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DIVIDED DIFFERENCES, SQUARE
FUNCTIONS, AND A LAW OF THE
ITERATED LOGARITHM

Abstract

The main purpose of the paper is to show that differentiability prop-
erties of a measurable function defined in the euclidean space can be
described using square functions which involve its second symmetric di-
vided differences. Classical results of Marcinkiewicz, Stein and Zygmund
describe, up to sets of Lebesgue measure zero, the set of points where
a function f is differentiable in terms of a certain square function g(f).
It is natural to ask for the behavior of the divided differences at the
complement of this set, that is, on the set of points where f is not dif-
ferentiable. In the nineties, Anderson and Pitt proved that the growth
of the divided differences of a function in the Zygmund class obeys a ver-
sion of the classical Kolmogorov’s Law of the Iterated Logarithm (LIL).
A square function, which is the conical analogue of g(f) will be used
to state and prove a general version of the LIL of Anderson and Pitt
as well as to prove analogues of the classical results of Marcinkiewicz,
Stein and Zygmund. Sobolev spaces can also be described using this
new square function.

1 Introduction

Let f be a real valued measurable function defined in an open set & C R<.
If 7,t € R? satisfy x — t, 2,2 +t € U, we consider the (symmetric) divided
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156 A. NIcoLAU

difference A(f)(z,t) and the second (symmetric) divided difference Ay (f)(x,t)
defined as

flat+t) = flz—1)
2t] ’

fla+t)+ fle—t) —2f(x)
2|t '

A(f) (1) =

Ao (f)(x,t) =

It is well known that differentiability properties of the function f can be de-
scribed by size conditions on the differences As f. Actually for § > 0 consider
the square function

2(f) () = /| » A§<f><x,t>d"§|f?, rel, (L1)

where dm(t) denotes Lebesgue measure in R?. We denote g(f)=g1(f). A clas-
sical result by Stein and Zygmund, extending previous work by Marcinkiewicz
and Zygmund, says that the set of points in & where f is differentiable and the
set of points z € U for which there exists 6 = d(x) > 0 such that gs(f)(z) < o0
and sup{|Azf(x, h)| : [|h|| < 0} < oo, can differ at most by a set of Lebesgue
measure zero. See [19] or [17, p. 262].

In this work we study the growth of the divided differences of a function at
the points where the function is not differentiable. In the one dimensional case,
under certain assumptions on the function, Anderson and Pitt obtained very
nice results in their paper [2]. For instance they considered the Zygmund class
of continuous one variable functions f for which ||f|[. = sup{|Az(f)(z, h)| :
xz,h € R} < c0. Since |[A(f)(x+h,h) —A(f)(x+h/2,h/2)] < |Aof(x+h, k)],
for any x, h € R, iterating one obtains

i@jl%:lﬁﬁ < [If I+ Ina(1/h) +2|f (z+2Vh) = f(z)], s € R, 0 < h < 1/2

where N is the integer such that 1/2 < 2V¥h < 1. Hence for any = € R, the
growth of the divided differences |A(f)(z, h)| is at most proportional to In(1/h)
for 0 < h < 1/2. Moreover this uniform estimate is sharp. However, Anderson
and Pitt proved the following pointwise estimate which is a version of Kol-
mogorov’s Law of the Iterated Logarithm and improves the previous trivial
estimate. At almost every point x € R, one has

. |f(z+h) — f(z)]
S At Tt~ (12)
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where C'is a universal constant. The result is sharp. For instance, fixed b > 1,
the Weierstrass—Hardy lacunary series

fo(x) =) b "cos(b"z), wER
n=1

is in the Zygmund class, and there exists a constant C; = C;(b) such that the
limsup in (1.2) is bigger than C; at almost every x € R. See [22]. Differen-
tiability of functions in the Zygmund class has been studied in [14], [9] and
[10]. The result of Anderson and Pitt is very nice but the assumption that f
is in the Zygmund class is somewhat unnatural. Also, instead of estimating
the divided differences of a function by a logarithm of the scale, one expects to
estimate them by truncated versions of convenient square functions. This is
what happens when studying boundary behavior of harmonic functions in the
upper-half space. Let u be a harmonic function in an upper half space and let
A(u) be its Lusin area function. Classical results of Calderén, Zygmund and
Stein tell that the set of points where u has non-tangential limit and the set of
points where A(u) is finite, can differ at most by a set of Lebesgue measure 0.
See for instance [17, p. 206] or [5, p. 43]. On the complement of this set,
the growth of u is controlled by a truncated variant of A(u) via a convenient
version of the Law of the Iterated Logarithm. See [3], [4] or [5, p. 65].

Let us first restrict attention to the one dimensional case. Let U be an
open set of the real line R and let f € L2 (U). Given z € U consider hy =
ho(z) = min{1, dist(x, R\ U)/2}. Instead of the vertical square function g(f),
consider the conical square function A(f) defined as

() = [ AP0 seR

I'(x)

where I'(z) = {(s,t) € R% : [s — 2| < ¢t < hg} is the cone centered at z
of height hg. In contrast with (1.1), we do not want to assume any kind of
regularity on the function f. Since the behavior of the divided differences of a
function f may change completely if one changes the definition of f in a set of
Lebesgue measure zero, one can not expect to control the divided differences
by a square function like A(f) or ¢g(f). However, it turns out that means of
divided differences, defined as

B h x+t S
A(f)(a:,h):/h/z/t AN S, weR 0<h<l,  (13)

can be controlled by truncated versions of A(f) defined as
dsdt

Az(f)(x,h):/ AJ(f)(s,t)—5—, z€R, 0<h<l. (14)
T(z)N{t>h} 3
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Theorem 1. Let f € L%OC(U). Then at almost every point x € U such that
A(f)(z) = o0, one has

. [A(f) (@, h)] s
N A2 k) o

The result is sharp up to the value v2In2 in the sense that when f = f;
is the Hardy—Weierstrass lacunary series mentioned above, the limsup in the
statement is bounded below at almost every point = € R. Let f be a function
in the Zygmund class. Since there exists an absolute constant C' > 0 such
that [A(f)(z,h) — A(f)(@,h)] < C|fll and A*(f)(z,h) < C|f|ZIn(1/h),
the estimate (1.2) of Anderson and Pitt follows from Theorem 1. It is worth
mentioning that we do not know if the analogue of Theorem 1 holds when one
replaces A(f)(z,h) by a truncated version of g1(f). An analogous situation
occurs when studying the growth of a harmonic function in an upper half space
outside its Fatou set. As mentioned above, Banuelos, Klemes and Moore
proved a version of the Law of the Iterated Logarithm which controls the
growth of the harmonic function in terms of the size of its truncated area
function. See [3] or [5, p. 65]. However a similar result replacing the conical
Lusin area function by the wvertical Littlewood—Paley function is not known.
See [5, p. 114].

The main technical step in the proof of our result is the following good A-
inequality which provides the right subgaussian decay: there exists a universal
constant C' > 0 such that for any f € L?([0,1]) and any numbers N, M > 0,
one has

{z €[0,1]: sup (A(f)(x,y) = A(f)(2,1)) = M; A(f)(z,h) < N}|

12y=h
< Cexp (-M?/CN). (1.5)

Theorem 1 follows from this subgaussian estimate by standard arguments.
Subgaussian estimates in different contexts in analysis can be founded in [8],
[3], [5], [14] and [16]. Our proof of (1.5) is organized in two steps. First
we state and prove a dyadic version of (1.5) and later we use an averaging
procedure due to J. Garnett and P. Jones ([13]) to transfer the result in the
dyadic setting to the continuous one.

