials r and s. Let o = deg(a), f = deg(b),
~ = deg (¢), and assume that o < 3. Then,

(6) (k—2)y<(k+1)3+a—k

Proof. We may, of course, assume that ¢ is not constant otherwise
relation (6) is obviously satisfied. Thus, v > 0. From (5), we read

aty

deg(r) = k‘ and deg(s) = M

k

In particular, deg(s) > deg(r) > 0. Eliminating ¢ from the two
relations (5) we get

(7) bk —ask =b—a.

Let g = ged (1, s) and h = ged (a,b). We may write (7) as

H5) -iG) -

It is clear that the polynomials appearing in (8) satisfy the conditions
of Mason’s theorem. We obtain

b5 - deute)) + (o - des(r)

< (557 - deute) + 5 gt

—+(gitl—«mg@%+a——¢%00)+(ﬁ—*hgm9_kd%ﬂm)_L

a+ B+

9) a+B+v< +a+23-1,
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and it is easy to see that inequality (9) is equivalent to inequality (6).
[}

Notice that, in particular, Lemma 2 gives us an upper bound on the
largest degree of a polynomial appearing in a kth power diophantine
triple in terms of the degrees of the other two polynomials.

In what follows, we prove a gap principle for the largest degree of a
polynomial appearing in a kth power diophantine quadruple in terms
of the degrees of the other three involved polynomials. This principle
appears originally in a paper of Gyarmati (see [9], and [2] for some
slight improvements of the principle from [9]) for kth power diophantine
m-~tuples consisting of integers. Our next lemma illustrates the above
principle in the polynomial context.

Lemma 3. Let A= {a, b} and B = {c1, c2} be two sets consisting
each of two nonzero distinct polynomials with coefficients in K. Let
a, B, 71, Y2 be the degrees of a, b, c1, ca, respectively, and assume
that o < B and v, < 7v2. Assume moreover that fg+ 1 is a kth power
of a polynomial with coefficients in K for all f € A and g € B. Then,

(10) B+y2 = (k—1)(a+m).

Proof. Write

acy +1=r¥, bey + 1 = s¥,
(11) and
aco +1 =1k beg +1 = s5,

with some polynomials r;, s; for ¢ = 1, 2. Notice that deg (r;) =
(+7;)/k and deg (s;) = (B8+)/k for i = 1, 2. In particular,
deg (s;) > deg(r;) for i = 1, 2, deg(s2) > deg(s1) and deg(r2) >
deg (r1). From the first and the last relations (11), we get

abeycy = (acy)(bey) = (rF —1)(sh — 1),
and from the second and the third relations (11), we get

abcics = (acz)(bey) = (15 —1)(sk —1).
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Thus,

(rf —1)(s5 — 1) = (r5 — 1)(sf — 1),
or
(12) (r152)% — (r9s1)F = r¥ 4 55 — b — sk,

We first notice that the two polynomials appearing in the two sides of
(12) are not zero. Indeed, if (r152)F = (ra51)%, we get (acy + 1)(bea +
1) = (ace + 1)(ber + 1), or acy + bea = acy + bey, which leads to
(a — b)(c1 — ¢2) = 0, contradicting the fact that a # b and ¢; # ca.
To get a gap principle, we compare the degrees of the two polynomials
appearing in (12). Let (1, ..., be all the roots of 1 of exponent k in
K, i.e., the roots of the polynomial X* —1. Since K is of characteristic
zero, it follows that all these roots are distinct. Let A be the leading
coefficient of 7185 and B be the leading coefficient of ros1. Notice that

k

(13) (r182)F = (ras1)® = [ [ (r1s2 — Girasa).

i=1

The two polynomials r1sy and ros; have the same degree, namely
0:= (a+ B+ + 12)/k, therefore

(14) 7182 — (iTes1 = (A — QB)X‘S + terms of smaller degree.