The square function A(f) can also be used as a substitute of g(f) in the
classical result of Stein and Zygmund mentioned above. More concretely the
following analogue of this classical result holds.

Theorem 2. Let f be a measurable function defined in an open set U C R.
Consider the set A = {x € U : f is differentiable at x} and the set B of points
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x € U for which there exists 6 = 6(x) > 0 such that sup{|Az(f)(z, )| : |h] <

0} < o0 and
dsdt

/ () (5,1) g < oo
I'(z)N{0<t<d}

Then the sets A and B can differ at most by a set of Lebesgue measure zero.

Observe that if we change the function f at a set of Lebesgue measure zero,
the set of points where f is differentiable may change completely but the square
function A(f) remains unchanged. So, the condition sup |Az(f)(x, h)|] < co in
the set B is really needed.

For 1 < p < oo let W1P(R%) be the Sobolev space of functions in LP(R?)
whose partial derivatives, in the sense of distributions, are in LP(R?%). Any
function in W1?(R9), possibly modified on a set of zero Lebesgue measure,
is absolutely continuous on almost all straight lines that are parallel to the
coordinate axes. If 2d/(d + 1) < p < oo, a function f € LP(R?) is in the
Sobolev space W1P(RY) if and only if g1 (f) € LP(R?). See [17, p. 163]. Note
that when d = 1, the result holds for any 1 < p < oo. A similar result holds
in our setting.

Theorem 3. Let 1 < p < oo. A function f € LP(R) is in the Sobolev
space WHP(R) if and only if A(f) € LP(R). Moreover, there exists a con-
stant C = C(p) > 0 such that C APy < I, < CIAW)lp for any
f e WEP(R).

Let us now explain our results in higher dimensions. We start recalling
some classical results. Rademacher’s Theorem says that a Lipschitz function
defined in an open set of R is differentiable at almost every point of the open
set. A classical refinement due to Stepanov says that a measurable function f
defined in an open set & C R? is differentiable at almost every point of the set

{z € U : limsup |fz+h) — f@)]
|h]|—0 |h|

< 00}

See [17, p. 250]. Stepanov also constructed a continuous nowhere differentiable
function in R? whose ordinary partial derivatives exist at almost every point.
See [20]. For fixed » € R? and € > 0, consider the condition

sup  |Aq(f)(z, h)| < 0. (1.6)
heR?:|h|<e

This condition is certainly satisfied if f is differentiable at the point x, but,
as mentioned before, the converse is far from being true. It turns out that



160 A. NIcoLAU

(1.6) plays the role of a Tauberian condition allowing one to deduce differen-
tiability from existence of partial derivatives. This is the content of next result
which may have independent interest. It is analogous to a classical result by
Stein and Zygmund where, under the assumption (1.6), one deduces ordinary
differentiability at almost every point where differentiability in the harmonic
sense holds. See [17, p.260].

Lemma 1. Let {e; :i=1,2,...,d} be the canonical basis of R%. Let f be a
measurable function defined in an open set U C RY. Then f is differentiable
at almost every point x € U where the following two conditions hold
te;) —
i s £ 10) = 1(2)
tER,t—0 t

| <oo,i=1,...,d

and

limsup |Aq(f)(z,h)| < .
hER4,|h|—0

Let U be an open set in the euclidean space R%. Let f € L _(U). Given ¢ €
R¢ with [¢] = 1, for z € U and 0 < t < hg = min{1, dist(x, R4\U)/2}, consider
the divided difference and the second divided difference in the direction of &
given by Ag(f)(.t) = (f(x + t€) — f(x — t€))/2t and Age(f)(w,1) = (f(z +
t) + f(z —t&) — 2f(x))/2t. For x € U and 0 < h < hg, the mean divided

difference of f in the direction ¢ is defined as

hoot ds dt

Bn@n=[ [ adnesen

and the square function in the direction £ is defined as

dsdt
t2

ho t
A2(f) (k) = /h / Aelf)la+ st

Note that both Ag(f)(z, h) and Ag(f)(x, h) are defined at almost every point
x € U. As before, we denote A¢(f)(x) = Ae(f)(z,0). Our one dimensional
results easily give the following statement.

Theorem 4. Let U be an open subset of RY. Fir & € RY with €] = 1.

(a) Let f be a measurable function defined inU. Consider the set A of points
in U on which f has directional derivative in the direction of & and the
set B of points x € U for which there exists § = 6(x) > 0 such that
sup{|Az2(f)(x,h)| : |h] < 6} < o0 and

1) t ds d
/ / AZ ¢ (f)(z + s€,1) ;t < 0.
0 —t
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Then, the sets A and B can differ at most by a set of Lebesgue measure
zero.

(b) Assume f € L (U). At almost every point x € U such that A¢(f)(x) =
oo, one has

lim sup [Be()(z 1) <V2n2.
h—0 \/Ag(f)(ac7 h) Inln AZ(f)(x, h)

(c) Let 1 < p < oo and assume f € LP(RY). Then the directional derivative
in the sense of distributions D¢ f is a function in LP(Rd) if and only if
Ae(f) € LP(RY). Moreover there exists a constant C = C(p,d) > 0 in-
dependent of f and & such that C~'[[A¢(f)|l, < [ De(f)llp < CllAe(f)lly
for any f € LP(R?Y) such that D¢f € LP(R?).

Given linearly independent points &1, ..., &z in the unit sphere of R, con-
sider .
6 ot
dsdt
0@ =3 [ [ Meha+stn G e ert
i=1 -

So A7 (f) =, Ag( f). From Theorem 4 and Lemma 1 one easily deduces
that the set of points where f is differentiable coincides up to sets of Lebesgue
measure 0, with the set of points = € U for which there exists 6 = d(x) > 0 such
that both conditions (1.6) and A%(f)(z) < oo hold. From (c) of Theorem 4
one can easily deduce a characterization of Sobolev spaces in several variables
in terms of the conical square function A which holds for any 1 < p < co. More
concretely, if f € LP(R?) then f € WLP(RY) if and only if A;(f) € LP(R?). It
would be interesting to compare this result with the beautiful characterization
of Sobolev spaces given in [1].

We finally introduce another higher dimensional natural extension of the
square function A which describes differentiability at almost every point of a
given set of the euclidean space. Let f be a measurable function defined in
an open set U C R?. Let S?~! denote the unit sphere in R? and let o be the

normalized surface measure in S¢~1. Assume f € L2 (U). Consider

A2(f)(z, h) = /S A2(f) (. W)do(€), s €U, 0<h<1  (L7)

and A(f)(z) = A(f)(z,0). Consider also the following averaged version of A.
Given a measurable subset E C S~ !, consider

A(f)(z,h, E) = /Eﬁg(f)(x,h)da(g), reR, 0<h<1.
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Theorem 5. (a) Let U be an open set of R? and let f € LE (U). Consider
the set A = {x € U : f is differentiable at x} and the set B of points
x € U such that A(f)(x) < oo and there exists § = 6(x) > 0 such that
sup{|Az2(f)(x,h)| : |h] < 0} < co. Then, the sets A and B can differ at

most by a set of Lebesque measure zero.

(b) There ezists a constant C = C(d) > 0 such that for any f € L2 (R?),

for almost every point x € R? such that A(f)(x) = oo and for any
measurable subset E C S, one has

ey A0 E)
h—0 \/Az(f)(x, h)lnln A2(f)(xz,h)

Finally let us mention an easy consequence of Theorems 4 and 5 which is
related to a classical result. Let f be a function defined in an open subset
U C R% Let w be a function defined in (0,1] such that for any = € U and
h € RY 0 < |h| < hg = min{1, dist(z,R?\ U)/2}, one has |f(z + h) + f(z —
h) —2f(z)| < |hlw(]h|). Consider

! dt
W(s):/ w2(t)?, 0<s<1

If w is increasing and W (0) < oo, Stein and Zygmund proved that f is differ-
entiable at almost every point of U. See [19] or part (a) of Theorem 5. See
also [14] and [11]. If W(0) = oo, part (b) of Theorem 4 gives that there exists
a constant C7 = C1(d) only depending on the dimension such that, for any
¢ € R? with |¢| = 1, at almost every = € U one has

lim sup \Ag )iz, bl
b0 /W) Intn W (R

The paper is organized as follows. The next Section is devoted to the dis-
crete setting of dyadic martingales and to obtain the exponential inequalities
relating the growth of a dyadic martingale and its quadratic variation. In
Section 3 we consider the one dimensional continuous setting and obtain the
subgaussian estimate (1.3) relating A(f) and A(f) which is the main technical
tool in the proof of Theorem 1. In Sections 4 and 5 we again use the results
in the discrete setting to prove Theorems 2 and 3, respectively. In Section 6
we consider functions of several real variables and prove Theorems 4 and 5.
Finally in Section 7 several natural questions closely related to our results are
collected.

With great regret, I dedicate this paper to Milne Anderson, who died on
20 November 2015. His deep contributions to classical analysis, his enthusiasm
for mathematics and passion for life have been an inspiration.
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2 The discrete setting

For 1 < p <4and k =0,1,2,..., let Di(p) be the collection of p-dyadic
intervals of generation k in R of the form [j27%p, (j + 1)27%p) where j is an

integer. Let D(p) = |J Dr(p) be the collection of all p-dyadic intervals. For
k>0

x € Rlet [ ,gp ) (z) be the unique interval in Dy (p) which contains z. Also
|E| denotes the Lebesgue measure of the measurable set E C R. A p-dyadic
martingale is a sequence of locally integrable functions S = {S,(cp )} r such that
for any £k = 0,1,2,..., the function Sl(cp) is measurable with respect to the
o-algebra Fj, generated by Dy(p) and the conditional expectation of Ski1

respect to Fy is S. In other words, for any k = 0,1,2, ..., the function S,(Cp)
is constant in each p-dyadic interval of Dy(p) and

/1 (50(2) S (@) dz =0

for any I € Dg(p). The truncated maximal function of the martingale S is
defined by

Mn(S)(x):sup\S,gp)(z)|, zeR, n=12...
k<n

The truncated quadratic variation of S is defined by
n 2
(S)2@) =Y (s,gw(m) - s,gf’jl(x)) , zeR, n=12,...
k=1
It is well known that many properties on the asymptotic behavior of a mar-
tingale can be described in terms of the size of its quadratic variation. More
concretely, the sets {z € R : klim Slgp)(a?) exists}, {z € R : M (5)(z) < oo}
—00

and {z € R: (S)o(x) < 0o} can only differ on a set of Lebesgue measure zero.
See [6] or [, p. 64]. Also, for fixed 0 < p < oo and I € D(p), the maximal
function My, (S) is in LP(I) if and only if (S) is in LP(I). See [6], [7]. These
results give comparisons between M, (S) and (S) on the sets where they are
finite. In its complement, the following Law of the Iterated Logarithm governs
the growth of the martingale,

. 155 ()|
lim su \[2
P S o) I (S12 (2]

n

at almost every point x € {x € R : (S)oo(z) = oco}. This result follows from
good M-inequalities, with subgaussian decay, which relate the growth of M, (.S)
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and (S),. See [21], [8] or [5]. We start with a well known result in the same
vein (see [5, p. 47]) whose proof is included for the sake of completeness.

Lemma 2.1. Let S = {S,(cp)} be a p-dyadic martingale. Fiz Iy € Do(p) and
assume Sép) =0 on ly. Then

1
/ exp (S,([’)(x) - 2(5)2(9&)) dx < |Ihl, n=1,2,...
Io

PROOF. Fix I € D,,_1(p). Denote by a,,(I) the constant value of Sfbp_)l -1(9)2
on I. Then

[ (50 - 3(92@) do
— exp (an(I)) ( / exp (S () ~ S () d:c) .

I

Let g = Sff) - ,(f_)l. Observe that |g| has a constant value on I which
will be called |g(I)]. Since [;g(x)dz = 0, using the elementary estimate

cosh(z) < exp(2?/2), we deduce

| explata)) de = 1] coshllo(n)) < Il exo ( 5la(0).

I

Since a,,(I)+|g(I)|?/2 is the constant value of Sgp_)l —3(S)2_, on I, we deduce

exp (S9(@) = 2(8)2(x) ) do < [ exp (S, (2) = 2(8)2_,(x) ) da.
frow (5@ - 59w @< o (514000~

Adding over all I € D,,_1(p) contained in I, we deduce

/ID exp (S,(Lf’)(:z:) - ;<S>i(x)) da < /I exp (Sff_)l(x) _ ;<5>i_1(az)) Iz

and the result follows. O
We now easily deduce

Lemma 2.2. Let S = {S,(Cp)} be a p-dyadic martingale. Fix Iy € Do(p) and
assume Sép) =0 on Iy. Then for any n=1,2,... and any A > 0 one has
1
Hz € Iy : sup (S,(Cp)(as) — 2<S>i(.§6)) > /\H < e M.

k<n
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PRrROOF. Fix A > 0. Fix the integer n > 1 and consider the stopping time 7(x)

defined as the minimum between the indices k <n for which Sy (z)—3(S)2(z) >

A, and n. Apply Lemma 2.1 to the stopped martingale S™ defined as S7(x)
Si’z_l) (x), to get

/10 exp (Sﬂw) - ;<ST)i(x)> i < |Io|.

Since S;—1(ST)Z > X on the set {x ely: supkgn(S,(Cp)(x) - 3(9i(z)) > /\)},
the proof is completed. O

Let S = {S,(f)} be a p-dyadic martingale. For n = 1,2..., consider N,, =
N, (S) defined as

+
Na(z) = (sup<s,<f> (x) - <s>k(x>>) .

k<n 2

Here 2+ = max{x,0}, z € R. From Lemma 2.2 we easily deduce the following
result.

Lemma 2.3. Let S = {S,(f)} be a p-dyadic martingale. Fiz Iy € Do(p) and

assume S(()p) =0 on Iy. Then for any 0 < a < 1 and any integer n > 1, one
has

/ exp(aN,(z))dx < 1 !

[ o]-
Io -«

PROOF. Fix the integer n > 1 and 0 < o < 1. Since

exp(alN,(z)) < 1+ exp (a sup (sff) () — ;<s>i(x)>)

k<n

we have

exp(aNa (@) dz < || + [ exp (asup (S@) - 2(S)2(x) ) ) da.
k<n 2

I() IO

By Lemma 2.2, the integral in the right hand side term is bounded by

oz|Io\/ ePe AN = — |To].
0 l1-«a
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Let S = {Sl(f)} be a p-dyadic martingale. Fix Iy € Dy(p). It is clear that
for any k > 1, orthogonality gives that

/ (8% (2) — S5 (2))? do = / (S)2 (2) da.