Since (; are distinct for ¢ = 1, 2, ..., k, at most one of the elements
A — (;B can be zero. This shows that the inequality

deg (r189 — (ires1) < 0

can hold for at most one value of the index i = 1, 2, ..., k, and if
it does hold for one index 4, then deg (r1s2 — (;7281) > 0 because this
polynomial cannot be the zero polynomial. This argument shows that

(15) de(rase)* = as0)*) 2 (6= 105 = (572 ) (ot 54214 2).

Since obviously

(16) deg (riC + 312C — r§ — slf) < deg (35) =B+ e,
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we get, by (12), (15) and (16), that

(17) E(a+6+%+w)§ﬂ+m

k
and it is easy to see that inequality (17) is equivalent to inequality (10).
O

3. The proof of the Theorem: Parts i—iii. We first deal with
the case k > 5. Assume that (a, b, ¢, d) is a kth power diophantine
quadruple of polynomials satisfying the hypothesis of the Theorem. Let
a, B, v, 0 be the degrees of a, b, ¢, d, respectively, and assume that
a < fB<v<d. By Lemma 1, we know that at most one of them can
be constant (and if this is so, then the constant polynomial must be a),
and that all four of them are distinct. Applying Lemma 2 to the triple
(a, b, ¢, d), we get

k+1)8  « k
< - .
(18) 'Sy o2 R

Applying Lemma 3 to the pairs of sets A = {a, b} and B = {¢, d}, we
get

(19) 6+ 6= k—-1D(at+) = (k-1)(a+F).

Thus,

(k—1)a+(k-2)8 <6<

k+1)8  « k
k—2
or

(20) 0< (%—(k—2))6+<ﬁ—(k—l)>a—%,

which is obviously a contradiction because 5 > 0 and (k+1)/(k —2) —
(k—2) < 0 for k > 5. Thus, there does not exist a kth power
diophantine quadruple if k& > 5.

When k = 4, inequality (18) for the quadruple (a, b, ¢, d) shows that

50 «
<=
(21) 6_2—|—2 2
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and inequality (19) for this quadruple implies

(22) 0+ 8>3+ 3.

Assume now that there exist a fourth power diophantine quintuple

(a, b, ¢, d, e), and let « < B < 4 < & < € be the degrees of

a, b, ¢, d, e, respectively. Applying inequality (22) for the two

quadruples (b, ¢, d, e) and (a, b, ¢, d), we get
€+723(6+0) =907+ a),

or

(23) € > 8y + 9a.

However, inequality (21) for the quadruple (a, b, ¢, e) shows that
5 «
24 < = —_9
(24) esghtg -2
and now (23) and (24) lead to
) a
— ——22>8 9
5813 = 87+ 9a,

which is obviously impossible because v > .

Assume now that k = 3 and that (a, b, ¢, d, e, f) is a third power
diophantine sextuple and assume that a < 8 < v < § < e < ¢ are the
degreesof a, b, ¢, d, e, f, respectively. For the third power diophantine
quadruple (a, b, ¢, d), inequality (18) becomes

(25) §<4B+a—3,
while inequality (19) becomes
(26) d+ 8> 2a+ 2.

Thus, using (26) for the diophantine quadruples (¢, d, e, f) and
(b, ¢, d, e), we get

¢+062>2(e+v) =40+ 8),
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or
(27) ¢ > 30 +40.
But, using (25) for the diophantine quadruple (a, b, ¢, f), we also have
(28) ¢ <48+ a3,
and now (27) and (28) imply

40+ a—3 > 36+ 40,

or
a— 3> 39,

which is impossible because § > a. So, parts i-iii of the Theorem are

proved. a

4. A Pell-like equation in polynomials. Assume now that k is
even and large enough. Write k = 2k,

(29) ab+1=7r% ac+1=s" be+1=t",

with r, s, ¢ in K[X]. Clearly, deg (1) = (a + 8)/k, deg (s) = (a +7v)/k
and deg(t) = (8+ v)/k, therefore deg (t) > deg(s) > deg(r) > 0.
Eliminating ¢ from the second and third formula (29) above, we get

(30) a(tho)? —p(s")? = b —a.