I Iy
We end this section with a local version of this result which will be used later.

Lemma 2.4. Let S = {S,(Cp)} be a p-dyadic martingale. Fiz Iy € Do(p) and

assume S(()p) =0 on Iy. Consider the set E = {x € I : sup, |S,(€p)(x)\ < 1}.
Then there exists an absolute constant C, independent of S and Iy, such that

/ (SY2 () dz < C.
E

PROOF. Write S = S,(Cp) and let Si(I) denote the constant value of Si in
the interval I € Dy(p). Let G be the family of maximal p-dyadic intervals I
such that |Si(I)| > 1. Here k is the integer for which I € Dy(p). It is clear
that the set ' does not intersect the interior of any interval in G. Let G; be
the subcollection of p-dyadic intervals I € G for which |Si(I)| > 10, where
again I € Dg(p). We claim that if I € G; and I’ is the p-dyadic brother of
I, that is |I'| = [I| and TUI' € D(p), then I’ € G. Actually if I* =TU I is
the p-dyadic father of I, by maximality, I* is not in G, that is, |S;(I*)| < 1,
where I* € D)(p). Since S;(I*) = (Si+1(I) + Si41(I"))/2 and |S;+1(1)| > 10,
we deduce that |S;11(I')| > 8. Hence I’ € G as claimed. So, p-dyadic brothers
of intervals in Gy are in G. Hence the interiors of p-dyadic fathers of intervals
in G; do not intersect E. Now, stop the martingale S either at intervals
which are p-dyadic fathers of intervals in G; or at intervals in G. Let ST be the
corresponding stopped martingale and observe that ||S7||s < 10. Since for any
x € E one has Si(z) = S7(x) for any k, we deduce that (S)o(x) = (57)c0(2)
for any = € E. Thus

[r@ar= [(siwdas [ (5T () e = / 1S ds < 100p
O

3 The law of the iterated logarithm

Fix 1 < p < 4. Given a function g defined in the real line, we denote by S(g)
the p-dyadic martingale S(g) = {Slgp) (9)}x defined as

g9(b) — g(a)

S (g)(z) = o k=012 (3.1)
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for x € I = [a,b) € Di(p). Let f be a function defined at almost every
point x € R. For fixed s € R, consider the function fs defined by fs(z) =

f(x—s), z € R, and the p—martlngale S(fs) = {S ( s) }x which is well defined
a.e. (s,p) € Rx [1,4]. Let f, f(z) dx denote the mean of a locally mtegrable
function f on the measurable set E, that is, f, f(z)dx = ([, f(x)dz)/|E|.

The next auxiliary result tells that the mean divided dlfference A( f) and the
square function A(f) defined in the introduction can be understood, respec-
tively, as means of the martingales S(fs) and their quadratic variation.

Lemma 3.1. Let f € LL _(R). For s € R consider the function fs defined

by fs(x) = flx —s), x € R, and the p-dyadic martingale {S,(Cp)(fs)};c as
defined in (3.1). For 0 <y < 2 let N = N(y) be the unique integer such that
H = H(y) = 2Ny satisfies 1 < H < 2.

(a) For any x € R and 0 <y < 2, one has

T—‘rh _
(z,y) / ][ (s +h) hf(s h) ds%
y/2Ja—

H
:/2 ][ SO (1) (@ +5) ds 2.
H Jo p

(b) Assume f € L _(R). Then for any x € R and any 0 <y < 1 one has

/y ]/fjh A1) 1) s = /H ’ ]£p<5(p)(fs)>?v($+8)dsci;0.

PrROOF. (a) Fix 1 < p <4 and 0 < y < 2. Fixed z € R pick the interval
[a,b) € Dn(p) such that x € [a,b). Consider 0 < n =b—2x < 27Np. Fix
I =]c,d) € Dn(p). Then I = JU K where J = [¢,c+n) and K = [c+ 7, d).
For s € J we have 2 + s € [a+ ¢,b+ ¢) and S (f)(z + s) = 2V p= 1 (fo(b +
¢)— fs(a+c)). For s € K we have x + s € [b+ ¢, b+ d) and SI(\’;)(fs)(x—i—s) =
2N p=1(fs(b+d) — fs(b+c)). Hence

[ 80+ 9ds

:2Np_1/J(f(b+c—s)—f(a+c—s)) ds—|—2Np_1/K(f(b—|—d—s)—f(b+c—s)) ds.

Changing variables we deduce
2—N

/S](\?)(fs)(:chs) ds = 2Np71/ p(f(ert) —flz+t- 27NP))dt-

I 0
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Adding over all intervals I € Dy(p) contained in [0, p] we have

27Np

fp SY (f) (@ +s5)ds = ][ A(f)x+t—2"N"1p 27 N="1pyat, zeR.
0 0

Integrating this identity with respect dp/p and introducing the variables s =
r4+t—2"N"1p h=2"N"1) we deduce

2H P d y z+h dh
(p) ap _ an
[, £ swuaeroat= [ £ awenisg

which proves (a). To prove (b) fix 1 < p < 4 and observe that for any
function f defined in [0, p] and any k = 0,1,2,..., one has

(SEh@ - s 0)@)" = 830 (52410,

where a = a(x), b = b(x) are defined by z € [a,b) € Di(p). Fixed x € R pick
the interval [a,b) € Dx(p) such that = € [a,b). Consider 0 < =b—z < 27Fp.
Fix I = [¢,d) € Di(p). Then I = JUK where J = [¢,c+n) and K = [c+1,d).
For s € J we have 4+ s € [a + ¢,b+ ¢) and

a+b

/ (SEL ()@ + ) —S,ip)(fs)(:zr+s)>2 ds:/Ag(fs)( e 27 ) ds.

J J

For s € K we have x + s € [b+ ¢, b+ d) and

/ (s,i’fﬁl(fs)(xH) - S,i”)(fs)(z+s))2 ds:/ A%(fs)(C;dH),Tk’lp) ds.
K K

Changing variables we deduce
(0) (0) 2
/I(Sk+1(fs)(x+s) ~ S () +9)) ds

2’kp
— [ Mtz 2
0

Adding over all intervals I € Dy(p) contained in [0, p] we have
" (g (v) ’
]ﬁ (SEL U@ +5) = SP L)@ +s)) ds

2’kp
—f Mtz 2
0
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Integrating this identity with respect dp/p and introducing the variable h =
27F=1) we deduce

/H2 : fo (SEL U@ +5) = SP (L) + s)f ds%

27FH 2h dh
:/ A3(f)(x+t—h,h)dt—, ae z€R.
2-k=1H Jo h

Adding on £k =0,..., N — 1, we deduce

2H pp d H 2h dh
(p) 2 rLs Siz A2 T _ wre T )

[ Fsousera® = [ fsgneiennal, cew
O

Denote by A%(f)(x,y) the left term in the identity in part (b) of Lemma 3.1,
that is

5 1 H xz+h dh
(o) = 58D+ [ f ADEWT seR o<y <1
1 x—h
Note that there exists an absolute constant C > 0 such that
i2 19 v 2
[A%(F) (@, y) = A ()@, )] < C/ , |f(t)]" dt. (3.2)

For f € L (R) and 0 < h < 1, consider

1 - 1 -
N = oy sw (A0 - A0 HE) - 52O
In4 1>y>h 2
where H(y) is defined in Lemma 3.1. Recall that 1 < H(y) < 2. A version of

Lemma 2.3 in the continuous setting is given in the following result.

Lemma 3.2. Let f € L2 (R). Forany 0 < a < 1,0 < h < 1 and any

loc

interval I C R with |I| =1 one has

/exp(aN(f)(x, h))dz < L

I T l-a

where C' > 0 is a universal constant independent of v, h, I and f.
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PROOF. Fix 0 < h < 1. For h <y < 1, let N(y) be the integer defined in
the statement of Lemma 3.1, that is, N(y) is the unique integer satisfying
H(y) =2VWy € [1,2). Lemma 3.1 gives that for any = € R one has

Ay) - A H) - 5820 w.y)

B /2H(y) ]ip (51(\7()y)(fs)(x +5) =S¥ (f) (@ + s)

H(y)

LSO o+ s)) ts2.

Since y > h we have N(y) < N(h) and we deduce

1 e ( dp
< p) tie
N(f)(z, h) < 1114/1 ]g N3t +5)ds

where

<n

1 +
NP (@)= NP (f)() = sup (Sz(f)(fs)(w) - 5" (£) (@) = 2<5(”)(fs)>i(w)) :

Fix 0 < a < 1. Jensen’s inequality and Fubini’s Theorem give
exp(aN(f)(z,h))de < — ex aN( °) a:—&—s))dxds@
. P - 1n4 PNy p’

Lemma 2.3 gives that there exists a universal constant C' > 0 such that for
every s and p, one has

C
N(P) dr <
/Iexp(a N(h)(:r +3s))dz < T—a

and the proof is completed. O

The main technical step in the proof of our results is the following good
A-inequality with subgaussian decay.

Lemma 3.3. Let f € L2 (R). For any N,M > 0 with M? > 4N and any
interval I of unit length consider the set E = E(M,N) of points x € I for
which there exists h = h(x) > 0 with 0 < h < 1 such that

sup (A(f)(z,y) = A(f)(z, H(y)) = M,

1>y>h
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and )
A%(f)(z,h) < N.

M2 ~M?
Bl <COexp (.
1Bl < 2NeXp(2N1n4>

Then

Here C is an absolute constant independent of N, M, I, and f.

PROOF. One can assume that there exists hg > 0 such that h(zx) > hy >
0 for any z € E. Observe that for any A > 0 and any * € E one has
(In4)N(Af)(z, ho) > AM — A2N/2. Lemma 3.2 gives that for any 0 < a < 1
one has

C
|E| exp(a(AM — A\*N/2)/In4) < o
Taking A = M/N one gets
—aM?
IE| < Cexp(zima)
- l—a
The optimal choice a« = 1 — 2N In4/M? finishes the proof. O

Using the subgaussian estimate of Lemma 3.3, an standard Borel-Cantelli
argument gives the Law of the Iterated Logarithm stated in the Introduction
as Theorem 1.

PROOF OF THEOREM 1. By (3.2), in the statement A2(f)(x,h) can be re-
placed by 242(f)(xz,h). Fix R > 1, L > 1 and k = 1,2,.... Consider the
set Ej of points x € [—L, L] for which there exists h = h(z) € (0,1) with
RF < A2(f)(x,h) < R*1 and

A(f)(@,h) > B2,/ (1 2) A2(f) (@, h) Inln A2(f) (w, B).

Since there exists an absolute constant C' > 0 such that

~ r+2
AP HMI<C [ i)

Lemma 3.3 applied with N = RF*! and M = R+/4(In2)R¥ Inln R* gives that
for k sufficiently large one has

|Bx| < C(R)(Ink)k™F|L|
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where C(R) denotes a constant depending on R. Thus Y |Ex| < oo and we
deduce

So, almost every point z € [—L, L] is at most, in a finite number of sets Fj.
In particular for almost every « € {x € [-L, L] : A(f)(x) = oo} one has

A(f)(, h) < B2/ (n2) 22(f) (@, h) InTn A2(f)(, h)

if h > 0 is sufficiently small. Since L can be taken arbitrarily large, one
deduces that

lim sup —— A(f)(”“”’hz < 2RVIn2
h—0+ \/AZ(f)(x, h)Inln A2(f)(z,h)

at almost every z € {x € R: A(f)(x) = co}. Since the previous estimate also
holds for —f and any R > 1, the proof is completed. O

For future reference it is useful to state the following version of Lemma 3.3.

Lemma 3.4. Let f € L% (R) and let I C R be an interval. For any N,M > 0

with M? > 4N, consider the set E = E(M, N) of points x € I for which there
exists h = h(x) with 0 < h < |I|/2 such that

ulS;lyp>h(A(f)(w,y) — A(f) (@, H(y)l1])) = M,

and

3 H(W)|I| patt dsd
CATICRY B RS GO

M? ~M?
Bl <0 1l.
1Bl < 2NeXp(2N1n4)||

< N.

Then

Here C is a universal constant.

4 Sobolev spaces

In this Section we will show that Sobolev spaces can be described in terms of
size conditions on the square function as stated in Theorem 3 of the Introduc-
tion. For 1 < p < oo let W1P(R) be the Sobolev space of functions f € LP(R)
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for which the distributional derivative f’ is a function in L?(R). Equivalently,
an absolutely continuous function f € LP(R) is in W1P(R) if and only if

sup f(:l? + h) B f(ll? B h) c Lp(R)
lhl<1 2h

The necessity is clear because |f(x 4+ h) — f(z — h)| /2|h| is bounded by the
Hardy-Littlewood maximal function of f’. The sufficiency can be proved as
follows. There exists h,, — 0 such that h, ' (f(x + hy,) — f(x — hy,)) converges
weakly in LP(R) to a certain function g € LP(R). Then one may easily check
that g is the distributional derivative of f. Hence f € W1P(R).

We now prove Theorem 3 stated in the Introduction.

PROOF OF THEOREM 3. Let f € WLP(R). In the case 2 < p < oo, a simple
argument based in Lemma 3.1 will give that A(f) € LP(R). Let M(f’) be the
Hardy-Littlewood maximal function of f* € LP(R). Since for any p € [1,4]
and any s € [0, p] we have

M(S () (@ +s) < M(f')(x), z€R,

we deduce that M(SY(f,)) € LP(R) and |M (S (f))l, < Ci(®)If |lp-
Hence [[(S®)(f))2|lp2 < Ca(p)|lf||2. By Lemma 3.1, for a.e. € R one
has

1 F L s dp
0@ < [ £ G+ L.

Now, if p > 2, Minkowski inequality gives [|A(f)[|Z = [|A%(f)|lp/2 < C3(p) | f']12
and finishes the proof. In the case 1 < p < 2, we will adapt an argument of
Fefferman and Stein ([12, p. 162]). Let f € WP(R) and take A > 0. Consider
the closed set E = {x € R: M(f")(z) < A}. The main estimate of the proof
is the following good-\ inequality

C A
{z € E: A(f)(x) > A} < CIR\ E| + V/o tHz € R: M(f))(z) > t}] dt,

(4.1)
where C is a universal constant, independent of f and A. To prove (4.1) we
will show that there exists an absolute constant C7 > 0 such that for any
1 <p<4and any 0 < s < p, one has