Let R:=r* S :=s* and T := t*o. Equation (30) above implies that
the equation

(31) aU? —bV? =a —b,
where
(32) ab+1= R?

admits a solution nontrivial solution (U, V), i.e., both U and V are
nonconstant polynomials, such that both U and V are kgth powers of
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some polynomials ¢ and s. In what follows, we take a closer look at all
the solutions of equation (31) when a and b satisfy (32).

Lemma 4. Assume that a and b are nonzero polynomials with at
least one of them nonconstant and assume moreover that

(33) ab+1=R?

holds with some polynomial R. Let deg(a) = « and deg(b) = 8 and
assume that o < (. Assume moreover that (U, V) are polynomials
such that

(34) aU? —bV? =a—b.

Then the following hold:
i. ab is not the square of a polynomial.
ii. U#0.
ili. If U is constant, then (U, V) = (£1, £1).

iv.  There exist (Uy, Vy) satisfying equation (34) and such that
both deg (Up) < (36 — a)/4 and deg (Vp) < (o + B)/4 hold, and some

nonnegative integer m, such that up to replacing (U, V') by (£U, £V)
the formula

(35) Uva+VVb = (Upva+ VoVb) (R + Vab)™

holds.

v. Assume that (U, V) is a solution of (34) and that formula
(35) holds. If U? = 1 (modb), then V? = 1 (moda), and the above
congruence relations hold for (U, V') replaced by (Uy, V) as well. In
particular, if (Up, Vo) # (£1, 1), then both deg(Up) > (8/2) and
deg (Vo) > (/2) hold.

Proof. Part i has already been done in Lemma 1. To see part ii, notice
that U = 0 implies bV? = b — a, which leads to b | a. Since 8 > a,
we conclude that b = cja, where ¢; is some element of K. Since K
is algebraically closed, we get ab = ci1a? = (\/EOL)2 which contradicts
i. Part iii follows like part ii as well. Indeed, if U is a constant, then



142 A. DUJELLA AND F. LUCA

bV? = b —a — aU? and from degree considerations we get that V is
constant as well. But now b(V? — 1) = a(U? — 1), and if U? — 1 is
not the zero constant, then V2 — 1 is not the zero constant either, and
therefore we get b = cja with ¢; = (U? —1)/(V? —1) € K, but by
part i this is impossible via the argument used to prove part ii.

To prove iv, we use an argument already employed before in a similar
context in [5, Lemma 1]. Assume that (U, V) is any solution of (34)
and for any integer m and signs €1, €5 € {£1} define

(36) U*a+V*Vb=e (Uya+eVV)(R+ Vab)™.

For m > 0, the above relation defines, in a formal way, U* and V*
unambiguously in terms of U, V', a, b, R, m and the two signs £; and
g2 (the fact that this is so follows from i, because by i, ab is not a
perfect square). For m < 0, we use the obvious fact that

(37) (R+ vVab)™ = (R — Vab)™™,
which is a consequence of the fact that
(38) (R+Vab)™ - (R — Vab)™ = (R? —ab)™ =1,

to also express U* and V* in terms of U, V, a, b, R, m and the two
signs €1 and 5. From relation (36) we also conclude that

(39) U*a—V*Vb=e (Uva—eVVD)(R - Vab)™,

and therefore, by formula (38), and the fact that (U, V) is a solution
of (34), we conclude that

(U2 =b(V*)? = (U*Va+ V' Vb)(U*a — V*Vb)
= (UvVa+eVVb)(Uva—eaVVD)(R+Vab)™ (R—Vab)™
=aU?-bV2=a—0b,
therefore the pair (U*, V*) satisfies equation (34) as well. Notice that,
by ii, U* is never zero, and if it is a constant, then it must be +1.