/ (SO N2 (x4 s)de < CLNYR\ E| 4+ C, //\t|{x eR: M(f)(zx) > t}|dt.
E 0
(4.2)
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Once (4.2) is proved, integrating on p € [1,4] and s € [0, p], Lemma 3.1 gives
that

A
/A2 da:<4C’1)\2|R\E\+401/ H{z € R: M(f)(x) > t}] dt
0

and (4.1) would follow taking C' = 8C;. To prove (4.2) fix 1 < p < 4 and
0 < s < p. Consider the family G(p, s) of intervals of the form [j27%p—s, (j +
1)27%p—s) where k > 0 and j are integers. In other words, intervals in G(p, s)
are translation of the p-dyadic intervals by s units. Fix Iy € G(p, s) of length p,
that is, of the form Iy = [jp—s, (j + 1)p — s) for some integer j. Consider the
family A(p) = A(p, A, f) of maximal intervals in the family G(p, s) contained
in Iy \ E. Then

Y. HI=1L\E| (4.3)

ITeA(p)

Consider the martingale {S,(Cp)(fs)(a? + s)}, and stop it at the intervals of the
family A(p). Let S(®)7 be the corresponding stopped martingale. Orthogo-
nality gives

() _ (0)or _ gl 2
(SP)TV2 (14 5) dw = ST (x+s)— Sy (x+s)) dr=A+ B,

Iy Iy
(4.4)
where

Z / S(p) D+ s) — Sép)(fs)(fUJFS))Q dx,

I€cA(p)
B[ (@00 - SPGw+9) do.

Here k(1) is the integer satisfying 27*()p = |I|. Fix I € A(p). By maximality,
its (p, s)-dyadic father I € G(p, s) contains a point Z € E. Hence 17T < A
for any interval J containing Z. Then [, |f’| < 3A|J| for any interval J with

JOI # 0 and |J| > [I|. We deduce that [ S}, (fa)(z+5)| 4SS (f.) (z+5)| < 6)
for any x € I. Therefore (4.3) gives

A< 36)\2 |1\ B

Consider F(p,s)(t) = {x € ENly: |Sx% p)(fs)(a: +5) — Sép (fs)(x + s)| > t}.
Since [SY (£,)(z + s)| + |Sép)(fs)(x+s)\ < 2M(f')(z) < 2\ for z € E, we
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have F(p,s)(t) C{z € ENIy: M(f")(x) > t/2} and

2) 22
B§2/0 t\F(p,s)(t)\dtSQ/O t{z € ENTy: M(f)(x) > t/2}| dt.

Since S)7 = S on E N Iy, identity (4.4) gives

A
/EI <S<ﬂ>(fs)>§o(:c+s)dx336A2|IO\E|+8/0 tH{x € Iy : M(f')(x) > t}|dt.

Adding this estimate over all Iy € G(p,s) of length p, estimate (4.2) follows.
Thus (4.1) is proved. The rest of the proof is easy. From (4.1) it follows that

/Ap r)dr = /OO)\”‘1|{x€R:A(f)(x)>)\}|d)\

0

< C’p/ooo Nz e R M(f')(x) > N} dA

9] A
p—3 . /
+C’p/0 S /Ot|{xeR.M(f)(m)2t}\dtd)\.

Since p < 2 each term is bounded by C(p)|[M(f')|5 and hence [|A(f), <
L@ M-

In the case 1 < p < 2 the converse follows easily from Lemma 3.1. Actually
Holder’s inequality gives that

L1 [areierate
oo fonsrins S

Now part (b) of Lemma 3.1, applied with y = 2= and letting N — oo, gives

that
A [ O+ 9 S de < A,

Fubini’s Theorem gives that, for almost every p € [1,2], s € [0, p], the func-
tion hy , defined as hy ,(z) = (S® (fs))oo(z + ) is in LP(R), and one can
choose p and s such that ||hs |, < C()||A(f)|lp- Then the maximal function
M(x) = M, () = supy, |5 (f.)(z + )| is in LP(R) and the limit function A
defined by h(z) = limg_ o S,(Cp)(fs)(x + s) is in LP(R). Since S,(Cp)(fs)(x + s)
is a divided difference of f on an interval containing the point « whose length
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tends to 0 as k — oo, the function A is the distributional derivative of f and
hence f € WP(R). Moreover ||f[l, < 1M, < C(p) | A(f) -

Let us now consider the case 2 < p < co. We first show that there exists
a constant C(p) > 0 such that for any f € W1P(R) one has

111 < COIAWS)lp- (4.5)

Let f € WYP(R) and let M(f’) be the Hardy-Littlewood maximal function
of f/. For fixed A > 0 consider the open set U = {z € R : M(f')(x) > A}.
Write U = UI; where {I;} is a collection of pairwise disjoint open intervals.
Since the end points of any I; are not in I/, we have that

/J (@) de < AT

for any interval J containing an end point of any I;. Thus for any point z € I},
any h > |I;| and any s € (x — h,z + h) one has |f(s+ h) — f(s — h)| < 2Xh.
Hence |A(f)(z, H|I;])| < (In2)X for any z € I; and any 1 < H < 2. Fix j
and apply the subgaussian estimate of Lemma 3.4 to deduce that there exists
a universal constant C' > 0 such that for any 0 < € < 1 one has

o€ I |f/(@)] > 100 A(f)(@) < eA}| < Cexp(~1/Ce)|I; .

Note that if | f'(x)| > 10\ then x € U. So, adding the previous estimate over j
one gets

{a € R:|f'(2)] > 10X, A(f)(z) < eX}| < Cexp (~1/Ce)[U. (4.6)
The rest of the proof of estimate (4.5) is standard. Write || f'||[b < A+ B where

A= ploP /OO Nz € R: [/ (2)] > 10M, A(f)(z) < eA}dA,

0

B = plOp/ Nz e R:A(f)(z) > eA|dA.
0

Estimate (4.6) and the boundedness of the Hardy-Littlewood maximal func-

tion in LP give that there exists a constant C;(p) only depending on p such

that A < Cy(p)exp (=1/Ce?)||f'||5. It is clear that B < C(p,e)||A(f)|[5. We

deduce that

I£1l}, < Cr(p) exp (=1/C)|f[I5 + Clp, ) | A5

Choosing ¢ > 0 small enough so that C;(p)exp (—1/Ce?) < 1, estimate (4.5)
follows. The rest of the proof is now easy. Let f € LP(R) with A(f) € LP(R).
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Let ¢ be a smooth positive even function with [j¢|l; = 1. For 0 < e <1
consider ¢.(z) = e Lp(x/e) and f. = f * p.. Schwarz’s inequality gives

A%(£)(2) < (A%(f) o) (x), zER.

If p > 2, Holder’s inequality gives [[A(f.)ll, < [[A(f)]l,- Now estimate (4.5)
gives that ||(f*xpe) |l, < C(P)A(f)]|p for any 0 < e < 1. We deduce that there
exists a subsequence &,, — 0 such that (f * ., )" converges weakly in LP(R) to
a function h € LP(R). It is easy to show that h is the distributional derivative
of f. Hence f € WP(R). Morcover [[f'll, = [lall, < C(p)[A(f)]] O

5 Pointwise differentiability

This Section is devoted to the proof of Theorem 2.

PROOF OF THEOREM 2. We first show that almost every point in A is in B.