Out of all possible pairs of solutions (U*, V*) obtained by formula
(36) from the starting pair (U, V') for all possible integers m and signs
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€1, €2, we choose one for which deg (U*) is minimal and we denote such
a solution by (Uy, Vp). From formula (36), we notice that

(40) Uva + eaVVb = e1(Upva + VoVb) (R + Vab)™

holds with some signs 1, €2 and some integer mg. Changing simulta-
neously the signs of U and V' we may assume that €; = 1, and now by
changing only the sign of V, if needed, we may assume that eo = 1. If
myo is negative, then relation (40) implies that

Uva—VVb = (Upva— VoVb)(R + Vab)~™°

holds with —mg > 0. Thus, by replacing V with —V and Vj with —Vj
(notice that this replacement does not change the degree of Vp), we
may assume that formula (35) holds with m > 0 and the pair (Up, Vj)
for which the degree of Uy is minimal. All that is left to prove is that
deg(Uy) < (33 — a)/4.
Let
Urva + Vivb = (Upva + VoVb) (R + Vab)

and

U_1va+V_1Vb = (Uov/a+VoVb)(R+Vab) ™ = (Upv/a+VoVb)(R—Vab).
Then,

(41) Uy = RUy+bVy and U_; = RUy — bVj.

By the minimality of deg (Up) and the fact that U* is never zero, we
get

(42) deg (Uy) > deg (Uy), deg (U_1) > deg (Up),

and

a+ g3
5
By multiplying now relations (41), and using (34) and the fact that at

least one of the inequalities in (42) is strict, we get
deg (Ug) < deg (U1U-1) = deg (UFR® - b*V7)
(U (ab+1) = b*V§)
= deg (b(a U§ — bVy) + U3)
= deg (b(a — b) + U?).

max(deg (Uy), deg(U-1)) = deg (Up) +

(43) = deg
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But relation (43) clearly implies that deg (Uy) +deg (U-1) < deg (b(a—
b)) < 24. Hence,

2deg (Up) + ath

<2,

so deg (Up) < (36 — @) /4.

When Vy = 0, we get an even better inequality because in this
case aUZ = a — b, therefore a | b and U2 = 1 — (b/a). Thus,
deg (Up) = (8 — «)/2 in this case.

If Vo # 0 is constant, then deg(Vp) = 0 < (a+ §)/4. Finally, if
Vb is not constant, then by looking at the degrees of the polynomials
appearing in formula (34) we get that

deg (aU§) = deg (bVy),

therefore

6—a<3ﬂ—o¢_5—a_oz+ﬂ

deg (Vo) = deg (Uo) —

2~ 4 2 4 7
which finishes the proof of iv.

For v, let us notice first that formula (34) can be written as

Ul-1  v-1
44 = .
(44) = -

So, if b | U? — 1, it follows that the rational function appearing on the
left-hand side of equation (44) is, in fact, a polynomial, therefore the
function appearing on the right-hand side of equation (44) must be a
polynomial as well. Hence, a | V2 — 1 when b | U? — 1. To prove
the similar statement about the pair (Up, Vp), it suffices to show, by
induction on m > 0 from formula (35), that if b | U? — 1 and

Uva+VVb = (Ua+ VivVb)(R+ Vab),
then b | U2 — 1 as well. But obviously,
U+ Vivb = (Uva+ VVb) (R — Vab),

therefore
U,=UR -V,
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and

U? = (UR-Vb)? = UR*-2URVb+b’V? = U?(ab+1)—2U RVb+b°V?,
therefore

(45) U2=0U? (modb).

Since U? = 1 (mod b), relation (45) implies that U2 = 1 (mod b)
as well, and the proof of v follows by induction on m. Hence, if
b | U?—1, then b | U} — 1. In particular, if Uy is not constant,
i.e.,, not +1, then U? — 1 is nonzero and a multiple of b, therefore
2deg (Up) = deg (U2 — 1) > 3. The statement about deg (V) being at
least («/2) when a | VZ — 1 and Vj is not £1 is obtained in a similar
way. Lemma 4 is therefore proved. O

Assume now that (a,b,c) is a kth power diophantine triple. Then
(U, V) = (tFo, s¥0) is a solution of equation (34). Let (Uy, Vo) be a
solution of equation (34) arising from the solution (U, V') as explained
in the proof of Lemma 4, and with Uy of minimal possible degree. Then,
by Lemma 4, we have deg (Up) < (38 — «)/4 and deg (Vp) < (o + 8)/4,
and if Vy = 0, then deg (Up) = (8 — «)/2. Let (Up)n>0 and (V;,)n>0 be
the sequences of polynomials given by

(46) Upva+ ViVb = (Ugva + VoVb) (R + Vab)".

It is easy to see that both (U,),>0 and (V,,),>0 are binary recurrent
sequences satisfying

(47) Ui = RUy +bVy and Vi = Uya + Vb,
(48) Un+2 = 2RUn+1 — Un and Vn+2 = 2RVn+1 — Vn
for all n > 0.

In what follows, we will gather some more of the properties of the
sequences (Uy)n>0 and (Vy,)n>o0-

Lemma 5. Let the sequences (U,) and (V,,) be defined by (48), and
let m > 0 be an integer such that (t*0, s*0) = (U,,, V;). Then:
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i. U2 =1 (mod b) and V2 =1 (mod a) for alln > 0. In particular,
if (Uo, Vo) # (£1, £1), then deg (Up) = 8/2 and deg (Vo) = /2.

ii. m > 1.
ili. deg (Uy) > max(deg (Uyp), 5/2), deg (V1) > max(deg (Vo), «/2).

iv. The relations

(49) deg (U2) = (n— 1) T2 e (01),
(50) deg (V) = (n— 1) 5 + deg (W),
hold for all n > 1 and

(51) 2deg (U,) + a = 2deg (V,,) +

holds for all n > 1 as well and even for n = 0 except for the case in
which (Uy, Vo) = (£1, £1).

Proof. For part i, notice that since bc + 1 = t¥ = U2, it follows that
b| U2 —1, and now, by Lemma 4v, it follows that b | U? — 1. One may
now use induction of n to show that this divisibility relation holds for
all n > 0. Thus, by Lemma 4v again, b | U2 — 1 and a | V;2 — 1 hold
for all n > 0. The remaining assertions of part i follow from part v of
Lemma 4.

For part ii, notice that since U2, = t* = bec + 1, it follows that
2deg (Up,) = B+ v > 20, therefore deg (Uy,,) > (. Since by Lemma
div, deg (Up) < (38— a)/4 < 3, it follows that m = 0 is impossible,
therefore m > 1.

For part iii, notice first of all that the fact that deg (U;) > deg (Uy)
follows from the fact that Uy has been chosen to have minimal degree.

If deg (U1) = 0, then both U; and Uy are constants, therefore U; =
Uy = £1. In particular, V3 = Vy = +1. But

U1 = RUO + bVQ;

therefore
+R=+14+0b
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and
ab+1=R?=(+1+b)2=b>+2b+1,

or
a=>b=+t2.

By simultaneously changing the signs of all three (a, b, ¢), if needed,
we may assume that b = a + 2, therefore « = § > 0, and now relation
(30) becomes

(52) at? — (a+2)s" = —2.

In particular, ¢ and s have the same degree deg(t) = deg(s) =
(a4 7)/k, and no common root. Applying Mason’s theorem to equa-
tion (52), we obtain

(k—2)(a+7) <ka—k.