If f is differentiable at x, for ¢ = e(z) > 0 sufficiently small one has

sup{|Azf(z,h)| : 0 < h < e} < oo. Using the notation of equation (3.1),

consider the p-dyadic martingale {S,(f )( fs)}x of the divided differences of the

function fs defined as fs(t) = f(t —s), t € R. It is clear that A C |J An
Nf

=1
where

Ay = {x €U : sup |S,(€p)(fs)(z+s)| < N}~

s,p,k

Fix N > 1 and let E C Ay be a bounded measurable set. Lemma 2.4 gives
that for any 1 < p <4 and any 0 < s < p, one has

[ (8Dl + 5)da < ONP1
Integrating in p € [1,4] and s € [0, p], Lemma 3.1 yields
[ #n@ds < cin?m
and hence A(f)(z) < 0o a.e. € E. Hence almost every point of Ay is in B.
Let us now show the opposite inclusion, that is, almost every point in B

isin A. Fix N > 1. It is sufficient to show that if F is a bounded measurable
set contained in

%ewAmmSM m>AﬁmMSN}

0<h<1/N
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then almost every point of E is in A. For any 0 < § < 1, there exists a subset
E(§) C E with |E()| > (1 — 0)|E| and a constant hg = ho(d) > 0 such that
for any © € E() and any 0 < h < hg we have |(x — h,z + h) N E| > h.
We want to show that for any 0 < § < 1 almost every point of E(d) is
in A. Fix 6 > 0. Denote by 1p(,) the characteristic function of the cone
[(z) ={(s,t) eR2 : |s — x| < t < 1}. We have

|E|IN? > /EAQ(f)(x) dx:/E Ag(f)(s’t)lm”“)(‘s’t)d;dt d

R}

dtds
> [ w0 ([ a0 d) B
B(5)x(0,ho) B

Since for any s € F(J) and any 0 < t < hg, the inner integral is bounded
below by ¢, we deduce

o dt ds
e I A
E5) Jo t

In particular at almost every s € E(d) we have

ho dt
AZ(f)(s:t)~ < oo
0 t
The classical result by Stein and Zygmund gives that E(6) C A a.e. This
finishes the proof. O

6 Several variables

Given ¢ € R? with [¢] = 1, let TI(¢) = {x € R?: (x,&) = 0} be the hyperplane
in R? orthogonal to ¢ passing through the origin. For z € R? denote by &
its orthogonal projection onto II(€), that is, x = & + 8¢ where Z € II(£) and
5 € R. Let f be a function defined in an open set « C R?. For & € II(£)
consider the one variable function f; defined as fz(s) = f(Z + s£) for s €
{s € R: &+ s& € U}. Assume that f is locally integrable and consider the
mean divided difference in the direction of &, denoted by Ag( f), defined as
Ac(f)(x,h) = A(fz)(3, h), where = Z + 3¢. In other words, for = € U and
0 < h < dist(z,RI\U)/2,

A M fa s tE) = fot sE—tE) dsdt
aenem=[ [ - s
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It is clear that if the ordinary directional derivative D¢(f)(z) at the point
z € R? exists, then A¢(f)(x,h) tends to cD¢(f)(z) as h tends to 0. Here
¢ = In2. Similarly, if f € L% _(U), its square function in the direction ¢ is

denoted by A¢(f) and defined by A¢(f)(z, h) = A(fz)(5, h), where x = Z + 5¢.
In other words, for # € Y and 0 < h < hg = min{1, dist(x, R? \ U)/2},

gnen=["[

As before we denote Ag(f)(x) = Ag(f)(m, 0). We now prove Theorem 4.

@+ sE+18) + f(w + sE — 18) = 2f (v + s€) | dsdt
t 2

PROOF OF THEOREM 4. As before write + = & + $¢ where Z € II(¢) and
5 € R. Consider the one variable function fz which is defined in an open set
U= Z;{(i') C R. For any z € II(¢), the one dimensional result gives that the
sets {s € U : f; is differentiable at s} and

< 0

{3 €U : A(fs)(s) < oo and sup fals +1) + fi(ts —t) = 2fs(s)

0<t<e

for some € = (&, s) > O}

can differ at most by a set of length zero. Hence by Fubini’s Theorem part (a)
follows. Similarly, the one variable result gives that for any & € II(£) one has

lim sup

h—0 /A2(fz)

almost every s € {s € U : A(f3)(s) = co}. Part (b) follows again by Fubini’s
Theorem. Let us now prove part (c). As before for any & € II(£) consider the
function fz. Let mg_; denote Lebesgue measure in I1(¢). Since f € LP(RY)
we have f; € LP(R) almost every (mg_1) @ € II(§). Assume D¢ f € LP(R?).
Fubini’s Theorem gives that for almost every (mg—1) & € II(£), the function f5
is absolutely continuous and f; € LP(R). Theorem 3 gives a constant C' > 0
such that for almost every (mq_1) & € II(£), one has

CHAS) I Le@ < If2llr@) < CIASE) Lo )

Integrating over 7 € T1(€) we deduce V| A¢(f)llp < [1De(F)llp < CllA(P-
Conversely, assume A¢(f) € LP(RY). Fubini’s Theorem gives that for almost
every (mg—1) point & € TI(€), A(fz) € LP(R). Theorem 3 gives that fz €
WLP(R). Hence f is absolutely continuous along almost (mg_1) every line

A (5, 1) < VI3
(s,h)Inln A2(fz)(s,h)
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parallel to ¢ and its directional derivative in the sense of distributions is f%.
Moreover there exists a constant C' > 0 such that for almost every (mg_1)
Z € T1(¢), one has

CTHAS e < If2llrw) < CAE) Lo (wy-
Integrating over & € I1(¢) we deduce D¢ f € LP(R?). O

Let f € L} (R?). Let S9! denote the unit sphere in R? and let o be
the normalized surface measure in S~!. As explained in the Introduction, we

consider

A2(f)(w, h) = /SH A(f)(@.h)do(€), zeRL0<h<l  (61)
Denote by e(z,2) = (= — )/||z — 2. The change of variable = — @ + s¢ gives
fztte(z, @)+ f(a—te(z,2)) ~2f(z) |”_dm(z) dt
t EETErE

A7) ()=

T'(z)n{t>h}

Here I'(z) = {(z,t) e R™! : 2 € RY, 0 < ¢t < 1, |z—2| < t} and dm(z) denotes
Lebesgue measure in R%. Consider also the following averaged version of Ag.
Given a measurable subset £ C S?!, consider

A(f)(x,h,E):/Eﬁg(f)(%h)da(g), reRY 0<h<1.

As before, the change of variable z = x + s£ gives

N B h f(z+te(z,2)) — f(z —te(z,z))  dm(z) dt
GETEEY 5 o o 32

where E(t) = {z € RY: 0 < ||z — x| < t,e(z,2) € E}. The rest of this Section
is devoted to the proof of Theorem 5. We start with an elementary auxiliary
result.

Lemma 6.1. Let E be a measurable set contained in a ball B C R. Assume
(1 +2=Ym(E) > m(B). Then for any point x € B there exists y € E such
that (x +y)/2 € E.

PROOF. One can assume z = 0. Since m(E) + m(3E) = (1 +2-9)m(E) >
m(DB), the set EN %E is non empty and we may pick z € EN %E and y = 2z
O
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PrROOF OF LEMMA 1. For N = 1,2,..., let Exn be the set of points x € U
such that |f(xz + te;) — f(z)| < NJt| for any |t| < 1/N and i = 1,2,...,d and
moreover |Ag(f)(x,h)| < N for any h € R? with 0 < |h| < 1/N. Fix N =
1,2,... and let us show that f is differentiable at almost every point of E. Let
x be a point of density of Ex. Pick § > 0 such that (14+2~4)m(ENB(x,t)) >
m(B(x,t)) for any 0 < t < §. Here B(x,t) denotes the ball centered at z € R?
and radius ¢ > 0. We can assume that § < 1/2N. Let h € R? with |h| < 4.
Write h = ijl hjej, zo = x and z = x + 2?21 hje; for k = 1,2,...,d.
Then f(z+h) — f(z) = S0, (f(xr) — f(xr_1)). Fix k =1,2,...,d. Apply
Lemma 6.1 to the point 2, € B(x,2|h|) and the set Ex N B(x,2[h|) to obtain
a point yx € Ex N B(x,2|h|) such that (z; + yx)/2 € Ex N B(x,2|h|). Note
that xp = xx_1 + hrer. Observe that

flr) = f@e—1)  flye + her) — fyr)

|| ||
_ S(@r) + fy) — 27 (2 + yk)/2)
|h|
_ Sf@e1) + f (e + heer) — 27 ((2x +9x) /2)

|

Since (zx + yr)/2 € E, the second term in the identity above is bounded
by 2N. Since y, € En, we deduce that |f(zx) — f(zr—1)| < 3N|h|. Adding
ink=1,2,...,d, one deduces |f(z + h) — f(z)| < 3Nd|h|. We can now apply
the Stepanov Theorem to deduce that f is differentiable at almost every point
of EN. ]

We now prove Theorem 5.

PROOF OF THEOREM 5. We start with part (a). For N = 1,2,..., consider
the set Ay of points z € U such that |f(z +h) — f(z)| < N|h| for any h € R¢
with |h| < 1/N. Note that every point of A is in infinitely many Ay. Fix
N =1,2,... and a bounded measurable set £ C Ay, we will show that almost
every point of E is in B. Fix £ € R? with |¢| = 1 and consider the orthogonal
hyperplane T1(¢) = {z € R? : (z,£) = 0}. As before, for any # € II(¢)
consider the function f; which is defined on the open one dimensional set
E(Z)={seR:z+s£ € E}. Let my_; denote Lebesgue measure in II().
We have

/E A2(f)(w)dm(x) = /H . /E AU dsdma (),
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Since E C Ap, for any Z € TI(€), the function f; is locally Lispchitz at each
point of E(Z) with constant N. The proof of Theorem 2 gives that there exists
a constant C' > 0 independent of Z such that

A?(fz)(s)ds < CN?.
E(#)

Hence

/E AZ(f)(x)dm(x) < C(E)N>.

Integrating on ¢ € S?~ !, we deduce that
/ A?(f)(x)dm(z) < C(E)N?
E

and thus A(f)(z) < oo at almost every z € E. Hence almost every point
of F is in B. This finishes the first inclusion. To show the converse, for
N =1,2,..., consider the set By of points € U such that A(f)(z) < N
and |As(f)(z,h)] < N for any h € R? with 0 < |h| < 1/N. Observe that
every point of B is in infinitely many By. Fix N = 1,2,... and a bounded
measurable set £ C By. We will show that f is differentiable at almost every
point of E. Since

Nm(E) > [ Ap@an() = [ [ ap@an().

we deduce that for almost every (o) € € S%~1 we have that A¢(f)(x) < oo at
almost every x € E. Part (a) of Theorem 4 gives that for almost every (o)
¢ € S971 the directional derivative De(f)(w) exists at almost every point x €
E. Pick a basis {£1,&,...,&} € 8! such that for any i = 1,2,...,d, the
corresponding directional derivative De, (f)(z) exists at almost every z € E.
Applying Lemma 1 one concludes that f is differentiable at almost every point
z e E.

The proof of part (b) follows closely the arguments of the proof of Theo-
rem 1. Let f € L2 (RY). Fix a measurable set £ C S9! with o(E) > 0 and

loc
consider the maximal function

N h) = ey s (A0 B) = Al (). 2)

1 2
- A
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Since both A(f)(x,y, E) and A2(f)(x,y) are means of their one dimensional
analogues, Lemma 3.2 and Jensen’s inequality give that for any cube Q C R?
with m(Q) =1 and any 0 < e < 1, 0 < h < 1, one has

/Q exp(aN(f)(z. b)) dm(z) < —

11—«

where C' > 0 is a universal constant independent of «, h, @ and f. From here
the proof is like Theorem 1. O

7 Open questions

In this Section we collect several natural questions closely related to our results.

1. An easy calculation shows that

B 1 x+2h
A(f) (@, h) = E/ A(f)(s,2n)K((s—x)/h)ds, = €R,0<h<1,
z—2h
where K is a function supported in [—2,2], K = 1in [—1,1] and K(s) =
—1/3+44/3s% in [-2,2] \ [-1,1]. Tt is natural to ask for a result similar
to Theorem 1 for different kernels K. Also, consider
x+h

B =] Aftsh)ds
z—h
Our arguments give a Law of the Iterated Logarithm relating the growth
of A*(f)(x,27") and a discrete version of A(f) given by

N

z+27F
Z/ AZ(f)(s,27%) ds.

b1 Jx—27F

2. It is natural to ask for a lower bound in the Law of the Iterated Logarithm
given by Theorem 1. More concretely, under which conditions on the
function f is the limsup in Theorem 1 bounded below by a positive
constant? In the context of boundary behavior of harmonic functions
in an upper half space, such a lower bound was proved by Banuelos,
Klemes and Moore. See [4] or [5, p. 75]

3. Stein and Zygmund proved that the set of points where f is differentiable
in the L? sense coincides, up to sets of Lebesgue measure zero, with the
set of points € R for which there exists 6 = d(z) > 0 such that

o
RS GIENES
0
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See [19] or [17, p. 262]. So, it is natural to ask if this set also coincides
almost everywhere with the set of points x where A(f)(z) < cc.

4. As in the classical situation, Theorem 2 applies to functions defined at
every point of an open set. Let f be a function defined in an open
set U. Given a set £ C U, it is natural to ask under which conditions
the function f coincides almost everywhere with a function which is
differentiable in E. In one variable this was considered by Neugebauer
([15]) and his description was expressed in terms of the square function
g(f) mentioned in the Introduction. It is reasonable to expect a similar
result with the square function A(f) instead of g(f).

5. It is reasonable to expect that the set A in Theorem 2 also coincides
almost everywhere with the set

h z+y
C=<zxzel: sup / /
0<h<ho Jhj2 Jaz—y

but we have not worked out the details. It is obvious that A C C but the
converse is not clear and it could happen that one has to add a pointwise
condition on the symmetric differences.

f(s+9) —f(s—y)r a5 Oo}
) )

6. In relation to Theorem 3, we mention that we have not explored analo-
gous descriptions of Sobolev spaces with higher order derivatives.

7. We also do not know if Sobolev spaces WP (R%) can be described using
the square function A(f) defined in (6.1). Let f € WHP(R9), 1 < p < oo.
Theorem 4 tells that for any & € R%, |¢| = 1, one has A¢(f) € LP(RY)
and [|[A¢(f)ll, < C@)fllwir@e). Minkowski’s integral inequality gives
that [A(f)ll, < C@)|fllwirwa). The converse seems to require some
work and we have not explored it.
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