Thus
2k —2)a < (k—2)(a+7) < ka—k,

or

(k—4)a < —k,

which is impossible for k¥ > 4. Thus, we have shown that degU; > 0,
therefore deg (Uy) > max(deg (Uy), 3/2). To prove the similar relation
for the degree of V7, notice first that V; # +1. Indeed, for if V3 = +1,
then U; = +1, which is a contradiction. So, V; # +1 and we get that
deg (V1) > a/2. To prove that deg (V1) > deg (Vp), we first show that
V1 # 0. Indeed, for if V7 = 0, then the relation

Uova + VoVb = (Utva+ ViVb)(R — Vab)

with V3 = 0 gives Uy = Up R, contradicting the fact that deg (R) > 0
and deg (Uy) > deg (Up). Finally, assume that V3 # 0, £1. From the
relation

a(Uf —1) = b(V{ - 1),

we get

(53) 2deg (U1) + a = 2deg (V1) + .
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If Vi = 41, then obviously deg (Vy) = 0 < deg (V7). Finally, if Vj # +1,
then from the relation

(54) a(Ug — 1) =b(V§ - 1),
we also get
(55) 2deg (Up) + o = 2deg (Vo) + 6.

Finally, (53), (55) and the fact that deg (Uy) > deg(Up) imply that
deg (V1) > deg (Vp). This completes the proof of part iii.

For part iv, notice that by recurrence formulae (48), the fact that
deg (R) = (a+3)/2, and the fact that deg(U;) > deg (Up) and
deg (V1) > deg(Vp), we get, by induction on n, that deg (U,y1) >
deg (U,,) and deg (V;,41) > deg (V4,) hold for all n > 1, and that

(56) deg (Up42) = deg (R) + deg (Un+1)
and
deg (Vy42) = deg (R) + deg (Vi41)

hold for all n > 0. Obviously, relations (56) imply (49) and (50).
Finally, relation (51) follows from identifying degrees in the formula

a(U2 —1) =b(V2 —1).
Lemma 5 is therefore proved. u]

We now have sufficient information of the sequences (U, ),>o and
(V)n>0 to be able to complete the proof of our Theorem.

5. The proof of the Theorem: Part iv. Let m > 1 and recall
that U,, = t*, V,, = s*¥0 and R = r*. Here, m > 1 by Lemma 5. By
the same Lemma 5, we have

a+p

Bty = kodeg (t) =deg (Uy,) = (m —1) 5 + deg (Uh)

2
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and
a+ a4+
S0~ kodog () = deg (V) = (m — 1) 22 4 deg (W),
therefore
2
a+26+y deg (ts) = deg (t) + deg (s)
(57) 2ko

= kio ((m —1)(a+ B) + deg (Uy) + deg (1)).

However, by Lemma 2, we have
(2ko — 2)y < (2ko + 1)B 4+ a — 2k,

and it is easy to see that the above inequality implies

(58) <k()2];)1>(a+25+7) < (a—l—Sﬂ)(% - ﬁ) _ % < @
The combination of (57) with (58) gives
(59) <l<:0k; 1)((m — 1) (a+ B) +deg (Uy) +deg (V1)) < @ —;3@

Relation (59) obviously implies that m < 2 for kg > 3, i.e., k > 6.
Indeed, if kg > 3 and m > 3, then

(%) =100+ + dog (00 + deg ()

ko
S+5) =5t

> Lt
- 2 2 3

(2(a +8)+

[V )

therefore inequality (59) would be

SO

(60) 10 + 1083 < 3a + 98,
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which is obviously impossible. Thus, m < 2. We now want to eliminate
the case m = 2. In order to do so, we show that the case m = 2 is
possible only when (Uy, Vp) = (£1, +1). Assume first that o = 3
and m = 2. Then, since deg (U;1) > 3/2 and deg (V1) > «/2, we get
deg (Uy) + deg (V1) > 8. Now inequality (59) with ko > 3 implies

26=2((a+5)+5)

3

< kok; L ((m —1)(a + B) + deg (Uy) + deg (V1))
a+38

< B —2/67

which is a contradiction. So a < 3.
Assume now that (Uy, Vp) # (£1, £1). Since

Ui = RU,y + bVy,
it follows that either
(61) deg (Uy) = OZTW + deg (Up),
or
(62) deg (Uy) < QT—W + deg (Uy).

We treat the first instance. In this case,

o+
dog (V2) = “ 5 + s (V)

therefore
deg (Uy) + deg (V1) = a+ S+ deg (Up) + deg (V).
Since (Uy, Vo) # (£1, 1), we get that

a+p
2 b)

deg (Ug) + deg (Vo) >
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therefore

3(a+B)
2

deg (U)) + deg (V1) >

Thus, inequality (59) implies that

Satf) =3 ((a+p)+5@+5)

< kokg 1 ~((m = 1)(a+ B) + deg (Uy) + deg (V1))
- a—;?ﬂ7

and we get again inequality (60), which is impossible. We now treat
the second instance. For this, we will assume that ky > 4, i.e., that
k > 8. From a < (3,

Ui(UpR — bVp) = USR* — b*V§ = (ab+ 1)UZ — b*V
=b(aUZ —bVE) +UZ = bla —b) + UZ,

inequality (62), and the fact that deg (Up) < 3, we get

deg (U1) + # + deg (Up) = 26,
therefore 35
-«
deg (U) = 5 deg (Up).
Since 5
o —
dog (1) = deg (U1) + 27,
we get
a—pf
deg (Ur) + deg (V1) = 2deg (U1) + —5—

:3ﬂ—a+¥—2deg(U0)

8-«
2

— 2deg (Uy).
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Thus, inequality (59) with ko > 4 tells us that

3 53 — a a+38
1 ((a +0)+ 5 2deg (Uo)) < 5
o 21343 +368 3
(0% (0%
] - ) < 5 deg (U0)7
or
(63) deg (Up) > %1; <.

On the other hand, by Lemma 4 we have deg (Uy) < (35 — «)/4, which
is obviously in contradiction with (63).

The conclusion so far is that either m = 2, in which case (Up, V) =
(£1, £1) must hold, or m = 1.

The case m = 2. In this case, by simultaneously changing the signs
of both Uy and V, we may assume that Uy = 1. Thus, V5 = +1. We
write

t*o/a + "V = Uy = (Va+ Vb)(R + Vab)?

(64)

= (2ab+ 1+ 2Rb)\/a + (2ab + 1 + 2Ra) Vb,
therefore
(65) {t’fo = 2r2ko — 1 + 2rkop,

sho = 92p2k0 _ 1 4 ophog,

Clearly s and t are coprime, because if not, Uy and V5 will have a
nontrivial common divisor which, by an argument employed earlier,
should also be a common divisor of both Uy and V[, which is impossible
because Uy = 1 and Vp = £1. From (65), we get

(66) 2rFo (b — a) = tho — sko,

With (66) and Mason’s theorem, we get

(67) max(deg ((b — a)rFo, tho %)) < N((b— a)rst) — 1.
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Identifying degrees, we get that the only relevant inequality from (67)
is

deg ((b — a)r*®) = deg (b — a) + OZTW < N((b—a)rst)—1

atfBt+y

1.
ko

<deg(b—a)+

If & < 3, then (65) implies (8 +v)/2 = (a+ 3/2)+ S and v = 206 + a.
On the other hand, Lemma 2 for ky > 3 implies v < (ko + 1/ko — 1)8 <
20, a contradiction. Therefore, we may assume that a = 5. But now

we have
200 +
< P

ko

which implies
(68) v > (ko — 2)a.

But for ky > 4, Lemma 2 implies v < (5/3)«, which clearly contradicts
(68).

The case m = 1. In this case, we get U; = t*, V; = s¥0, and since
Urva+ Vivh = (Upva + VoVb)(R + Vab),
we also have
Uova+VoVb = (Ui/a+Vivh)(R+Vab) ™t = (Uyva+VivVb)(R—Vab),

and we read

(69) Us = RU; —bVi and Vi =RVi —alj,
or
(70) Up = (rt)*o —bs™ and Vj = (rs)* — atho,

We look at the second relation (69). Notice that, since R? = 1+ ab and
V2 = 1+ac, it follows that RV, and a are coprime. So, if RV} and a Uy
are not coprime, then their greatest common divisor will be exactly the



154 A. DUJELLA AND F. LUCA

greatest common divisor of RV; and U;. The greatest common divisor
of Uy and V; is the same as the greatest common divisor of Uy and Vj.
Let this divisor be A; = )\lfo. Finally, let As be the greatest common
divisor of U;/A; and R. In particular, Ay = )\’5“ (because both R and
Ui/Ay = (t/M\1)F0 are koth powers). We may thus write the second
relation (70) as

™ () () (R

The three polynomials appearing in (71) are all coprime. In order to
apply Mason’s theorem, it suffices to show that they are all nonzero and
that they are not all constant. We shall first treat the case in which
one of them is zero. In this case, since Uy # 0 and V; # 0 (see Lemmas
4 and 5), we get Vo = 0; therefore, RV} = aU;. But we have just said
that both R and V; are coprime to a which leaves us with the case in
which a is constant. With a constant and Vi = 0, we get

a—b=aUZ,

therefore
b=a Ug —a.

In particular, we get that deg (Up) = /2, and that
" =R?=ab+1=0a(aUZ —a)+1=(aUp)*+ (1 -a?),

and since the degrees of Uy and R are positive, the above relation gives,
via Lemma 1, a = +1. Now we have R? = UZ = V2 (the last equality
here follows from V4 = RV + a Uy, with a = +1 and Vp = 0). Hence,
ab+ 1 = ac + 1, therefore b = ¢, a contradiction.

So, we know that all polynomials appearing in formula (71) are
nonzero. Let us deal with the case in which they are all constant.
In this case, a is a constant and s/\; is a constant. In particular,
Vi/A1 is a constant, and since Ay = ged (Uy, V1) = ged (Uyp, Vo), and
deg (V1) > deg (Vh), we get that V/A; is constant. Relation (71) now
shows that Ay is constant, and since R/As is also constant, we now
get that R is constant, which contradicts the fact that deg(R) > 0.
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Since we took care of the degenerate instance, we may apply Mason’s
theorem to relation (71) to conclude that

e (a5 )k) 0t BT e () + deg(0))

A1 g 2
< a+deg (Vy) — ko(deg (A1) + deg (A2))
a+ b+
+ 2D (e (M) + des (1),
or
(72) P20 < e () + T
0

If Vo = £1, we then get
(ko —2)(B +7) <2«

which is impossible for kg > 3. So, we may assume that Vj # +1,
therefore Uy # £1 and the relation

(73) deg (Up) — deg (Vo) = (6 — @)/2

holds. Inequality (72) and relation (73) give us

(74) BN qeg () + 2=F L a¥ Bt
2 2 ko
From the formula
U, = RUy 4+ bV,
it follows that
a+p

= deg (Uy) < deg (Up) + —

If (75) holds with equality, then

a+ 0
2 )

B+

5= deg (Up) +




156 A. DUJELLA AND F. LUCA

and with (74) we get

deg (Up) + & ﬂ<deg(Uo)+a;B+a+£+7,
0
therefore L
« Y
R

or
(ko —1)B<a+vy< B+,

or
(76) (ko —2)8 <.
It is clear that (76) contradicts Lemma 2 for kg > 4.

Assume now that (75) holds with strict inequality. Then, since

Ui (UgR — bVp) = (UgR + bVp)(UgR — bVp) = (R*UZ — b*ViE)
= ((ab+1)UZ — b*V3) = b(b —a) + UZ,

we get
a+p
deg (U1) + —  * deg (Uo) = B+ deg (b —a) < 28,
therefore 35
—a
deg (Uy) < 5~ deg (Up).

By Lemma 5, we have

b < deg (U0) <

B P-a pt+y_2-a—-n
5 <

2 2 2 ’

which implies o 4+ v < 3, and this is possible only if « = 0 and § = ~.
But now (72), together with

deg(%)§a+ﬁ gv

W

leads to
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which gives a contradiction for kg > 3.

This finishes the proof of the last assertion of the Theorem. O
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